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Abstract

Polynomials play a central role in algebra, analysis, number theory, and applied mathematics. This
thesis presents a concise overview of several fundamental results that characterize their behavior and
structure.

This thesis focuses on the study and analysis of special classes of polynomials, which are Bernoulli
polynomials, Bell polynomials, p-Bell polynomials, r-Bell polynomials, partial Bell polynomials, and
complete Bell polynomials. We present their generating functions, explicit expressions, recurrence
relations, and their relationships with Stirling numbers.

Keywords: Generating function, explicit formula, recurrence relation, Stirling numbers, hyper-
geometric function, Bernoulli polynomials, Bell polynomials, p-Bell polynomials, r-Bell polynomials,
Partial and Complete Bell polynomials.
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Introduction

Introduction

Special polynomials are an important topic in mathematics, with applications in combinatorics,
number theory, and analysis. In particular, Bell polynomials have attracted great attention because
of their beautiful properties and their natural connections with many classical mathematical objects.

This thesis is dedicated to the study of Bell polynomials and their main generalizations. We
consider several families, namely the p-Bell polynomials, the poly-Bell polynomials, the r-Bell poly-
nomials, as well as the partial and complete Bell polynomials. Each of these families extends the
classical Bell polynomials in a different and interesting direction.

For each family, we present the generating functions, explicit formulas, and recurrence relations.
We also show how these polynomials are connected to Stirling numbers and binomial coefficients,
which are key objects in combinatorics.

The results of this thesis show that all these families share common structures and properties,
which makes their unified study both natural and fruitful.

The three tools studied in this thesis (the generating function, the explicit formula, and the
recurrence relation) are not merely theoretical curiosities. They are essential instruments that have
profoundly shaped the development of modern mathematics and continue to fuel numerous areas of
active research.

The generating function has revolutionized the way mathematicians approach sequences and
polynomials. By transforming a combinatorial or analytical problem into a manipulation of formal
expressions, it allows one to obtain results that would otherwise be very difficult to establish. Its
effectiveness lies in its ability to condense an infinite amount of information into a single compact
identity. More precisely, given a sequence of polynomials {P,(x)},>0, its generating function is a
formal power series of the form:

F(x,t) = Z Pn(az)g
n=0 :

from which all the properties of the sequence can be systematically derived.

The explicit formula, on the other hand, represents the natural culmination of any study on a
family of polynomials. Having a closed-form expression for the coefficients or values of a polynomial not
only allows direct computations, but also reveals deep connections with other mathematical objects,
in particular the Stirling numbers, binomial coefficients, and hypergeometric functions. For instance,
many classical polynomials admit representations of the form:

P,(z) = Z (Z) a z"F

k=0

where the coefficients aj carry significant combinatorial meaning.



Finally, the recurrence relation plays a fundamental role both in theory and in practice. On
the theoretical level, it reflects an internal structure intrinsic to each family of polynomials, often
encoding differential or difference operators acting on the sequence. On the practical level, it provides
a simple and efficient computational algorithm, particularly useful in numerical and computer science
applications. A typical recurrence relation takes the form:

P,(z) = F(n,Py_1(x), Ph—a(x),..., Py(z)), n>1

where F' is a function that determines how each term of the sequence is constructed from previous
terms, and it characterizes the specific family of polynomials under consideration.

It is around these three axes that the study conducted in this thesis is organized, applied to the
following families: Bernoulli polynomials, Bell polynomials, p-Bell polynomials, partial Bell
polynomials, and complete Bell polynomials.

This work is divided into four chapters:

1. The first chapter provides the mathematical background and preliminaries needed throughout
this work. We introduce fundamental combinatorial tools, including rising and falling factorials,
binomial coefficients, and the Gamma function. We also present Stirling numbers of both kinds
along with some of their generalizations, such as r-Stirling and Whitney numbers, as well as a
brief treatment of hypergeometric functions and Bernoulli numbers and polynomials.

2. The second chapter is devoted to the study of Bell numbers and Bell polynomials. We
begin with their combinatorial interpretation in counting set partitions, then present their main
properties, generating functions, and their fundamental connections with Stirling numbers.

3. The third chapter deals with several important generalizations of the classical Bell polynomials.
We study in particular the p-Bell numbers, p-Bell polynomials, poly-Bell polynomials,
as well as the r-Bell numbers and r-Bell polynomials, presenting their definitions, main
properties, and key identities.

4. The fourth chapter is dedicated to the partial Bell partition polynomials
By ip(x1,22,...,2y,). Introduced by Bell as an effective tool for expressing higher-order deriva-
tives of composite functions, we study their main properties, explicit formulas, and their role in
combinatorial analysis. We then introduce the complete Bell polynomials B,,(z1, z2,. .., %),
defined as the sum of all partial Bell polynomials over all

possible degrees, and we present their exponential generating function, their explicit formula, as
well as the fundamental relation connecting them to the partial Bell polynomials.

Finally, this thesis opens new perspectives for future research, whether by considering further
generalizations of the polynomial families studied here, or by exploring their deeper connections with
hypergeometric functions and their potential applications in combinatorics and mathematical analysis.



Basic Notions

In this chapter, we introduce the fundamental notions that will be used throughout this work.
We present basic combinatorial tools such as rising and falling factorials and binomial coefficients,
together with their main properties. We also study the Gamma function, Stirling numbers of both
kinds and some of their generalizations, including r-Stirling and Whitney numbers. In addition, we
briefly discuss hypergeometric functions and Bernoulli numbers and polynomials. For more precise
and detailed concepts, the reader can refer to [2, 3, 0,

) ) ) ) ) ) ) ) ) ) ) ]'

1.1 Rising Factorial and Falling Factorial

Definition 1.1. Let t be a real or complexr number and n a positive integer, we define the rising
factorial of t of order n, denoted as t", by:

T=tt+1)...(t+n—1),if n>1 with t° =1,
and the falling factorial of t of order n, denoted as t™, by:
=ttt —1)...(t —n+1),if n>1 with 2= 1.
We can give the relation between the rising factorial and the falling factorial by this expresion:

{7 = (1" ()™

1.2 Binomial Coefficients

Definition 1.2. The binomial coefficient (Z), represents the number of ways to choose a subset with
k elements from a set with n elements.

Definition 1.3. Let n and k be two non-negative integers. The binomial coefficient of k, denoted as
(%), is given by:

n n! nk
== — <k< 1.1
(k) Hin—k) g 0sksn), (1.1)
with () =0 for k >n, and (}) =1 for k=0 or k =n.

Example 1.1.
Using the algebraic definition of the binomial coefficient, and substituting n =5 and k = 2 in (1.1),

we have:
5 5! 5! 120
= = = — = 10.
2 (5—2)121 312! 12

In the set [5] = {1,2,3,4,5}, there are ten ways to choose two elements:




{1,2}, {1,3}, {1,4}, {1,5}, {2,3}, {2,4}, {2,5}, {3,4}, {3,5}, {4,5}.
Thus, (3) = 10.

1.2.1 Newton’s Binomial Formula

Let ¢t and y be two real numbers and n a non-negative integer, so:

(t+y)" = En: (Z) thy" k. (1.2)

k=0

1.2.2 Pascal’s Recurrence Relation

The binomial coefficients satisfy the following relation:

n n—1 n—1
= >k >1. .
<k> (k—l) —l—< i ), for every n>k>1 (1.3)

1.2.3 Pascal’s Triangle

From the recurrence relation (1.3), we can construct Pascal’s triangle.

n\k{{0 1 2 3 4 5 6 7
0 1

1 1 1

2 1 2 1

3 1 3 3 1

4 1 4 6 4 1

5 1 5 10 10 & 1

6 1 6 15 20 15 6 1
7 1 7 21 3 35 21 7 1

Table 1.1: Pascal’s Triangle Numbers

1.2.4 Generalization of Binomial Coefficients

A generalization [18] of the binomial coefficient (Z), consists in replacing n by a complex number ¢,
and to define (li) by posing, t € C and k € N by:
—1)---(t— 1 k
b\ _tt—1)---( ’H):L, (1.4)
k k! k!

and having almost the same properties as (7).

We have
(‘Tf) - (’“ e 1) = (1.5)

1.3 The Kronecker Symbol

The Kronecker Symbol is given by:

5%:{1 if n==k

0 otherwise.



1.4 The Difference Operator A

For any function f from R to R (or from C to C), the difference operator Af at a point x is defined
[18] by:
Af(x)=f(z+1) = f(z).

The explicit formula for the n-th difference operator A™ is given by:

A f(x) = (-1 (Z) [(x+k).

k=0

1.5 Permutations, Cycles, and Partitions

1.5.1 Permutations

Let n € N. A permutation is defined [18] as any bijection ¢ from a finite set [n] = {1,2,...,n} to
it selve. The number of permutations of [n] is n! .
A permutation o can be represented in matrix form as:

o — 1 2 .. n
\o(1) o(2) ... o(n))"”
The set &,, of permutations, equipped with the composition law of two permutations ¢ and T,
denoted by o o 7, forms a noncommutative group called the symmetric group of [n]. The identity
element of this group is the identity permutation, denoted by e, which leaves every element of [n]

unchanged. A fixed point of a permutation o € &,, is an element i € [n] such that o(i) = i. An
element that is not fixed by o is called a mobile point.

1.5.2 Cycle

A cycle [18] of length k (k > 2), also called a k-cycle, is a permutation v # ¢ whose mobile elements
(that is, the non-fixed elements by =), called the support of the cycle, are of the form

{i,0(i),0%(i),...,0"71(i), 0% (i) = i}.

The orbit of ¢ under the permutation o, denoted by O;, is the set of images of ¢ obtained by
successive applications of the permutation o on the element 7, namely

0; = (o7()

Example 1.2. In the set [6], the following permutation is given by:

(12
—\1 3

The element 1 is a fized point because o(1) = 1, and similarly, the element 4 is a fized point since
o(4) = 4. This means that for all k € N, we have o*(1) = 1 and o*(4) = 4.
Now, observe that:

jEN'

0(2)=3, o(3)=6, o(6)=5, o5 =2,
so after four applications, we return to the starting point:
ol(2) =2.

The elements (2, 3, 6, 5), taken in this order, form a cycle of length 4. Therefore, we can express
the permutation o as a product of cycles. In this example:

o =(2365)(1)(4).



1.5.3 Partition

A partition P of [n] is a collection of non-empty, pairwise disjoint subsets of [n], called the blocks
of the partition, whose union covers [n]; that is:

U P =[n].
In particular, a k-partition is a partition consisting of exactly & blocks.

Example 1.3. Consider the following cases:

1. If n = 1, then [n] = {1}. The only possible partition of [n] is the so-called coarse partition,
whose unique block is [n] itself.

2. If n =2, then [n] = {1,2}. There are two possible partitions: {{1},{2}} and {{1,2}}.

3. If n =3, then [n] = {1,2,3}. There are five possible partitions:
{1 {2} {3} {{1h {23} {{2} {13} {{3h{L,2}}; {1,2,3}.

1.6 Generating Functions

Generating functions are used to represent sequences as power series. They simplify combinatorial
problems by turning them into algebraic ones. This makes it easier to solve recurrence relations, find
formulas, and count complex structures [15].

Throughout what follows, we denote by K a commutative ring with a unit element.

1.6.1 Ordinary Generating Function

Let n be a natural number, and let (a,),>0 be a sequence of complex numbers. The ordinary
generating function of the sequence is defined as:

At) = ant”,
n=0

where the coefficients a,, belong to a ring K, and is an indeterminate t. The addition and multiplication
of two ordinary generating functions are defined as follows:

D ant" + ) bpt" = > (an +by)t"
n=0 n=0 n=0
and - - -
<Z antn> (Z bntn> = Z Chltn,
n=0 n=0 n=0
with

Cn = Z akbn_k.
k=0

1.6.2 Exponential Generating Function

The exponential generating function of the sequence (ay,)n>0, where n is natural number and (ay, )n>0
is a sequence of complex or real number, is defined as:



The addition and multiplication of two exponential generating functions are defined as follows:

n=0 n=0 n=0
and - - -
t" t" t"
= nl) \‘zm ! = n!
with
n
n
Cn = (k) apbn_k.
k=0
1.7 The Gamma Function
Definition 1.4. The Gamma function I'(x) is defined, for x € C, by the integral:
o
I(2) = / 7Lt dy, (1.6)
0
where
I'm+1)=m! formeN.
The definition of rising factorial can be extended to any integer n € Z by the following relation:
i It+1)
't—n+1)

Remark 1. The lower incomplete Gamma function (s, z) is defined by:

z
(s, 2) :/ t5 et dt,
0

which represents a part of the Gamma function.

1.8 Hypergeometric Functions
The origin of hypergeometric functions dates back to the beginning of the 19" century, when Gauss
(1.8)

]

)

studied the following differential equation [2, 6,
t1—t)y" + (c—(a+b+1)t)y —aby =0,

where a,b,c € C. This equation is known as Gauss’s differential equation.The generalized hyper-

geometric function has a series representation:

> Cn,
n=0

Cn—l—l
Cn '’

with
a rational function of n, defined by the following relation:

Cnt1 (n+a1)(n+ap)t
(n+b1)--(n+by)(n+1)

Cy
If Cy =1, then: o B
O :aiag"'ag'ﬁ
SN O

7



and the hypergeometric function is then:
. aﬁaﬁ oo aﬁ tn
(i) <3 R
1yeeey Oblebq n:

If p=1 and g = 1, we obtain the confluent hypergeometric function of Kummer:
a
1k ( b ;t> ,

[ee]
If p=2 and ¢ = 1, we obtain the Gauss hypergeometric function:

a,b = abt "
2F1< c ’t>:Z o 'mv

n=0

which is defined by :

:\\ B

(1.9)

.’IJ
n!

where [t| < 1, the solution of the differential equation (1.8).

Theorem 1.1. The confluent hypergeometric function 1F1< Z ;z) admits the following integral

representation [2]:

a o F(b) ! ztpa— —a—
1F1< ) ,z> _F(b_aw/o et (1 — ) dt, (1.10)

where I' denotes the Gamma function (1.6).

1.9 The Stirling Numbers

1.9.1 Stirling Numbers of The First Kind

Definition 1.5. The signed Stirling numbers of the first kind, denoted as s(n,k), are the coefficients
of the falling factorial polynomials in the canonical basis t™:

n

= Z s(n, k)t

k=0

Definition 1.6. The unsigned Stirling numbers of the first kind, denoted as |s(n,k)|, are the
coefficients of the rising factorial polynomials in the canonical basis t":

n

" =" |s(n, k)|tF. (1.11)

k=0
We have :
|5(n, k)| = (=1)""s(n, k).
Example 1.4. Write t* as a polynomial.

th=t(t—1)(t —2)(t —3)
= (t%)(t - 3)
= (t* — 3t + 2t)(t — 3)
= t* — 613 + 11¢* — 6t.

From this example, we obtain the following coefficients:
s(4,0) = 0.



Theorem 1.2. The exponential generating function of the signed Stirling numbers of the first kind is
given by:

> " In(1 +t))¥
ZS(”vk)a — ((k:'))

n=k
Theorem 1.3. The explicit formula for the signed Stirling numbers of the first kind:
> 4 h —1+4+h
e $ ()21
0<jhen—k jl\n—k+h
The explicit formula for the signed Stirling numbers of the first kind:

n! 1
S(nak) = g Z 3

11+ Fip=n 1 k

Theorem 1.4. The Stirling numbers of the first kind satisfy the following recurrence relation:

{s(n, 0) =s(0,k) =0 except s(0,0)=1 (1.12)

s(nyk)=s(n—1,k—1)—(n—1s(n—1,k), (n=k>1).
Table of the Stirling Numbers of the First Kind

Using the triangular recurrence relation (1.12), we can calculate the Stirling numbers of the first
kind s(n, k):

n\k | 0 1 2 3 4 5 6 7
0 1

1 0 1

2 0 -1 1

3 0 2 -3 1

4 0 -6 11 —6 1

) 0 24 —50 35 —10 1

6 0 —-120 274 —225 85 —15 1

7 0 720 -—-1764 1624 —-735 175 =21 1

Table 1.2: Stirling Numbres of The First Kind

1.9.2 Stirling Numbers of The Second kind
Definition 1.7. The Stirling numbers of the second kind, denoted as {}} are the coefficients of the
polynomial t™:
n . Lk
t" = =, 1.13
2{if )

Definition 1.8. The Stirling numbers of the second kind, {}'} counts the number of partitions of the
set {1,2,...,n} into k non-empty subsets (0 <k <n).



Example 1.5. The set [4] contain 7 partitions into two non-empty subsets {3} represent the partitions
into 2 subsets:

{142,341}, {{2H1,3,4}1), {8H1, 2,4}, {{4}{1,2,3},
(L2334}, ({1,324}, {{1,4}{2,3}}.

As a result, {3} =1.

Theorem 1.5. The ordinary generating function of Stirling numbers of the second kind is given by:

= [n] ., 1
Z{k}t SO Hi -2 (1—k)

n=k

The exponential generating function of Stirling numbers of the second kind is given by:

> {Z}Z = %( -k (1.14)

n=k

Theorem 1.6. The Stirling numbers of the second kind are given by the following explicit formula:

n 1 & _i(kY ..
i =sze ()

Theorem 1.7. The Stirling numbers of the second kind satisfy the following recurrence relation:

R S
A Vi T e PR

Table of Stirling Numbers of Second Kind

(1.15)

Using the triangular recurrence relation (1.15), we can calculate the Stirling numbers of the second
kind {7}

n\k|O 1 2 3 4 ) 6 7
0 1

1 0 1

2 0 1 1

3 01 3 1

4 0o 1 7 1

) 0 1 15 25 10 1

6 0 1 31 90 65 15 1

7 0 1 63 301 350 140 20 1

Table 1.3: Stirling Numbers of the Second Kind

1.10 The Generalized Stirling Numbers

The extension of Stirling numbers includes the classical Stirling numbers of the first and second
kinds within larger families, such as r-Stirling numbers, ¢-Stirling numbers, and other related gen-
eralizations. These extended versions preserve the essential combinatorial structure of the original
numbers while introducing extra parameters, which provide more flexible interpretations and broaden
their applications in combinatorics and number theory.

10



1.10.1 r-Stirling Numbers of The First Kind

Broder, in [3], presented combinatorial interpretations of the r-Stirling numbers of the first kind
and established several of their algebraic properties, along with various identities, recurrence relations,
and corresponding generating functions [15].

Definition 1.9. The r-Stirling numbers of the first kind, denoted [Z]r, count the number of
permutations of a set of n elements into k cycles such that the first r elements belong to distinct
cycles,their exponential generating function is given by:

S G-y () 16

In particular, for » = 0, we obtain the classical Stirling numbers of the first kind (1.11).

Example 1.6. The set [3] = {1,2,3} has 2 permutations into 2 cycles such that the first two elements
1 and 2 belong to distinct cycles. The permutations are:

(1)(23),  (2)(13).

.-

As a result:

Properties

1. Generating function: The ordinary generating functions for the sequence of r-Stirling numbers
of the first kind are given by:

[e.9]

Z[””] ()t r+1) . (f4n—1), n>r>0.
= k+r],

2. Reccurrence relations: The r-Stirling numbers of the first kind satisfy the following recurrence
relation:

=0y, N=r (1.17)

] n—1 n—1
= —1 .
r (n )|: k :|r+|:k_1:|7'7 ner

Table of r-Stirling Numbers of First Kind

Using the triangular recurrence relation (1.17), we can calculate the 2-Stirling numbers of the

first kind:
n\k 2 3 4 5 6 7
2 1
3 2 1
4 6 5 1
5 24 26 9 1
6 120 154 71 14 1
7 720 1044 580 155 20 1

Table 1.4: The First Values of The 2-Stirling Numbers of The First Kind
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1.10.2 r-Stirling Numbers of The Second Kind

Broder, in [8], provided combinatorial interpretations and several algebraic properties of the
r-Stirling numbers of the second kind, as well as various identities, recurrence relations, and their
associated generating functions.

Definition 1.10. The r-Stirling numbers of the second kind, denoted {Z}w count the number of ways
to partition a set of n elements into k nonempty subsets such that the first r elements belong to distinct
subset (blocks) [15]. Their exponential generating function is given by:

= [n+r| " 1, k
%{wrr}rm:k!et(et_l) . (1.18)

Special Case

When we substitute r = 0 or r = 1, we obtain the classical Stirling numbers of the second kind
(1.14). They also arise analytically as the coefficients of the following polynomials:

(t+r)" = zn: {ZI:} k) (1.19)

k=0

Example 1.7. The set [3] = {1,2,3} has 2 partitions into two blocks, such that the first two elements
1 and 2 are in distinct blocks. The partitions are:

{1+2,3}, {2H{1,3}.

(-

As a result:

Properties

1. Generating function: The ordinary generating functions for the sequence of r-Stirling numbers
of the second kind are given by:

i L= . , k>r>0.
= k+r), (1I—=—rt)(1—=(r+1)t)...(1 = (r+Ek)t)

2. Explicit formula: For {}} , the explicit formula is given by :

n+r 1L [k _; n

3. Reccurrence relations: The r-Stirling numbers of the second kind satisfy the following
recurrence relation:

{Z} = 0pr, m=, (1.20)
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Table of r-Stirling Numbers of Second Kind

Using the triangular recurrence relation (1.20), we can calculate the 2-Stirling numbers of the first
kind:

k| 2 3 1 5 6 7 8 9
2 1

3 2 1

4 4 5 1

5 8 19 9 1

6 | 16 65 55 14 1

7 |l 32 211 285 125 20 1

8 | 64 655 1351 910 245 27 1
9 | 128 2059 6069 5901 2380 434 35 1

Table 1.5: The First Values of The 2-Stirling Numbers of The Second Kind

1.10.3 The Weighted Stirling Numbers of the Second Kind

Definition 1.11. The weighted Stirling numbers of the second kind [10, 18], usually denoted S¥(x),
their exponential generating function is:

o0 n z k
k z _ xz (6 — 1)
2 5 (@) p = e

Theorem 1.8. Their explicit formula is given by:
1 &k » o
Sn(@) =52 | ) D @),

k! oo\

1
Sﬁ(w):a

1 . o n k n+r
k"A xo—{k} and Sy(r) = {kz+r}'
Remark 2. Reduce to the classical Stirling numbers of the second kind when r = 0, that is:

>

n=0

where
k
A" ™,

with

1.10.4 Whitney Numbers of the Second Kind

Definition 1.12. The Whitney numbers, denoted by Wy,(n,k), are introduced and defined by the
exponential generating function [18, 29]:

00 P _ e? (emz _ 1)k
2 Wl by = =

Properties

1. Explicit formula: Their explicit formula is given by:

Wi (n, k) mkkvz<> T (mj+1)".

2. Recurrence relation: The Whitney numbers are defined by the recurrence relation:

Wi (nk) =0 +mk) Wy, (n—1,k)+ Wy, (n—1,k—-1), n>k>1.

13



1.10.5 The r-Whitney Numbers of the First and the Second Kinds

Mezé and Ramirez, in [22, 23] provided the r-Whitney numbers of the first kind wy, »(n, k) and of
the second kind W, »(n, k), as

Definition 1.13. The r-Whitney numbers of the first and the second kinds are defined by the
following generating functions:

r/m (ln(l + mz))k

%) o B
Z Wi (12, k)ﬁ = (14 mz) e ,

ez (6mz o 1)k
T mk kK

Zer (n, k:)

n=k

respectively, they can be expressed via the following change of basis:

mak = Zwmr n, k) (ma + )~
k=0

and
(mx +r)" = Z Winr(n, k)mkxk

Properties

1. Explicit formula: For the r-Whitney numbers of the second kind, we have the following

formula:
ernk mkk"z<> m]—l—?")

In particular, we have:

n n+r
Wio(n, k) = {kz}’ Wir(n, k)= {k—l—r} , and Wpi(n, k) = Wy (n, k).

2. Recurrence relation: The r-Whitney numbers of the first kind and the second kind satisfy
the following recurrence relations respectively:

Wi (N, k) = wmr(n—1,k—1)+ (m —nm —r)wp(n—1,k)

and
Winr(n, k) = Wy p(n — 1,k — 1) + (km + 1) Wy, »(n — 1, k).

Remark 3. The relationship between the r- Whitney numbers and the Stirling weighted numbers
of the second kind is given by:

k(TN _ 1
Sy <m> =k Wi r(n, k).
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1.11 The Bernoulli Polynomials

1.11.1 Bernoulli Numbers

In 1755, Euler posed the following definition for the Bernoulli numbers, which remains the most
common modern definition for the sequence [7, 17, 18, 19] .

Definition 1.14. The Bernoulli numbers are the coefficients of the exponential generating function:

> " t
Z By =57 (1.21)
n=0

Properties

1. Explicit formula: The Bernoulli numbers B,,, we have the following formula:

B, = zn:(—n’fklil{;l}. (1.22)

k=0

2. Recurrence relation:The Bernoulli numbers B,,, satisfy the following recurrence relations
respectively:

n—1
n
By=1 and ,;(J(k)Bk:O’ Vn > 2.

Remark 4. The Bernoulli numbers B, with odd indices are zero, that is:

Vn Z 1, an+1 =0.

1.11.2 Bernoulli Polynomials

In this part, we study the Bernoulli polynomials [3, 17]. We define them and give some of their main
properties. These polynomials are closely related to Bernoulli numbers and appear in many areas of
mathematics, especially in calculus.

Definition 1.15. The Bernoulli polynomials are a sequence of polynomials, B,(x), defined by the
following power series expansion:

. e
Z Bn(:z,-)H - 71 (1.23)
n=0

The generating function for the Bernoulli polynomials is the generating function for the Bernoulli
numbers multiplied by a term of €. Qur first observation of the Bernoulli polynomials is that the
constant term of By (x) is in fact By,. If we set © =0, then:

tet(0) t
et—1 et—1

and so By, (0) = B,,.
There are further connections: we can use the generating function for the Bernoulli numbers to
develop a recurrence relation for the Bernoulli polynomials.

Theorem 1.9. The Bernoulli polynomials, By (x) satisfy the recurrence relation:

B, (z) = En: (Z) Bz k.
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Table of Bernoulli polynomials

In according with the recurrence relation established above, we obtain the following Table 1.6:

B, (x)

1

T
r—3
a’—x+ g
3_3,2 . 1
x° — 5% +2£L‘1
m4—2$3+x2—@
5_ 5.4, 5.3 1
z 5T + 3T 5L

6 a5 . 5.4 1.2 T
T 3x” + 3w 527+ 15

ol |lwl|—lof3

Table 1.6: Table of Bernoulli Polynomials

Theorem 1.10. For n > 1, the Bernoulli polynomial B, (x) satisfies the following identity:

Bl (z) = nB,_1(7).

1.12 The Lah Polynomials

1.12.1 Lah Numbers

Definition 1.16. The (unsigned) Lah numbers L(n,k), counts the number of partitions of the set
[n] ={1,2,...,n} into k nonempty ordered lists.

Definition 1.17. The (unsigned) Lah numbers, denoted by L(n,k), provide the connection between
rising factorials and falling factorials [31]. They are defined by the relations:

n

" = Z L(n, k) tt

k=0
and

n

tE=>"(=1)"""L(n, k)",

k=0

where t£ and t™ denote the rising and falling factorials, respectively.

Properties

1. Generating function: The exponential generating functions of the Lah numbers L(n, k) are
given by:

n k
> L(n,k)% = % <1t_t> . (1.24)

n>k
2. Explicit formula: Their explicit formula is given by:

U(n—1
L(n, k) = ;(Z_J n>k>1, (1.25)

with L(0,0) = 1.
3. Recurrence relation: For the Lah numbers L(n, k), we have the following formula:
Lin,k)=Ln—1,k—1)+ (n+k—1)L(n—1,k), n>k>1, (1.26)

In particular, we have: L(n,0) = 6, for n > 0, and L(0, k) = 6 for k£ > 0.
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Table of the Lah numbers

Using the recurrence relation (1.26), we can calculate the first values of the Lah numbers:

N 2 3 1 5 6 7 3
1 1

P 2 1

3 6 1

4 24 36 12 1

5 120 240 120 20 1

6 720 1800 1200 300 30 1

7 | 5040 15120 12600 4200 630 42 1

8 | 40320 141120 141120 58800 11760 1176 56 1

Table 1.7: The First Values of The Lah Numbers

1.12.2 Lah Polynomials
Definition 1.18. The Lah Polynomials, denoted by L,(x), are defined by:

n

Ly(x) := Z L(n, k) z*

k=0
The first values of these polynomials are:
Lo(z) =1,
Li(z) = x,
Lo(x) = 2 + 2,
Ls(z) = 2® + 622 + 6z,
Ly(x) = o* + 122° + 3622 + 24

17
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The Bell Numbers and Polynomials

In this chapter, we study Bell numbers and Bell polynomials, which play a central role in com-
binatorics. We begin by introducing Bell numbers and their combinatorial interpretation in counting
set partitions. We then present Bell polynomials, highlighting their main properties, generating func-
tions, and their connections with Stirling numbers. For more details, refer to the following references

[18, 31, 32].
2.1 Bell Numbers

The Bell numbers denoted by ¢,, represent the number of possible partitions of a finite set with n
elements. They can equivalently be expressed as the sum of the Stirling numbers of the second kind:

¢n=§:{2} (2.1)

k=0

Theorem 2.1. The Bell numbers satisfy the following recurrence relation:

¢o=1 and Gny1 =) (Z) Pk (2.2)

k=0
The first values of the Bell numbers are listed in the following table:

n|1|23| 41|95 6 7 8 9 10 11 12
On | 1| 2] 0] 15| 52| 2053 | 877 | 4140 | 21147 | 115975 | 678570 | 4213597

Table 5 — Initial values of the Bell numbers.

Theorem 2.2. The exponential generating functions of the Bell numbers are given by:

Z qbn%: =exp(e® —1). (2.3)
n=0 :

Proof. By using the exponential generating function of the Stirling numbers of the second kind:

e? — 1)F 2 (n] "
: k:!) :Z{k}n!’

n=~k

18



we obtain:

By matching the coefficients of %T on both sides, we obtain the desired relation.

Theorem 2.3. Dobinski’s formula provides an explicit representation of the Bell numbers:

Proof. According to formula (2.3),

and

we get

Consequently



O

An alternative explicit representation, introduced by B.N. Gao and F. Qi in [20] the confluent
hypergeometric function of Kummer and the Stirling numbers of the second kind:

1 ) k+1
¢>n—gZ(*1) k!{k}1F1< 9 71>

k=1
Theorem 2.4. The integral representation of the Bell numbers [/, 9, 17].
_ 2 [ ) sin(nd) do
On = — m/o exp(exp(e ))sm(n ) do.

2.2 Bell Polynomials

For all n € N, Bell polynomials ¢, (x) are defined by:

@) =3 {Z} 2. (2.4)

k=0
These polynomials are also known as single-variable Bell polynomials or exponential polynomials.
In particular, for z = 1 in (2.4) we get the classical Bell numbers.

Theorem 2.5. Their exponential generating function is given by:
o Zn
> gbn(m)ﬁ =exp (z(e* — 1)). (2.5)
n=0 '

Proof. By using the exponential generating function (2.5)

n

Z q&n(m)% =exp (z(e* — 1)).
n=0 :

and the exponential generating function of the Stirling numbers of the second kind:

e? — 1)F 2 (n] "
( k!) :Z{k}n!’

n=~k
we obtain:
) k
x(e®— z T
e 1) = > (e —1)]‘75
k=0
= o kln!] K

n=0 n=0 Kt :
B o] n n . Zi
-2l

By matching the coefficients of % on both sides, we obtain the desired relation.

O
Theorem 2.6. (Dobinski’s formula)
The Bell polynomials ¢ (x) admit the following representation:
—x — k" k
on(z) =¢€ ];0 s (2.6)



Proof. The proof is similar to the proof of Theorem 2.3.

Theorem 2.7. The sequence of polynomials ¢, (x) satisfies the recurrence relation

po(z) = 1,

SOEEDY (Z) O ().
k=0

Proof. The exponential generating function of the Bell polynomials (2.5)

> n(e)5; = exp ((e” 1)
n=0 '

and differentiating both sides with respect to z, we get:

-1

Z Pn(x) (:n_ 1! = exp (z(e” — 1)) we®.
n=1 :

We set n — 1 =n, we find:

First Bell Polynomials

The first few Bell polynomials are listed below:

n Pn(2)

0 1

1 T

2 x + 22

3 x + 322 4 23

4| x4 72% 4 62° 4+ 24

Table 2.9 — Bell Polynomials

Special Case

When we substitute z = 1 in the Bell polynomials (2.5), we obtain the Bell numbers.

[oe) Zn

E ¢n— =exp(e® —1).
n!

n=0
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The Generalized Bell Polynomials

The generalized Bell polynomials extend the classical Bell polynomials, which are closely related to
set partitions in combinatorics. They retain many of the original properties while introducing extra
parameters that lead to more flexible and broader applications.

In this chapter, we study different generalizations, including the p-Bell numbers, p-Bell polynomials,
poly-Bell polynomials, as well as the r-Bell numbers and r-Bell polynomials. We present their
definitions, main properties, and key identities. For more details, the reader may refer to [18, 19, 31].

3.1 The p-Bell Numbers

In this section, we study a new class of numbers that extends the classical Bell numbers, which we
refer to as the p-Bell numbers. According to [18, 19, 31].

Definition 3.1. For every integer p > 0, we define a sequence of rational numbers, denoted by B,
forn >0, through the following generating function:

-1
= 2" r . = (ntp) (F-1)"
T;)Bn,pm—lFl ( p+1 € —1> —Z( ) T7 (3-1)

n=0 p

where Bpo = ¢, are the classical Bell numbers, and 1F1< CCL ;z) denotes the confluent
hypergeometric function of Kummer.

The first three exponential generating functions are:

> 2" exp(er —1)—1
D Buip=— :
— n! e —1
n=0

> B0 = 2R m Y 2, (32
n=0

n! (e —1)2
> 2" 3(2exp(e® — 1) —e** —1)
Zan?’il: ( z_1)3
= n! e

Theorem 3.1. The explicit formula for p-Bell numbers By, ;, involving Stirling numbers of the second
kind.
For p > 0, we have:

B, = zn: (’f;fp>_l{";}, (3.3)

k=0
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Proof. By using (1.14), we obtain:

SECU) st S0

n=0 k=0 k=0 n=Fk
B i plk! (er —1)F
B = (k+p)! K
1% (2 —1)*

Comparing the coefficients of %T,L on both sides, we obtain the result (3.3).

In particular, for p =1, we have :

" 1 n
B"’I:Zk:Jrl {k}

k=0

1
[ oa

0

Also, we can write By 1 in the following form.

0
Theorem 3.2. Forn > 0, we have:
~ (1 Prr1Bnk
B, 1 = RALR It 3.4
=2 (1) 2 3.40)
where B, denotes the n-th Bernoulli number [21], which is defined by the following generating function
(1.21):
n
P M
250 nl  er—-1
Proof. We can rewrite (3.2) as follows:
ZB 2" exp(ef—1)—1
il e —1
n>0
oz <exp(ez —-1)— 1)
S er—1 z
B iB 2" <exp(ez —-1)— 1>
N = "l z
We have
00 P .
Z¢n 1 :exp(e - 1)
n=0 n
and



which gives

exper—1)—1 1, 2"
= Z ¢n7'
z=n

z
o0 Zn—l
= 2
n=1
We put n :=n — 1, we obtain
exp(e —1) -1 & 2"
z B Z ¢n+1 (n+1)!
Z ¢n+1 2"
n+1n!

Therefore,

Ont1 2
B By,
el - (X ng) (S o).
Using the Cauchy product formula for exponential generating functions, we get

00 o B 00 n n ¢k+1 ﬁ
605 =3 (3 (1) B ) 5

n=0 \k=0

By identifying the coefficients of = 21, we obtain the following desired result:

= (1) k1B
B”’l_z<k> k+1

k=0

Remark 5. We note that formula (3.4) is a particular case of Ramanujan’s identity [
p. 51].
Theorem 3.3. The double exponential generating function of By, p is given by:

B (ez —1)exp(e* — 1)
ZZ e —1—y ’

p=0n=p

Proof. By using (3.1) and putting

we get

oo e n' p' oo g (n+p)!
R etV Gl VO A
_pz%nz% (n+p)! (ez—l)
e _1n+p Y p
-S> e (#5)
_i(ez—1"§< y )”
=0 e —1
(e* —1)exp(e®* — 1)
e —1—y

Which completes the proof.

24
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Now, by means of the generalized Stirling transform [29], we obtain the following result.

Theorem 3.4. For n,m > 0, we have:

-1
Ui " (n+m m+k+p
Zs(m,k)BnJrkJ,Z Z{k+m} ( ) )

k=0 k=0 p

Proof. From (3.3), we have
-1
“(k+p {n}
Bnp= .

k+p\
ap = )
b

Now, by the generalized Stirling transform (see [29]), we have

Z s(m, k) by1r = Z {Zig} Amtk;

By taking

k=0 k=0
where
“n
b, = Z {k:} a.
k=0 m
: _ _ (ktpy ! ;
Taking by, = By and a, = (*,7) ~, we obtain

-1
U " (n+m m+k+p
S foem) (neben)”
P prs k+m . m+k

This completes the proof.

Theorem 3.5. For p > 1, we have:

P 1 . B
> Buyoy =p [ expl(e = Do) L1yt

n>0

Proof. We know that (1.10), by setting a =1, b =1+ p, we obtain:

N (R E ORI
1F1< 1+p Z) F((1+p)—1)F(1)/() )T
_ F(1—|—p) 1ezt _ p\p—1
- NI <A

Using F(Fp(;)l) =p and T(1) =1 we obtain:

1 . _ ! zt p—1
1F1<1+p,z>—p/0 e (1 —t)P " dt.

Substitute z ;= e* — 1, we obtain:

1 1
L2 _ z _ p\p—1
1F1< L 1> —p/o exp((e® — 1)t)(1 — )P~ dt.
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Corollary 1. Forp > 1, we have :

1
Bup=p [ (L=t 6u(tit. (3.7)

Proof. We have:

> By —p/ 3 balt) (-t Lt

n>0 n>0
n
_Z< / 1— )P~ ¢ (t) dt )Z,
n>0 n:
Comparing the coefficients of =, 21, on both sides, we arrive at the result (3.7). O

The generating functions

According to [19], the generating function of B,, , admits several representations. In what follows, we
present some of these expressions.

Theorem 3.6. For p > 1, according to incomplete Gamma function ~(s,z) (1.7), the exponential
generating function for p-Bell numbers is given by:

Z Bn,p% = W 7(p7 e — 1)’ (38)

Proof. This can be achieved by the change of variable t =1 — which transforms this integral .

=57
1
Z Bup oy = p/ exp((e? — 1)t) (1 — £~V dt.

Then,

1 B y p—1
— p—1 _
dt 1 dy, (1—1) ( ) )

and
(e*—1Dt=(e"—1)—

moreover, the limits become : t=0=y=¢e*—-1, t=1=y=0
substituting into the integral, we obtain:

0 p—1 d
_ z —y Yy _ay
S =p [ el -0 e (G) ()

pexp(e* —1) pef=t

Using the definition of the lower incomplete Gamma function (1.7), we deduce:

e*—1
/ ey tdy = y(p,e* — 1),
0
we arrive at the result (3.1).

g F_plepE-1) .
nz::OBn,p n! - (BZ . 1)p 7(p’€ 1)
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Theorem 3.7. The exponential generating function for p-Bell numbers is given by:

> " Iexp(e* — 1 P k
ZOB””W =2 ((ef(_ 7 LS o (3.9)

Theorem 3.8. It is well known that the p-Bell numbers are closely related to both the classical Bell
numbers and the generalized Bernoulli polynomials. The latter, denoted by Bfla) (z) and of degree n in
x, are defined by the exponential generating function [7, 33]:

I )
(et—l) et = X%)Bg )(1‘)5 (Jt| < 2w, 1%:=1)
n=

Remark 6. For an arbitrary parameter «, the quantities By(za) = Bq(za)(()) are called the generalized

Bernoulli numbers of order . In particular, when o = 1, the polynomials Bél)(x) reduce to the
classical Bernoulli polynomials B, (x), whose exponential generating function is given by:

Tz

iB (l’)ﬁ— =€
— Tl et — 17
n=0

Corollary 2. For n,p > 0, we have:

" ldp\ (ntp) » = (ntk "k (k)
Bn,pzz< Lk )( ) ¢n+p—kka —Z( i ) ()BnJrk (310)

k=0 p

Proof. From (3.9), we have

_ plexp(e —1) pE
ZB’P - (e —1)P _Z(ez_l)k'

We expand the first term, and by the Cauchy product, we obtain:

I exp(e® — > 2P
R o (S (£

|
n—0 n:

S (B 0)
n=0 \k=0 )

Setting n :=n + p, we get:

plexp(e® —1) ‘i ngp ¢ B 2"
(=1~ F T ) )l

n=0 \k=0

Since (n + p)! = n!p! ("+p), it follows that

Hence,
-1
p! exp(e* — 1) n+p\[(n+p ® | 2"
peple D z(;( ‘ )( ' ) —

We expand the second term:
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Using the identity

1 00 znfk
— BKk)
(€2 — 1)k nz:% "ol
we obtain » i , i
o k *) 2"
o (e =1) k=1 n=0 n!
Setting n :=n + k, we get
p k oo P n
b= k (k) <
Z z E Z Z]FBn+k ’
Pl et ey (n+k)!
now,
pr 1 (n+k ! D
(n+k)!  n'\ k k)’
thus,

P k © (P (o) o
;(ezlfl)k =2 (,;( —]: > (i)Bq(ﬁk)k) PR

Combining both expansions, we obtain:

0o n 0o n—+p -1 n

z n+p\(n+p () | #
> i = 3 (S (") () eeet?)
n=0 ’ ’

n=0 \ k=0

S5 () 2
nt+k | 1°
=\ k k T nl

n

By identifying the coefficients of Z—', we get the result (3.10):
n!

P\ (n+p - » = [(n+k ! P\ k)
BH,P:Z< k )( D ) d)n-i-p—kka _Z< k ) <k>Bn+k

k=0 k=1

Lemma 3.1. For p > 0, we have

Py <§+ il-e ) = (=1)P(p+1) (e dz) 1Py <2; l—e ) (3.11)

1 2\ (1 —exp(l—e?)
1F1<2,1—e>—< 1 )

Theorem 3.9. For p > 1, we have:

= 2" . _ L dN\PTH /1 —exp(l —€?)
3 By oy = el ) 0 p () ).

dz e —1

and

Theorem 3.10. We have the integral representation of Cesaro type [11]. For n > 1, we have:

Bn,p _ 2n'p' I /W (eXp((exp(ew))) B epil (exp(eie) o 1)5—22
0

e (exp(ei®) —1)” = 0!

) sin(nf) db,
where Im(z) denotes the imaginary part of z.
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Proof. Using the explicit formula (3.3), and we use the integral representation of the Stirling numbers

of the second kind:
n)  2n! ™ (exp(e) — 1)F

n: - ex eie — 1)k
LI (/0 (*1) <<>>) () .

-1
I pl
Since ktp = K p! , this becomes
(k+p)!

we obtain :

=
3
5

Il

2n'p' (exp(e®®) — 1)F\ |
B, = (/0 Z G +p ) sin(n) do.

k=0
Setting x = exp(e?) — 1 and using the identity

0 k

ZL_E_ r -
(k+p! a? =

k=0
we deduce
2n!pl ™ [ exp(exp(e?) — 1) i (exp(e?) — )P\ |
B, = Im/ , — sin(nf) df.
P 7r 0 ( (exp(ei?) — 1)p ;) 0! (n6)
Finally, using exp(exp(e’?) — 1) = exp(exp(e'?))/e, we obtain:
2n'p' ™ [ exp(exp(e?)) L, (exp(e?) —1)fP\ |
By = Im/0 ( (exp(c) — 1)p e;:;) T sin(nf) df.
This completes the proof. O

The Recurrence relations
The p-Bell numbers admits outher recurrence relations we present some of these expressions.
Theorem 3.11. The p-Bell numbers satisfies the following recurrence relation
n—2 n P
Butip=(n+1)Byy— > (=) *Bji1p — —— Bupi1, (3.12)
P k p+1
with the initial sequence By, = 1.

By using (3.12), we list the p-Bell numbers B,, , for 0 <n <6 and 0 < p < 3.

1 1 1 1 .- Boy
1 1/2 1/3 1/4 By
2 5/6 1/2 7/20 -+ B,
5 7/4 14/15  3/5 - B,
S,—| 15 68/15  13/6  179/140 ---Buy,
52 167/12 127/21 185/56 ---Bs,
203 2057/42 235/12 8389/840 ---Bg,
Bn 0 Bn,l Bn,2 Bn,3

)
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Theorem 3.12. Let p > 0 be a fized parameter. We define the double-index sequence Zﬁf?n by:

)

Znm(p) = (m + p) S s(m, k) Bus i, (3.13)

P )=

where s(m, k) denotes the Stirling numbers of the first kind and By, , are the p-Bell numbers.
Then, using (3.5), we obtain the equivalent form

n -1
= ()5 ()

Moreover, the sequence satisfies the initial conditions:

ZO,m(p) = ]-a Zn,O(p) = Bn,p-
Theorem 3.13. The Z, ,,(p) satisfy the following three-term recurrence relation.

m+1

Znt1m(p) = m

Zn,m—i—l(p) +m Zn,m(p)7 (314)
with the initial sequence given by 2y, (p) = 1.
Proof. Starting from (3.13), we write

m+p+ 1 m+1
Zn,erl(p) = < » ) Z S(m +1, k) Bn-‘rk,??‘
k=0

Using the recurrence relation of the Stirling numbers of the first kind
s(m+1,k) =s(m,k —1) —ms(m, k),

we obtain

m m+1
Zpmi1(p) = < +ZI: + 1) Z (s(m7 k—1)—ms(m, k))BnJrhp

k=0
m+p+1) 2

— < p ) Z s(m,k —1)Bpikp
p k=0

m+p+1) "
— m( P ) s(m, k) Bk, p-
p k=0

We put j =k — 1, we get:

m+1 m
Z s(m,k —1)Bpykp = Z s(m, ) Brtj+1,p-
k=0 j=—1
Since s(m,—1) =0, so
m+1 m
Z s(m,k —1)Bpipp = Z s(m, k) Bt kt1,p-
k=0 k=0

For the second sum, usings(m, m + 1) = 0, we have:

m+1 m
Z S(mv k)Bn-i-km = Z S(mv k)8n+k,p‘
k=0 k=0
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Therefore,

m+p+1) «—
Zn,m—l—l(p) = ( > Z n+k+1,p
k=0
m
. <m+p+ )Zsmk tkp-
k=0

By using the definition

Znm(p) = <m +p> i s(m, k) By vk ps

k=0
we obtain .
m m + -
Z 5(m7 k)Bn+k+1,p = ( p) Zn—l-l,m(p)
k=0 p
and 1
Z s(m, k)BnJrkJ? = ( ) me(p)-
k=0 p

Substituting these identities into the previous relation yields

-1
Zn,m+1 (p) = (m * P * 1) (m + p) ZnJrl,m(p)

p p
- m+p+1\/m+p 712 (p)
P P o
Since —
(") map+1
(m;—P)  om+1
we deduce tp4l 4t
m—+p m-p
Zn m = 7Zn m - 72’” m .
m1(P) = = Zntn (p) = e Znm(p)
Hence, we deduce that:
m+1
+1,m(D) peS— m+1(p) £ m Zn (D)
Which is obviously equivalent to (3.14).
O
3.2 The Poly-Bell Numbers
It is well known that the Cauchy formula for repeated integration [27] is given by:
D) = [ =0 @ de (3.15)
T (n—1)! Jo ’ .

where D" denotes the n-fold integral and f be a continuous function on the real line. Comparing
the formula (3.15) with the formula (3.7) we obtain:

Theorem 3.14. For p > 0, we have:
By = p! D_pgbn(:n)|x:1

1 Tp ) (316)
:p!/o dxp/o dxp_1-~-/0 On(x1) dry.

The iterated integral expression (3.16) motivates a definition of poly-Bell numbers. Define the
)

poly-Bell numbers IB%ELP as follows:

B — Brp.
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Theorem 3.15. For B%p) the generating function is given by:

S n z _ 1)n
S BRI =Y Gl (3.17)
n=0 n! n>0 F(n+p—|— 1)
and can be extended for p negative as:
S n 0 z _ l)n
B-P 2 _ (67' 3.18
7;) " onl 7;) F'n—p+1) (3.18)

An explicit formula of the poly-Bell numbers at a negative upper index p can be obtained by a
direct use of (3.18).

Theorem 3.16. The poly-Bell numbers B( P) are positive and we have:

:zn:(kf'p)'{;;} (3.19)

k=p

Corollary 3. Forp > 1, we have:

Proof. From (2.4), we have:

dP " (n] d°

k=0

2 ()

which reduces to Bﬁfp) by setting x = 1. On the other hand, from (2.5), we have:

= dP 2" dp

nz::oﬁ%(iﬁ)m WGXP( z(e” — 1))

= (" =1)Pexp (90(62 - 1))

SEfE-

nOp

=pé(§(?>{é}%—f<x>)i’?-

Equating coefficients of 2 and setting x = 1, we get the result. O
n:

Theorem 3.17. The double generating function of B%_p) is given by:
ZZ = —eXp ((y +1)(e* = 1)).
p=0n=p

Proof. The double generating function of B%_p) can be obtained by wusing (3.18), since
I'n—p+1)=(n—p)! forn>p, we rewrite:

PICTRERANS ) NG
n | 1’
p=0n=p n! p' p=0n=p ( p). p:



we set n=p+i withi >0, hence (n — p)! =i!, and (e* — 1)* = (e* — 1)P**. Then:

S pn Y $S (DY s (e 1)
2=0n=p n! p! =0 p! >0 7!
3 € )Y s ey
750 p! >0 7!

=exp (y(e* — 1)) exp(e® — 1)
=exp ((y +1)(e* — 1)).

O
Corollary 4. We have :
e P
SEPY 1+,
p=0 P!
Proof. It follows immediately from:
o0 Zn
exp ((y +1)(e* = 1)) = > énll+y)
n=0 '
Ol

Here is a small table of the numbers B%_p) (-4<p<-1,0<n<9).

p\n||0 1 2 3 4 5) 6 7 8 9
-140 1 3 10 37 151 674 3263 17007 94828
-2 00 0 2 12 62 320 1712 9604 56674 351792
-3 (0 0 0 6 60 450 3120 21336 147756 1048830
—4 (10 0 0 0 24 360 3720 33600 287784 2424744

Table 3.1: First values of poly-Bell numbers with negative upper index

3.3 The p-Bell Polynomials

The p-Bell polynomials are a generalization of the classical Bell polynomials. They appear in the
study of ordered partitions and related combinatorial structures and can be described through their
generating function, as discussed in [18, 19, 31].

Definition 3.2. The p-Bell polynomials By, ,(x) are defined by the following generating function:

- Zn 1 z Tz
T;Bn,p(x)a =15 < pi13€ T 1) e’ (3.20)
Theorem 3.18. The explicit formula for the p-Bell polynomials, for n > 0, we have:
" (n
B, = Bz ", 3.21
=3 @ ot (321)

Proof. By using the generating function (3.20), we have:

s zZ" 1
— L2 Tz
> By =iFi g e )e



By identification, we have:

k=0
O
The first few p-Bell polynomials are:
Bop(z) =1,
Bupe) = o+ —
1,p\Z) =T Dt 1’
2x p+4
Bo () = z? + + )
S e R
3z? 3(p+4 2+ 11p + 30
Bgyp(.f) IE3 + €z (p+ )l’ D + p+ ]
p+1 (+@+2) (E+LHE+2)(P+3)
and
, A 6(p + 4)z> 4(p* 4 11p + 30)z P> + 23p% + 160p + 360
B4,p(x) = + .
p+1 (+E+2) @+DE+2)E+3) @E+DE+2)P+3)(p+4)
Theorem 3.19. For p > 0, we have:
" p\
Buple) = Y ( . ) Sh(a), (3.22)
k=0
Proof. From the right-hand side of (3.22) and the generating function of S¥(x).
1 Tz 2 k - n "
e (-1 = 2Sk($) T
we have:
3} <k+p> S (k) S a2
DS Sk (@) =Z< ) 3 Sk ()=
o \ico\ F nl o\ K n>0 n!
> (k+p) 1
= Z ( L p) ge“(ez — 1)k
k=0 :
Tz - p! z k
=e Z (e* —1)
i= (k+p)!
=" Z By p '
n=0
(e.) Zn
= B, —.
7;] 7p(x) n|
Since the exponential generating functions are identical, equating coefficients yields (3.22):
A
Bugle) =Y ( . ) Sh(a).
k=0
Ol
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Theorem 3.20. The polynomials Z, y,(z;p) satisfy the following three-term recurrence relation.

m+1
zZ ip) = ——Z, ; Z ; 3.23
n+1,m<$,p) m+p+1 n,m—‘rl(xap) + (m + II,') n,m(wap)a ( )
with the initial sequence given by:
Zom(x;p) = 1.

The polynomials G, ;(t) defined a particular case of the more general polynomials considered by
Corcino et al. in [10] defined by:

Definition 3.3. The polynomials Gy, . (t) are defined by:

otk n

These polynomials will be used in the following integral representation of the p-Bell polynomials.

Theorem 3.21. The p-Bell polynomials By, p(z) satisfy the following integral representation.

1
Bup(z) = p /0 (1= 6)P"1Gy o (t) dt. (3.24)

Now using their properties, we obtain the following corollaries.

Corollary 5. (Dobinski’s formula) For p > 1, we have

x—i—k: E+1
-y . ( +k+1’_1>'

k>0

Proof. From the Dobinski formula for the (r,1)-Bell numbers [10, Example(1.18)]. we have:

otk n
k=0""

we obtain:

Bnyp(a:):p/ol(lt (-tzk'erk: )

k>0

Oow—i—k: _ _
_py R _ /0 tk (1 — )Pl

as—l-k k+1
1 —11.
<p+k+1’ >

Corollary 6. (Recurrence relations) For p > 1, we have:

Brt1p(z) = 2B p(x) — i (Z) ( : By py1(z) — Bk,p(@) . (3.25)

P p+1

Proof. From the recurrence relations for the (r,1)-Bell numbers [106, Equation (2.9)], we have:

Gn+1,x()—xan +Zt< ) n— ka?t)

we obtain
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Bn+1,p(1') = p/

0

%1—@p4<x6%¢@y+§itcg(ilhAﬂ)ﬁ
k=0

= -rp/o (1 - t)p_lGn,z(t) dt _pkz:;] (Z) /0 ((1 - t) - 1)(1 - t>p_1ank,x(t) dt.

After some manipulation we get (3.25). O

Note that when p = 0, (3.25) gives:

Pnt1(x) = 2 Pp(z) + Zn: <Z> br(),

k=0
where ¢,,(z) := Bp.o(x).

3.4 The r-Bell Numbers

The r-Bell number ¢, , is the number of partitions of a set with n + r elements such that, in each
partition, the first r elements belong to distinct subsets. As discussed in [4, 9, 10, 12, 24, 25].

Definition 3.4. The r-Bell numbers ¢y, , are defined by:

@mﬂzié{ZIC}T. (3.26)

k=0
In particular, for r =0, we obtain the Bell numbers (2.1)
Example and Tables

Example 3.1. The following example illustrates again the meaning of the r-Bell numbers. By

definition, A A A
o (3 (0, (1,

{‘21}2 counts the partitions of 4 element into 2 subsets such that the first 2 element are in distinct
subsets:

{1,3,45, {2} {17,{2,3,4); {1,3},{2,4}; {1,4},{2,3}.

{3}2 belongs to the partitions

{1h {25 {3,4) {135 {21 {4} {145, {21 {35 {1h{2:35, {4 {1},{2,4}, {3},

Finally, {3}2 equals to the number of partitions of 4 elements into 4 subsets (and necessarily,the

first two elements are in distinct subsets):

{1} {2}, {3}, {4}

o [0 L) ) v
22712/, 32 4fy S

This is the number of partitions of the set {1,2,3,4} such that the first two elements belong to distinct
subsets.

Hence,
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2 3 4 5) 6

2 ) 15 52 203

5 15 52 203 877
10 37 151 674 3263
77 372 1915 10481
26 141 799 4736 29371
37 235 1540 10427 73013
50 365 2727 20878 163967

<

ChC)‘!HkOJl\?HOg

== e e e = = O

N OO W N R
—
N

Table 3.2: The First r-Bell Numbers

Using the recurrence relation (3.26), we can compute the first values of the r-Bell numbers
presented in Table 3.2.

Theorem 3.22. Their exponential generating function is given by:

n

> z
Z Gnr — =exp(e” —1+72). (3.27)

Proof. Starting from the definition (3.26), and substituting it into the exponential generating function,
we obtain:

> Z" > " (n+r "
22(2{}>
n+r) 2"

Using the exponential generating function of the T-Stirling numbers, we get

0 n zZ_1 k
Zgbnri': (6 ) erz
" n! k!
n=0
00 k
(2 —1)
_ . rz
=e Z k!
k=0

= e exp(e® — 1)

=exp(e® — 1+ rz),
which completes the proof. L]
Theorem 3.23. The generalized Dobinski’s Formula for r-Bell numbers, is given by :

Gny = 1 i M (3.28)

|
e =0 2!

Proof. Using the generating function of the r-Stirling numbers (1.18), we obtain:

“‘”Zi{:i:}rm

|
2. =0

> )

=0 k=0

> 1

:i{ﬁ:} Z(i—k)!‘

k=0 Ti=k
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Setting j = 1 — k, we obtain:

(i) {n+r} <1
; 7! _];) k+r ,,Zoj!
& [n+r
ekz:%{k—i-r}r

Finally, we get the result.

Theorem 3.24. the r-Bell numbers satisfy the following recurrence relation given by:

¢TL,’I‘+1 = Z (?) (bz','r-

1=0

Theorem 3.25. The r-Bell numbers have the integral representation given by:

|
by = 2n! Im/ exp(exp(e™)) exp(re®) sin(n) df.

Proof. We start from the r-Stirling numbers identity:

n+r k (kY. n
(i) g (o

j=0
Using the integral representation:

21
(J+r)"= v Im/ exp((j + r)e?) sin(nh) db,

we get

k
Iz {””} = 3 (—1)F <k> 2n! Im/ exp((j +r)e™) sin(nd) do),
oy [ (Z(—nk—j (j) exp((j + r)e”)) sin(nf) db.
_ 2 Oﬂ (Z(_l)k—j (j) exp(jew)) eXp(rew) sin(nf) db.

with © = exp(e'?), we get:

Thus:

2n)
k'{z::} - Im/ exp(e’) = 1)" exp(re”) sin(nf) do.
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Dividing by k! and summing over k > 0:

> 2n! T 0y — 1)k :
Z {n + r} _ Im/ —(exp(e ) ) exp(rew) sin(nf) d
oo kT, 0 k=0

| .
_ 2! Im/ exp(exp(e??) — 1) exp(re'?) sin(nd) df
in 0 "~
= Im/ exp(—1) exp(exp(e")) exp(re'”) sin(nf) df
277/' 0
= Im/ exp(exp(e?)) exp(re'?) sin(nd) df.

This completes the proof.

3.5 The r-Bell Polynomials

Definition 3.5. The r-Bell polynomials ¢y, »(z) are defined by:

n

bon(z) =3 {Zi:} "

k=0
In particular, for r =0, we obtain the Bell polynomials (2.4).

Theorem 3.26. Their exponential generating function is given by:

Z bnr(2) % =exp(z(e® — 1)+ rz).
n=0 ’

Proof. Starting from the definition (3.29), we get:

HZZO%W nl ﬂ%(%{kw} v ) nl
B n+r kz"
PRI

Using the exponential generating function of the r-Stirling numbers, we obtain:
(n+r) 2" (e — l)k s
Z P W R
o k+r),n! k!

Hence,
p(e” = 1)F

Z¢nr %—X}T Tem

e (a(e” — 1))
= e Z T

k=0
= e exp(z(e® — 1))
=exp(z(e® — 1) +r2),

which completes the proof.

Theorem 3.27. the r-Bell polynomials satisfy the following recurrence relation given by:

(Z)n r+1 Z <n> d)l r

(3.29)

(3.30)



Proof. Using the exponential generating function of the r-Bell polynomials:
3 & _ a1t
Z (bn,T(x)ﬁ — etle Tz
n=0

Replacing r by r + 1, we obtain:

s n

Z ¢n,r+1(aj‘)z—' = ex(ez—l)-f—(r—i-l)z — ¢ ex(ez—l)—I—Tz‘
n:

n=0

Using the generating function of ¢p ,(x):

o0 Zn o0 Zn
z_: ¢n,r+1($)ﬁ =e° 2_: an,r(iv)ﬁv
n=0 n=0
since
e = Z 7',
k=0
we get:

Hence the result is proved. O

The first few r-Bell polynomials are:

(z)
(z)
por(x) = 2% + (2r + )2 +r?
(x) =234+ (3r +3)2* + (3r* + 3r + Da + 13
(z)

+ (473 4+ 6r% 4+ dr 4 D)z + ™.

Theorem 3.28. (Dobinski’s formula) The r-Bell polynomials satisfy the identity:

b (2) = — i (kb r)” k. (3.31)

|
e? = k!
Proof. Using the generating function of the r-Stirling numbers for fized n and r (1.19), we get:

S R M

k=0

(4" e {n—i—r} !
- T = IR
; i! Zz%kz::() kE+r),@G—k)!
n+r} = ¢

{kz—H“ lezk(z k)!

{ZI:}i(sz)i

i=k

I
H.

Il
M=

k=0

Il
M=

k=0
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Setting j = 1 — k, we obtain:

i(i+r)”xzzi{n+r} Itk
= 7! = k+r), : 4!
_z":{n—i—r} k= 27
prr k+r), ]:OJ'
n n+r
<l
P k+r),
= " nr(2)
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The Exponential Partial Bell Polynomials

In this chapter, we present the (Exponential) partial Bell polynomials B,, ;(x1, 22, ..., Zy),
introduced by Bell as an effective tool for representing higher-order derivatives of composite functions.
We study their main properties, explicit formulas, and recurrence relations.

We then introduce the (Exponential) complete Bell polynomials B,,(z1, 2, ..., z,), defined
as the sum of all partial Bell polynomials over all possible degrees. We present their exponential
generating function, their explicit formula, and we highlight the fundamental relation connecting
them to the partial Bell polynomials, which plays a central role in combinatorial analysis and in the
study of composite function derivatives [5, 13, 15, 30].

4.1 The (Exponential) Partial Bell Polynomials

Definition 4.1. The exponential partial Bell polynomials, denoted by By, (21, . ..,2y) in the variables
Tn, are sometimes also written as By, p(x;). They are defined by their generating function:

> 2" 1 © Z™m F
Zank (ml,xg,...,xn)—! =4 Z Tmor | (4.1)
n=~k m=1
Theorem 4.1. The explicit formula for the (exponential) partial Bell polynomials given by:
n! 21\ " [\ F2 z,\ Fr
B (z1,22,. .. 20) = Z m (1,> (2,> (n') J (4.2)
w(n,k)

where m(n, k), denote the set of all solutions in natural integers such that:
7 (n, k) :{ kyy ook €Nk =k, S ik = k4 2k + 3ks - =n }

Theorem 4.2. The (exponential) partial Bell polynomials satisfy the following properties and
recurrence relations:
By, i (ax1,ax2,az3,...) = akBmk (r1,22,23,...). (4.3)

By (aa:l, a’ry,azs .. ) =a"By (x1,22,23,...). (4.4)
Proof. 1. Using the explicit formula of the (exponential) partial Bell polynomials (4.2)
n! z;\ ¥
By i(x1,22,...) = ﬂ%;k) Tl zzl_Il (2') ,
with

S ki=k, Y iki=n.

i>1 i>1
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Replacing each x; by ax;, we obtain:

Since

we have:

Therefore,

ank(a.’Ifl, ary, ... ) =
m(n,k)

n!
= 2 Tkl

w(n,k)

n!
=2 T

7 (n,k)

> ki=k,

i>1

n!
Z kilks! - -

Haki — a2 ki = g*,

1>1

B k(az1,az2,...) =a

w(n,k)

k
=a Bmk(xl,.l‘g, cee ).

Hence, the result follows from (4.3).

n!

Teyleo! - -

. Using the explicit formula of the (exponential) partial Bell polynomials (4.2)

with

n! z; \ Fi
Busten)= ¥ e I(G)

w(n,k)

> ki=k,

i>1 i>1

Replacing each z; by a'x;, we obtain:

Since

we have:

i>1

|
) 5 B n!
By k(az1,a*xg, a’w3,. .. ) = Z kylko! -

w(n,k)

n!
=2 Feylko! - -

w(n,k)

n!
= 2

w(n,k)

ZZkf@ =n,
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H atki — g2 ki — gn

i>1

Therefore,

k;
2 3 332
By, k(ax1,a"x2,0°x3,...) = a" Z T H
! kz i>1

m(n,k)

=a Bn,k(l'l,l’g,l'g,. . )

Hence, the result follows from (4.4).

Theorem 4.3. The (exponential) partial Bell polynomials admit the following expression.

n! Tpq+l - Ty t1
Bk (r1,29, ..o, Ty py1) = — Z s k ., n>k>1.
b ' ' ' . .
k! nit-tng=n—k (’fll + 1). .. (nk 4 1)'

4.2 The (Exponential) Complete Bell Polynomials

Definition 4.2. The (exponential) complete Bell polynomials are defined by:

ZBn(ajl,xg,..., Z'—exp<z xm > . (4.5)
n=0 !

Theorem 4.4. The relation between the (exponential) complete Bell polynomials and the (exponential)
partial Bell polynomials is given by:

n
By (x1,x9,...,2,) = Z By gp(x1,22,. .. Tp_pt1). (4.6)

Proof. To prove that (4.6), we start from the exponential generating function of the (exponential)
complete Bell polynomials (4.5), and using the Taylor expansion of the exponential function,

:Z—, with U= me—,

k! m!
k=0 m=1

we obtain

o m b
z
o (S ) =3 (z )
= m! =k !
By the definition of the (exponential) partial Bell polynomials (4.1),

~ k
ZBn,k(HCl,m,-- Ty k1) <Z Tm > ;

n==k
hence (4.5), give us

! !
=0 n. m—1 m!
oo oo m\ K
W ( =)
= - T
! ey
k=0 k! m=1
e.) ZTL
= Z B k( 961,962,~--,96n7k+1)ﬁ
k=0n=~k ’
o0 n ZTL
=> (D] Buklzr, 22, Tnpt1) -l
n=0 \k=0 ’
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Comparing coefficients of %7 on the both sides, we conclude that:

n

Bn(z1,@2,...,2n) = > Bpp(®1, @2, ..., Tn_ps1).
k=0

Theorem 4.5. The explicit formula for the (exponential) complete Bell polynomials is given by:

Bp(x1,m2,...,20) = Z k1‘1€2 k'H( ) '

k1+2ko+-4nknp=

4.3 Special Case

1. It is known that, by choosing an appropriate sequence (xy),>1, the partial Bell polynomials
By p(x1,21,...,Zp_k11), can be expressed in terms of various classical combinatorial sequences.
Some special cases are given below:

a. Stirling numbers of the first kind

Bup(-1) (i = 1)) = (-1 m

with exponential generating function:

o) m\ F
S (=1 k [Z] ’;, = % (Z(—l)m_l(m—l)!':n!>

n>k m=1

k> 0.

o0 Zn
=Y B0, —11,2!,.. )=,
9 n'

n==k

e Using the exponential generating function of the partial Bell polynomials (4.1):

[e%e) k
ZBn,k(ml,xg,... i‘— (Z Tm ) .

n=k

We put z, = (—1)""1(m — 1)!, substituting into the generating function, we obtain:

0 n o] m k
> Bl 05— (zl<—1>m—1<m . 1>!m!) |

Since

the inner sum becomes:

o] " ~ o .
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On the other hand, it is known that the exponential generating function of the Stirling numbers
of the first kind is:
o0
Z(_l)n_k [n] 2" _ (In(1 + 2))*
k| n! k! ’
n=k

By identification of coefficients, we conclude that:

By (-1 = 1)) = (-1 m .

b. Stirling numbers of the second kind

Bmk(Ll,”.)::{Z}

with exponential generating function:

k
> [nlz 1 [ 2™
Sies(E )

e Using the exponential generating function of the partial Bell polynomials (4.1):

k
ZBnkmlaan"' n‘ (Z Tm > .

n=~k

We put ,,, =1 for all m > 1, substituting into the generating function, we obtain:

k
2" 1 >, 2™
ZBM R m(z mv> -

Thus, we get:

oo Zn 1 &
z
g Bn,k(l,l,...)—n! = —k!(e — 1)~

On the other hand, the exponential generating function of the Stirling numbers of the second
kind is: -
n
1
S {”} S (e -1k,
Efnl
n=~k

By comparing the coefficients, we conclude that:

BWHL1V”):{Z}.

c. Lah numbers

Bnk(1,2!,...) = L(n, k)

with exponential generating function:

00 m k
Z z
S o= (£57)
::}ijMuguyw”gg,

n=k

k> 0.
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e We start from the exponential generating function of the partial Bell polynomials (4.1):

k
> 21 (& 2™
Z Bnyk(xl,xg, e )7 = — <Z l‘m) .

n! k! = m!

n=~k

We put x,, =i! , substituting into the generating function, we obtain:

k
> 2" 1 >0 z™m

n=~k n! m=1 m!
1/ N\
T \m=1

Thus, we get:

> 21 z \*
ZB””‘“(H’Q!’?’!"”)TL!:M( > .

ot 1—=2

On the other hand, the exponential generating function of the Lah numbers is:

> 2" 1 z k

By identifying the coefficients, we conclude that:

Bux(il) = Bpi(11,21,3),...) = L(n, k).

. It is known that, by choosing an appropriate sequence (z,)n>1, the complete Bell polynomials
B, (x1,x2,...,2,), can be expressed in terms of various classical combinatorial sequences. Some
special cases are given below:

a. Bell numbers

Bn(1,1,...):¢n:i{2}.

k=0

e Using the exponential generating function of the complete Bell polynomials (4.5):

ZBn(ml,xg,...,wn)H:exp meﬁ ,
n=0 m=1

We put x,, =1 for all m > 1, substituting into the generating function, we obtain:

Z:()Bn(l,l,...)n!:exp<z )
n=

|
me1 m:

Thus, we get:
o Zn
Y = -1
= n!
Thus, we get:
oo n
ZBH(1?17 )7' :exp(ex— 1)



On the other hand, the exponential generating function of the Bell numbers of the second
kind is (3.1):

Z¢n . = exp(e” —1).

By comparing the coefficients, we get:

e Using the exponential generating function of the complete Bell polynomials (4.5):
> z
Z()Bn(xl’z27“’7 '_eXp<me .>7
n—=

We put z, = (—1)™"1(m — 1)!, substituting into the generating function, we obtain:

an(((—l)ml(m — 1)'))%7: = exp <i (_1)m—1(m B 1)!,27”') .

m—1 m:

Since

the inner sum becomes:

S Bl = 1) oy = e (Z (-1) )
=exp (In(1+2)).
So the generating function becomes:

zn
nl

S Bl m = 1)) 2 = (142,
n=0 '

n

We now expand both sides as power series in z, writing (1+2) in the form  >°2,c,—  gives:

n!
0 P

(1+2z)= 1—+1 +Z —‘

zn
so the coefficients are cg = 1, ¢; = 1, and ¢, = 0 for all n > 2, equating coefficients of — on

n!
both sides yields:
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c. Lah numbers

n

B(11,2!, ..., nl) = Y L(n,k).
k=1

e We start from the exponential generating function of the complete Bell polynomials (4.5):

ZBn(xl,xg,...,xn)H:exp chm% )
n=0 m=1

We put x,,, = i!, substituting into the generating function, we obtain:

Z B, (11,213l ...)— =exp (Z m!)
n=0

n!

o) m!
o0
= exp (Z zm>
m=1
o ()
= ex
P 1—2
>k z
Thus, we use the Taylor series definition e* = Z — with u =
= k! 1—=z2
z =1 z V& 2F
) S S
1—2 kz:%k! 1—2 ];)k!(l—z)k
1 . : . . .
We expand W via Newton’s generalized binomial series, we get:
—z

1 — (k+j—1)

=0\ J

Substituting back yields the double sum:

ZBn(1!,2!,3!,...)Z':exp< z )
=0 n! 1—=z2
X kS (k+j—1
:ZEZ ; J
k=0 " j=0
_ii(l@—l—j—l)zkﬂ
k=0 3j=0 ‘7 k!

We set j = n — k to collect all pairs (k,j) with k 4+ j = n:

> 2" A& [kt (n—k)— 1)k
B, (11,2131, ...)= =
pOLNEER T 95 o] LA A B

k=0 ;=0

S ()

k=0j=0
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By the symmetry rule (m) = ( mn ), settingm=n—1landr=n—k:
r m—r

n—1\ n—1 _(n—1
<n—k> B ((n—l)—(n—k)) B (k—l)’

n—1 n—1 "
where we used the symmetry ( ) = < ) Since our generating function is Z —, we
n!

n—k k—1
have:
B,(1.21, ..., n!
n!
_z": n—1 l
_kzl n—=kJEk!

We multiplay both sides by n!, we get:

" (n—1\n!
Bn(l!,2l,3!,...)zz< )
= n—=~kJk!

—1\n!
Recogning the Lah numbers L(n, k) = <Z B 1) %, we get:

By(11,2l, ..., nl) = Y L(n,k).

k=1
Theorem 4.6. Forn >k > 1, we have:
n
<j>l'jBn—j,k:—1(fE1a Ty v ) = an7k($17 Ly ) (47)
j=1
Example 4.1.
Bs1(a1,a2,a3) = as,
B3 a(ai,az) = 3ayas,
Bss(a1) = a‘rf'.
Example 4.2.

Bs (a1, a2, a3, a4, a5 5,

=a
Bs o(a1, az, az, as) = bajas + 10azas,

)
)
Bs 3(a1, a2, a3) = a%ag + 15aqas,
)
)

Combinatorial Interpretation

The (exponential) partial Bell polynomials admit a combinatorial interpretation related to colored
set partitions. More precisely, let a,, € N, n > 1. The (exponential) partial Bell polynomial:

By (a1, a2,. .., an_k41)

represents the number of colorings of the partitions of a set with n elements into k blocks, where:
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e Blocks of size 1 have a; colors,
e Blocks of size 2 have as colors,

o Blocks of size 3 have ag colors, and so on.

Example 4.3. B52(2,2,1,1) is the number of colorings of the partitions of the set {1,2,3,4,5} into
2 blocks, where:

e Blocks of size 1 have 2 colors, ¢} and c3,
e Blocks of size 2 have 2 colors, ¢ and c3,
e Blocks of size 8 have 1 color c3,

e Blocks of size 4 have 1 color c4.

The set {1,2,3,4,5} has 5 partitions into two blocks of sizes 1 and 4, and 10 partitions into two
blocks of sizes 2 and 3.

{13U{2,3,4,5}, {2} U{1,3,4,5}, {3} U {1,2,4,5},{4} U {1,2,3,5},
{53 U{1,2,3,4}, {1,2} U {3,4,5}, {1,3} U {2,4,5}, {1,4} U{2,3,5},
{1,50U{2,3,4}, {2,3}U{1,4,5}, {2,4} U {1,3,5}, {2,5} U{1,3,4},
3,44 U{1,2,5}, {3,5} U {1,2,4}, {4,5} U {1,2,3}.

With this coloring, we obtain the 30 partitions:

{1} U{2,3,4,51, {1}50U{2,3,4,5}, {2} U{1,3,4,5}, {2} U{1,3,4,5}%,
{311 U{1,2,4,51, {3} U{1,2,4,5}, {4} U{1,2,3,5}%4, {4} U{1,2,3,5}%,
(5} U{1,2,3,4}, {5} U{1,2,3,4}4, {1,2}2U{3,4,5}, {1,2}2 U {3,4,5}%,
{1,3}2 U {2,4,5}3, {1,3}3U{2,4,5}3, {1,4}2U{2,3,5}, {1,4}2U{2,3,5}%,
{1,5}2U{2,3,4}3, {1,5}3U{2,3,4}3, {2,3}2U{1,4,5}, {2,3}2U{1,4,5}%,
{2,4}2 U {1,3,5}3, {2,4}3U{1,3,5}3, {2,5}2U{1,3,4}, {2,5}2U{1,3,4}%,
{3,4}2 U {1,2,5}3, {3,4}3U{1,2,5}3, {3,5}2U{1,2,4}, {3,5}2 U {1,2,4}%,
{4,5}2 U {1,2,3}3,  {4,5}%3U{1,2,3}.

Hence,
Bs2(2,2,1,1) = 30.

o1



Conclusion

Conclusion

In this thesis, we have studied several important families of special polynomials, namely Bell poly-
nomials and their generalizations, including p-Bell, poly-Bell, and r-Bell polynomials, as well as partial
and complete Bell polynomials. For each family, we established their generating functions, explicit
formulas, and recurrence relations, and highlighted their deep connections with Stirling numbers and
binomial coefficients.

The results established throughout this work pave the way for future investigations, whether by
considering further generalizations of the families studied here, or by exploring deeper connections
with Stirling numbers, hypergeometric functions, and their potential applications in combinatorics
and mathematical analysis.
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