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NOTATIONS

RN euclidean space of dimension, n > 1.
R™*N the space of real matrices.
Q an open bounded set of RV.
o0 topological boundary of (2.
12| Lebesgue measure of the set ().
x=(x, ", xy) generic point of RV,
dx=dx;dx,---dxy Lebesgue measure on 2.
Q the closure of the set €.
— weak convergence.
- strong convergence.
Compact injection.
%4 a Banach space.
(-, Yvrxv the duality bracket between the space

V and its topological dual V".

INIR% the norm on the Banach space V.

[] designates the semi-norm.

() the inner product on the Hilbert space
H.

|| the norm on the Hilbert space H.

E°(R) the space of continuous functions.
0; The i-th partial derivative; J; = 6ixi'
o¢ The derivative of order «; 2¢ =
olal
dx T dx N
Vuz(g—;,g—z,---,%) gradientof v: Q—R.
Au The Laplacian of u.




divve

[s]

a.e.

The divergence of the vector v =

(vy,..., Uy).
vy =2u (AU
dive =7 +...+ 74

denotes the integer part of s.
almost everywhere.

The conjugate exponent of p, That is to

r__P
say p'= 5o



INTRODUCTION

Partial differential equations (PDEs) play a central role in modeling a wide range of physi-
cal, biological, and engineering phenomena. In particular, elliptic and parabolic equations
arise in the study of steady-state and time-dependent models, respectively. The classical
theory of such equations is well-developed under the assumption of sufficiently smooth
or well-behaved data, typically belonging to function spaces like L” with p > 1 is large

enough.

However, in many real-world phenomena, the data may be merely integrable, i.e., belong-
ing to L', or even measure-valued, which poses significant analytical challenges, as stan-
dard techniques and solution concepts may fail or require substantial modification. In this

context, the notion of weak, entropy, or renormalized solutions becomes essential.

This dissertation investigates some elliptic and parabolic equations with L! data, focusing
on the existence, uniqueness, and qualitative properties of solutions in this less regular
setting. We explore the functional analytic tools and approximation techniques required
to treat such problems and highlight the key differences between the L' framework and the

classical theory with smoother data.




ABSTRACT

This dissertation addresses the study of elliptic and parabolic partial differential equations
with data in the space L'(€2), where Q ¢ R" is a bounded domain. Unlike the classical
setting, which typically assumes sufficiently smooth, the L! framework poses significant

analytical challenges due to the absence of compactness and regularity.

We investigate the existence, uniqueness, and regularity of solutions in the weak sense.
The analysis requires a suitable functional framework for L! data, involving tools from the
theory of Sobolev spaces, truncation techniques, and a priori estimates. These methods
allow us to extend classical results and provide a rigorous foundation for studying PDEs

under minimal regularity assumptions.




Models with L! Data

CHAPTER

We will present some problems that arise in various applications:

1.1 Flow in Porous Media

In numerical simulations of petroleum reservoirs, it is not possible to discretize points.
Indeed, a petroleum reservoir is on the order of 100 x 30k m?, while a well is on the order of

10 to 30 cm.

Injection Well .4— Production Well

100km

The wells thus appear as source terms in the form of Dirac masses. The pressure equation
is:

—Ap =qd,, (1.1)
where 0, is the Dirac mass at 0 (a measure) representing the well, p is the pressure, and g

is the well flow rate. This is a problem with measure data.

1.2 Coupling of Electrical and Thermal Conductors

When passing a current through a material that is both electrically and thermally conduc-

tive, we obtain a coupled system between temperature and electric potential. One of the
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Models with L! Data

coupling terms arises from the Joule effect, namely the heat production by an electric cur-

rent. The equations for temperature T and electric potential ¢ are written as:

—div(o(x, T(x))V(j)(x)) =0
—div(A(x, T(x))VT(x))=0o(x, T(x))Vp|?

(1.2)

where A and o are the electrical and thermal conductivities, respectively.

Since we seek ¢ € H/(), then V¢ € L*(Q) and |[V¢|* € L'(Q2). Thus, the temperature equa-

tion is a problem with L' data.

1.3 Heated Fluid

Consider a heated fluid; the energy (or temperature) equation coupled with the Navier-

Stokes equations is written as:

—0,T(t,x)—AT(t,x)+V.NVT(t,x)=|VV +'VV|?
divV=0; YVeH!'(0,7)xQ)

(1.3)

T:Th

0
0

VT.n
VT.n

T:Tb

where V is the given velocity (from the Navier-Stokes equations).

We have V € H!, so VV € L? and |[VV +! VV|? € L. Thus, problem (1.3) is a parabolic

problem with L! data.




Turbulence Model in Climatology (k, € Model)

1.4 Turbulence Model in Climatology (k, ¢ Model)

Consider an incompressible fluid; to estimate the velocity field u(z, x), awidely used turbu-

lence model consists of calculating the fluctuation relative to a mean velocity field u(¢, x):
u(t, x)="u(t,x)+u'(t, x),

where

u: mean field (state over several days)

u’: fluctuation

Let k = |u’|? be the mean field of fluctuations. For small Reynolds numbers, the following

model can be used as a simplification of the more general (k, £) models:
0, k- k—div, (v+ v )V k)+k?=v,|V, T+ V, U (1.4)

where v and v, represent the fluid viscosity. If 7’ is given in H'((0,7) x Q), then |V, u +*

V. u|? € L'. Thus, problem (1.4) is a parabolic problem with L! data.

1.5 Feline Leukemia Virus (FLV) Model

Consider a population (of cats) contaminated by a virus. The total population p(z, x) at

time ¢ and point x € (2 is structured by health status into three classes:

u(t,x): healthy or susceptible individuals (number of individuals per m?).
v(t,x): infected individuals, i.e., those transmitting the disease to healthy individuals.

w(t,x). immunized individuals, a part of the healthy population that cannot be infected.

The demographic and epidemiological parameters are denoted as:

b: fertility rate (birth rate).
m: natural mortality rate.

a: additional mortality rate due to infection.

We assume that infectious contacts depend on the social behavior of individuals. The FLV

9



Models with L! Data

model with spatial structure in an open set Q of R is written as:

—d,u—div(A,Vu+ Ku)+n(u,v,w)=b(u+w)—m(t,x)u—o(u,v,w)+f
—0,v—div(A,Vv + Kv)+ n(u, v, w)=no(u,v,w)—(m+a)v+g (1.5)

—0,w—div(A;Vv+ Kv)+r(t, x,u,v,w)=1—n)o(u,v,w)—mw + h;

where
A;(t, x): diffusion matrix.
K;: transport vector.

b(t,x)(u+w): total birth rate of healthy or immunized individuals,
considered healthy.

m(t, x)z: z =u, v, w, mortality term.

ri(t,x,u,v,w): self-regulation term.

o(t,x,u,v,w): incidence function modeling the transition from one
class of individuals to another, i.e., the number of new
infections per unit time.

a(t, x): mortality rate due to infection, present only in the
equation for v.

f.g h: are data representing external input for each class.

It is natural here to consider the density of each class, i.e.,

f u(t,x)dx, f v(t,x)dx and f w(t,x)dx,
Q Q 9)

and thus to consider the initial data as densities, i.e., measurable functions:

u(0, x) = uy(x) € L(Q),
v(0, x) = vy(x) € L),
w(0, x)= wy(x) € L'(Q).

Also, the external inputs are measurable.

10



Preliminaries

CHAPTER

2.1 Weak Convergence, Weak-~ Convergence

Definition 2.1 Let E be a Banach space with dual E’.

A sequence (u,), € E is said to converge weakly to u € E if

VEeE, f(u,)=(f,un)pr—(f, w)pr=fu)

A sequence (f,), € E’ converges weak-» to f € E’ if

YueE, fu(u)={fo, w)pg— (f, u)p,g=f(1).

Theorem 2.1 .

o Let E be a reflexive Banach space (i.e., E is isomorphic to E”). Then, from any bounded

sequence in E, we can extract a subsequence that converges weakly in E .

e Let E be a separable Banach space (i.e., it admits a countable dense subset). Then, from
any bounded sequence in E’, we can extract a subsequence that converges weak-x in

E/
e Lower semi-continuity of the norm for the weak and weak-~ topologies.

Let E be a Banach space and (u,), € E such that u,, — u (weakly). Then (u,), is

bounded in E, and we have
liminf||u,|| s > ||ullg.
n—+oQo

Similarly, if(u,), € E’ such that u,, — u (weak-x), then(u,,), is bounded in E’, and we

11



Preliminaries

have

n—+0o0

2.2 LP(Q2) Spaces

For all 1 < p <+00, the conjugate exponent p’ of p is defined by:

For 1 < p <400, we define:

LP()=<{ u:Q—-R; flu(x)l”<oo

Q
And for p =+o00:

LOO(Q)Z{LL Q> R; supess|u(x)| < oo}

x€0)

2.2.1 Some properties of L”({2) spaces

1) For1< p <+00, the space L”(Q) is separable and reflexive, with dual L”'(Q2). We then

have the following result:

Let (u,), be abounded sequence in L”({2). Then:

—+00
Q Q

Iu,, )k, Ju € LP(Q) such that Vo e L’ (Q), f Up pdx P f updx.

2) L'(f2) is separable but not reflexive, with dual L°°(f2). We then have the following

result:

Let (u,), be abounded sequence in L*°(2) = (LI(Q))/. Then:

—+00
Q

Huy ), Jue L(Q) such that Vy € LY(Q), f U, pdx P J updx.
Q

3) L°°(Q)is neither separable nor reflexive, and its dual (Ll(Q))/ strictly contains L'(£2).

12



LP(Q2) Spaces

Nothing can be said about the convergence of a bounded sequence in L'(2).

4) D(R2)is dense in LP(2), for 1 < p < +o00.

Here, D(Q2) is the set of ¢ °°(f2) functions with compact support in €.

5) Young’s Inequality:

Let (x;);=1,, = 0 and (p;);=1,, = 0 with:

—+—+.t+—=1,
P P Pn
then:
P P2 Pn
X X
Xy Xpeo Xy < —— 4 2
pl pZ pn

In particular, for x >0, y >0, and % + é =1:

1 1 y4
xys—spx’”+—y—, Ve>0.
p q &9

6) Holder’s Inequality

Let f; € LPi(Q2), for i =1, n. Then:

i forr Fullory S Al @ll Follre@y-e- | frll Lon )

where:

7) Interpolation Between LP(2) Spaces

Let Q be an open set in R? and u € LP(Q)N L9(Q) with 1 < p, g < +00. Then, for all r

such that:
1 8 1-6
—=—t+— 0<0<]1,
rp q
we have u € L"(2) and:
12l ey < Null?, 1 ull - @.1)

13
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8)

9)

Indeed:

f lu|"dx =f lu|C|u|"Pd x,
Q Q

Or (1-0)r
1=-—+
p q
Applying Holder’s inequality, we obtain:

and:

)

r r(1-6)

P _p)—9q __
flulrdxs flul“%rdx J|u|r<1 Nn d x ,
Q Q Q

which is equivalent to (2.1).

<[
s

Strong-Weak Convergence in L”(£2) Spaces

Let Q be an open setin R? and u € LP(2)N L9(Q) with 1 < p, g < +00. Let (u,), be a
sequence such that:

u, — u strongly in LP(£2),

u, — u weakly in L9(€2) (or weak-x if g = +00).

Then, for all r such that p < r < g, we have:

u,, — u strongly in L' ().

Indeed, if p < r < g, there exists 0 < 0 < 1 such that + = % + %, and thus:

0 —0
et — wll ey < Mt — wl gyl — wl gy

Since (u,,),, converges weakly in L7(£), it is bounded in L9(2). Thus, ||u, — u| ;fm <

C independently of n. And since (u,), converges strongly to u in LP(£2), the result

follows.

Strong-Weak Product Convergence in L”(£2) Spaces

Letp,q,r €[0;+00[ with 1 =2

1 .
>+ g It

u, — u strongly in L”(92),

v, — v weakly in L7(£2),

14



LP(Q2) Spaces

then:

u, v, — uv weakly in L"(£2).
Indeed, let p € L™ (Q) with 1 + 1 =1. Then:
f(unvn— uv)pdx :J (u, — u)vngodx+f(vn— v)updx,
Q Q Q

The sequence (v,), converges weakly and is thus bounded. Since u, — u strongly in
LP(92), the first integral converges to 0. The second integral also converges to 0 by the defi-

nition of weak convergence.

2.2.2 Convergencein L”(()

Lemma 2.1 (Fatou's Lemma) Let () be an open set and (f,), a sequence of measurable func-

tions with values in [0;+00]. Then:

n—+090 n—+00

Jliminffndx < liminff fndx.
Q

Definition 2.2 A sequence(h,,),, of measurable functions on an open set$) of R is said to be

equi-integrable if and only if:

Ye>0,36(¢)>0, YE CQ; |E| <0, then J |h,|ldx <&, Vn.
E

Theorem 2.2 (Egorov) Let (h,,),, be a sequence of measurable functions on a bounded open
setQ of R? such that:

h, — h a.e. on (.

Then:

Ve >0, 3K compact C Q such that |Q\ K| < eand ligrn flhn_h|dx:0-
K

Theorem 2.3 (Vitali) Let 2 be a bounded open set of R* and let (h,,),, be an equi-integrable

15
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sequence such that h, — h a.e.. Then:

h,, — h strongly in L'(%).

Proof. We have the following decomposition:

flhn—hldx:flhn—hldx+f \h, —hldx.
Q K

Q\K

Using Egorov’s theorem,

Yo >0, 3K compact ¢ 2 such that |2\ K| <6 and lir+n flhn—hldxzo.
K

By equi-integrability, we know that:

Wl ™

Ve>0,30(¢)>0, VECQ; |[E|<6, then f |h,|dx < g and f |h,|dx <
E E
For Ve > 0 and 6(¢) > 0 chosen above, we have:

2
f|hn—h|dx=J|hn—h|dx+§,
Q K

andidN €N, Vn>N, flhn—hldxg z. Thus:
Q

Ve>0,INeN, Yn> N, thn—hldef:
Q

Theorem 2.4 (Lebesgue’s Dominated Convergence Theorem) Let() beabounded open set
of R? and (f,), a sequence of measurable functions that converge a.e. to f. Suppose there

exists a sequence (g,), satisfying:
e VneN,|f,(x)<g.(x) a.e.on,

. g, —ginL(Q).

16
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then f, — f in L'(Q).

Proof. We apply Vitali’s theorem. To do this, we show that (f,,), is equi-integrable. From

the strong convergence of (g,,),,, we have:

&

Ve>0,dN €N, Yn>N, flgn—g|dx£2
Q

The function g is equi-integrable, so:
€
2 )

Ve>0,d0c>0, VECQ; |E|<¥, thenflgldxs
E

By the hypothesis, we have:

flfn|dx Sf |8nld x Sf Ign—gldx+f gld x,
E E E E

VYe>0, d0>0,3IN, VE CcQ; |E|<5andn2Nthenflfnldxs.e.
E

hence:

Moreover, the family {( fdn< N} is finite, so the sequence (f;,), is equi-integrable. m

Example 1 Letq:R— R, be a continuous and sublinear application, i.e.,
VxeR; qg(x)<alx|+B.

Let Q2 be a bounded open set and (v,,),, a sequence of functions in L*(2) such that v, — v in

LY(Q2) and a.e. Then q(v,)— q(v) in L'(Q2).

Theorem 2.5 (Partial Converse of the Dominated Convergence Theorem) Letp €[1,+00]
and(f,), asequence of functions in L” () converging strongly to f in L?(2). Then there exists

a subsequence (f, ) such that:
o f,,— fae onQ,

o |fu(x)<g(x), Yk, a.e. onQ, with g € LP(Q).

17
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2.3 Compact Applications
Definition 2.3 Let E and F be two Banach spaces.

An application S : E — F is said to be compact if the image of any bounded set in E by S is

a relatively compact set in F, i.e., a set whose closure is compact in F .
This result is used in the following form:

Let(u,), be a bounded sequencein E. IfS is compact, then there exists a subsequence (u,, )y
such that (Su,, ), converges in F. However, it is not known whether Su,, converges to Su.

This limit can be identified in the case of linear and compact applications.

Example 2 Let (u,), be a sequence in E converging weakly to u in E, and S a linear and

compact application from E to F. Then, Su,,_ converges stronglytoSu in F.

To show this, first note that the sequence (Su,, ); converges weakly to Su in F. Indeed,

Vf € F/, we have:
(frsun>F’,F = (tSf’ un)E/,E-

By the definition of the adjoint application (S: E — F and ’S: F'— E’), then:

(frSun)p r= ('Sf, Up)prp — ('Sf, wp g ={f,Su)p p-

On the other hand, (u,), converges weakly, so it is bounded in E, and thus (u«,),, belongs
to a bounded subset B of E. Since S is compact, S(B) is compact, and there exists a subse-
quence (u,, ), such that:

u, — v stronglyin F.

In a compact set, a sequence converges if and only if it has a unique limit point. We have
seen that u,, — Su weakly in F, and by the uniqueness of the weak limit, we have Su = v.

Thus, Su is the unique limit point of (Su,, ), which is therefore convergent.

18



Fixed Point Theorems

2.4 Fixed Point Theorems

Theorem 2.6 (Banach’s Fixed Point Theorem) Let E be a Banach spaceand T : E — E a

strictly contractive application, i.e., there exists a constant 0 < k < 1 such that:

Vu,veE, [T(u)-TW)ll < kllu—vll.

Then T admits a unique fixed point, u = T(u).
Theorem 2.7 (Schauder’s Fixed Point Theorem 1) Let:
e E be a Banach space,
e C a convex compact subset of E,
e T an application from C to C (maps C into C),
o T is continuous.
Then T admits at least one fixed point in C.
Theorem 2.8 (Schauder’s Fixed Point Theorem 2) Let:
e E be a Banach space,
e C a convex, closed, and bounded subset of E,
e T an application from C to C (maps C into C),
e T iscontinuous,
o T iscompatct.
Then T admits at least one fixed point in C.
Theorem 2.9 (Schauder’s Fixed Point 3) Let
e E be a Banach space.
o T be an application from E to E.
e T is continuous.

e T iscompact.

19
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o Thereexists r >0 such thatif x = AT(x) with A €]0,1], then ||x|| <.

Then T admits at least one fixed point in C.

2,5 Continuous Injections

Proposition 2.1 (Case of Banach spaces) Let E and F be two Banach spaces. Assume that
the injection from E into F is continuous and dense (i.e., the image of E is densein F ), then
the following application

T:feE'—T;eF,

defined by
VueE, (Ty, w)p g ={f, Wr.r

is an injection from F’ into E’. Moreover, if the injection from E into F is compact, then T

is compact. Finally, if E is reflexive, then the image of T is dense in E’.

Proposition 2.2 (Hilbertian Case) Let V and H be two Hilbert spaces such that the injec-

tion from V into H is continuous and dense, then the injection from H into V' defined by
T:feH—TeV/,
defined by

VveV, (Tp, v)v,v =(f, V)u,

is dense. Moreover, if the injection from V into H is compact, then the injection from H into

V'’ is compact.

The space H is called the pivot space. According to the Riesz theorem, we identify H and
its dual via the inner product of H. We identify f € H with its image T; € V' and we will
write

(f’ U)V/,V:(frv)H» erH, VUEV.

This result is frequently used by taking V = H(2) and H = L?*(Q2).

Theorem 2.10 (Lax-Milgram) Let H be a Hilbert space, al(.,.): H x H — R a bilinear form,

20



Sobolev Spaces

and L : H — R a linear form. Assume that a and L are continuous and a is coercive, that is,
Jda>0, a(v,v)>allv?|y, YveH.
Then there exists a unique u € H such that:

a(u,v)=L(v), VveH.

2.6 Sobolev Spaces

LetQ be an open subset of R?, m e Nand 1 < p < 0o. The Sobolev space W?(£) is defined
by:
W™P(Q)={u e 2(Q), D"ueL”(Q),¥|ul < m}

This space is a Banach space for the norm

1
p
( Z ”Dau”’Zp(Q)) » iflSp<C>O
” u”wm,p(g) = 0<|a|l<m
max || Dul|eo(q), if p=o0.

0<|al<m

The space W"P(Q) is reflexive for 1 < p < 0o and separable for 1 < p < co.

For p = 2, we denote W™2(Q) = H™(Q). The space H™(Q2) endowed with the inner prod-

uct:

(U, V)ymy = Z (D"u, D" )20,

lul<m

is a Hilbert space.

We denote
——wmp

WP =21 ", forl<p < oo.

The dual of W,"”?(Q) is denoted by W—""7'(Q).

Definition 2.4 (Fractional Sobolev Spaces) We can define a family of intermediate spaces
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between LP(Q2) and W1'P(Q). More precisely, if0< s <1 (s €R) and 1 < p < +00, we set

WSP(Q)=1< ueLP(Q); ff'u lde d xdy <400 ¢,

this space endowed with the natural norm is a Banach space. We denote H*(Q2) = W*?(Q).

2.6.1 Trace Theory

Theorem 2.11 (Trace Theorem) Let () be a bounded Lipschitz domain in R and1<p <

+00. The application
Yo: UE €(Q)— Yolu)= upq € LP(09),

is linear continuous and extends uniquely to a linear continuous application from WP (Q)
into LP(0%2). We call the operator y, thus obtained: the trace application. The operator ¥,
is not surjective from WP () onto LP(0R2). The image of v, is the fractional Sobolev space
WP (89) and we have

g < C||u||W1,p(Q), Yue Wl'p(Q).

||u|aQ||W1,p_%(6 ) S

The kernel of the trace operator is Wol’p (), that is
W, () ={ueW"P(Q); you=0}.

Proposition 2.3 (Trace on H'(2)) Let 2 be a bounded Lipschitz domain in R? and let u
HY(Q). Then

D) |ule HY(Q).
2) yolul=lyoul.

3) Ifm<p<Ma.e on,thenm<y,p <M a.e. ondf.

22
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2.6.2 Poincaré Inequality

Theorem 2.12 Let Q) be a bounded convex Lipschitz domain in R and p € [1,00[. There

exists a constant C > 0 independent of u such that:

1,
VueW, (), el pi) < ClIIV Ul Lr(g)-

As a consequence, the application u — ||V ul| 1) is a norm on ||Vul|;»q), equivalent to

the usual norm.

Proposition 2.4 Ler Q) be a bounded convex Lipschitz domain in R with boundaryT. Let

I CT such that mes(I,) #0. Let
Hﬁ(Q) ={ueH' Q) u=00nn}.
Then there exists a constant C > 0:

Vue Hﬁ(ﬁ), lull ) < CIIV ull 20y-

2.6.3 Sobolev Injections

Theorem 2.13 Let Q2 be a bounded Lipschitz domain inRY (N >1). Then

e Forl<p <N, theinjection

11
W@ LQ), YgelLp'l, —=———,
p p N

is compact. In particular, the injection WP (Q) — LP(Q) is compact. The injection is

continuous for g € [1; p*]. The exponent p* is called the critical Sobolev exponent.

e For1< g < oo, the injection

W (Q) — LP(Q),

is compact.
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e Forp> N, the injection

WP(Q) — 6(Q),
Is compact.

Some examples of injections:

e For N =1,
Wh(Q)— LI(2), Vge[l;+o0],
Wbhi*e(Q)— €(Q), Ye>O.
e For N =2,
Wh(Q) — L), Vg e[1;2],
HY(Q)=W2(Q)— LI(Q), Vgqe[l;+00],
Wh2te(Q) — 6(Q), Ve > 0.
e For N =3,
Wh(Q) — L), Vg e(l;3],

HYQ)=W2(Q)— L9(2), Vqe<[l;6[.
Lemma 2.2 (Stampacchia) LetQ be a bounded Lipschitz domain in RN . Let ¢ :R— R be
a Lipschitz function such that ¢(0) =0, and p €]1,+09[.
1) Ifue W, (Q) then v o uc W,"(Q).

2) If moreover ¢’ has a finite number of discontinuities, then for 1 < i < N, afi?) =

’( u)% almost everywhere in Q.
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CHAPTER

Let Q be an open subset of RY, (N > 1). We are interested in the following problem

—Au(x)= f(x), inQ 3.1)
u(x)=0, on {2

3.1 Variational Framework

If f € H}(Q), then there exists a unique solution of (3.1) according to the Lax-Milgram

theorem in the following sense:

Nu e HY(Q),

fVu(x)Vv(x)dx =(f, U)H_l,Hol, Yve Hol(Q). 5:2)
Q

Remark 1 In (3.2), we can replace Hol(Q) by 2(9).
Question: What happensif f € LP(Q2), 1 < p < 00?

We say we are in the variational framework if H1(2). We will distinguish according to the

space dimension:

Case 1. Inspace dimension 1, N =1. We have
H, () = 6(),

and by duality
(6(Q) — H(.

We denote .Z(92) = (‘6@)/, the set of Radon measures on 2. Thus, in dimension 1,
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for fe #(Q)or f € L'(2) then f € H(Q).

Case 3. In dimension N > 3. We have seen that:

HA(Q) = L (@),

_ 2N

11
where 2" =5 — v = 3=,

: the critical Sobolev exponent.

By duality

(L*)( @) — H'(),

with 7 =(2*) defined by

=1—-4
=1 >

3-

_ N+2
— 2N

thus m = j\z,—fz Thus, we have two cases to distinguish:

2N

+23, we have LP(Q) — H~'(2), so we are in the variational framework.

o Ifp>m=
e Interesting framework if f € LP(Q)with 1 < p <m (or f € .#()).
Summary: Non-variational framework
e N=2, feL().
e N>3, felLP(Q)withl1<p<m.
The consequence of this summary is that f € L!(Q) is a separate study.
In the L' framework, what meaning can we give to "u solution of (3.1)"?
1) Give a meaning to u =0 on the boundary.
Theorem 2.11 for p = 1 states; if u € W''(Q) then ujpq € L'(99)

2) Give a meaning to Au.

We have Au = div(Vu) and we can take div in the sense of distributions provided that

Vue(Lllac)N.

Definition 3.1 Let) be a bounded open subset of RN, N > 2 and f € L'(Q). We say that u is
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a weak solution of (3.1) if u satisfies:

ue WOM(Q),

f Vu(x)Ve(x)dx = f Fx)p(x)dx, Vo € D). 3-3)
Q Q

Questions: Given f € L'(£2), what can we say about
e The existence of u solution of (3.3).
e The regularity of u.

e The uniqueness of u.

3.2 Existence of Solutionsin a Non-Variational Framework

To prove the existence of solutions, we will use the approximation method. This method
consists of approximating f € L'(Q2) by a sequence of more regular functions ( f;),-,. Then

the idea is to obtain £-independent estimates to pass to the limit.
Step 1: Regularized Problem
We have 2(Q) is dense in L'(€), that is,

Ve L), 3(f.)eso< 2(Q) such that

f. — f strongly in L(£2)

and ||fe||L1(Q) < ||f||L1(Q)y Ve>0.

For fixed £ > 0, f, € L*(Q) but||f; ;2 depends on ¢.

For fixed ¢, f, € L*(Q2), we define u, solution of:

u, € Hy(9),

fVus(x)Vv(x)dx :Jﬁ(x)v(x)dx, Yve HOI(Q).
Q

Q

(3.4)

The existence of a unique solution u, € H/(2) of (3.4) is ensured by the Lax-Milgram theo-

rem.

27



The Laplacian with L' Data

The difficulty now is to pass to the limit when ¢ — 0. A natural choice of function is to take

v(x) = u,(x) € H}(©), thus we have

JIVME(X)Ide=Jfe(X)ug(X)dx-
Q Q

To estimate the right-hand side and obtain an estimate on Vu,, we use the Cauchy-Schwarz

inequality, then the Poincaré inequality, it follows

IVu(I* < fell 2l tell L2y

< Coll fell eIV el 2
Thus,

IVl 2@ < Coll fell 20 (3.5)

However, [|f.||;2@ depends on ¢ and thus ||Vu,||;,q) also depends on it. This estimate,
which seems useless, leads us to choose test functions v belonging to HOI(Q) N L°°(9) for
two reasons; the firstis that v € HOI(Q) in (3.4) and the second is that v € L°°(f2) to estimate

the right-hand side since || f;|[ 1) < | f || 1) independently of .

Example 3 (Wavelets) Let ¢ be defined by:

¢(z)=4 z4+n, n<z<n+1,

1, z>2n+1,
—1, z2<—n—1
v(z)

:/ln n+1
._.-1-

We have g is Lipschitz and ¢(0) = 0, so by Stampacchia’s lemma 2.2, if u € Hol(Q), then
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Existence of Solutions in a Non-Variational Framework

¢(u) € H,(Q) and Vy(u) = ¢'(u)Vu, thus
Vo (u(x))* = |Vu(x)*1g,(x), a.e. on £,
with
={xeQn<|ulx)<n+1}.
On the other hand, by definition of ¢, we have |p(u(x))| <1 and thus p(u) € L*°(Q).

Thus, if u € H}(Q), then ¢(u) € H/ ()N L*°(Q). This choice of test function is then very

interesting.

Lemma 3.1 (Estimate on the wavelets of 1, solution of (3.4)) .

The solution u, of (3.4) satisfies:

f IVu (x)Pdx <|If oo (3.6)

Proof. Let v = ¢(u,) € H;(©2)N L*(Q2) be a test function of (3.4), then

[ Vu(x)Vo(u,(x)dx = f IV uy(x)215,(x)d x,

Q

—fIVuE )2d x,

—ffs (u.(x))d
<f (g (u(x)ld x,
< 2f|fs d x.

n=00Q

Remark 2 We haveQ = | B,, thus

n>0

fIVu )?d x Zfqu )12d x,

n=0pB,

<> [1felx)ldx =+o00.

n>00Q

The estimate on the wavelets B, of the solution u, does not give an estimate in H} ().
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Lemma 3.2 (Estimate on the solution i, in 2 independently of ¢) .

Let N >2 and let (u,), € Hy (Q) satisfy

J IVu.(x)?dx <a, Yn €N,
B,

where a is a constant. Then, forall1< q < %, there exists a constant C(q, a) such that

f [Vu,(x)"dx < C(q,a).
Q

This lemma is a fundamental result in L' theory as it gives an estimate on the solution

independently of ¢. This result shows that the sequence (u,), is bounded in WOI’”’(Q) for

1<qg< 5.

Proof. Since the solution is not bounded in H;(2) independently of ¢ and u, € H;(Q) =

W, (€2) — W, () for g < 2, we seek to bound (1,), in W,"/(Q2) with g < 2.

Let1<q<2,for ¢+ % =1,i.e, % =1— %, we apply Hélder’s inequality to obtain
q

3 -3
[IVu,1dx s(ﬂﬂwm-ﬁdx) (Bf(l)‘?'dx) ,
B, n n

st |Vug|2dx) (mes(B,)'"*,

<a? (mes(B,l))l_ .

SRS

(S

On the other hand, let n, be a strictly positive integer (to be chosen later), we have

fIVuEI"dx =>. f Vu,ldx,

Q n=0B,
oy oo
=> f Vulidx+ . fIVuslqu.
n=0B, n=ny+1B,

and we have

[IVulidx <a?B,|"%,
B,

<a?lQ'-?,
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Existence of Solutions in a Non-Variational Framework

and thus finally,
qu 19dx < (ny+1)a? | ? + Z a?|B,|"?

n=ny+1

We denote ¢ = a?, Cy,=(ng+1)az IQI1 2 and we have C,, — +00

ng—-+00

thus
oo
q
fquslquSCno+c 2 IB,|""%. (3.7)
Q

n=ny+1

On one hand, the injection H}(Q) = WOI’Z(Q) — V\fol’q(Q), VYq < 2 with continuous injec-

tion.

On the other hand, the Sobolev injection Wl’q(Q) < L9 (Q) (continuous injection) with g*

is the Sobolev exponent, i.e., q %— % (g = 13—) andg <2< N.

Thus, there exists a constant C, depending on €2 such that

q

o0
f|u£|q*dx <Cp+c Z IB,|"2. (3.8)
Q

n=ny+1
We now estimate |B, |, we have f |u.|” dx > n?|B,| because |u,| > n on B, and thus

B,
1 .
[Bal < — | lu.l” dx.
B,

The estimate (3.8) then gives

7

o0 1
qr E a
Jlugl dx <C,+*c porrm fluel dx
Q

n=ny+1 n

The discrete Cauchy-Schwarz inequality is written:

inyiS(in“)a(Zyiﬂ), Withé-l—%:l.
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The Laplacian with L' Data
To be able to write an integral over 2, we choose
1 2 1
a= 7= thus, —= _1
1— > - a
r_,_1_4a
B a 2’
thus
c;i* 0 % 0 (1_5)1# =
* 2
cﬂ(ﬂum dx < Cno—i-c( _Z {}M) _Z (Bf |9 d x :
Q n=ng+1 1 n=ny+1 \B,
SCnO-l—c( . q(lzq,,)) ( _Z f|u£|q‘dx) ,
n=ny+1l n n=ny+1B,
thus
a 2q
q* q 2
- 1\’ .
*(g,,)) J|u8|" dx 3.9)
Q

Cy f|u8|‘f*dx SCno+c(
2 n:no+lnq q

To estimate f |u,|9" d x, we will give conditions on the exponents
Q
is convergent and thus for n, large enough,

1
nt (5"

1) If q*(z_T”) > 1, then the series Zl

L__ < § with § small.

)

we have >’

n=ny+1 n?

2) If % > Z_T", then the estimate (3.9) gives:
v2q

(3.10)

1 q
CQ” usHZq (@) < Cﬂo +co? ” u'S”L"*(ZQ)

If || |l o) < 1 then we're done, i.e. u, is bounded in L7 ().

The interesting case is when ||u,[| ¢+ ) > 1 and using condition 2, we then have
*x2—q * 4
q = 9 g q
el < el oy = Nt

and the estimate (3.10) gives
(Ca—c8)uell?, ) < Clg, a).
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Finally, we take 0 small enough so that (C, — c6?) = % > 0, i.e., for n, large enough we

conclude that
luell Lo < Clg, a). (3.11)

This estimate gives an estimate on the gradient of u, in L9(€2).

Indeed, we have shown that

oo
fIVuEqux <Cptc D) |B,|'" 7,
Q

n=ny+1

l_
(o]
1 *
< Cno +c Z nq'uf%) (Bf |u€|q dx) ’
n n

=ny+1

SRS

2-q

[o%o) % Z
SCn0+c( D q*(lzqq)) (fluslq dx) :
)

n=ny+ln

From the estimate (3.12) and the fact that the series converges, we have

IV tell ooy < Clg, ). (3.12)

Now let’s return to the conditions on ¢, we have

N N—
g =— g<o2<N thus L =""41
N—q q* N

ogs - N—q 2—q
Condition 2: gives — > =+,

o If N =2, we have 5% = 2% 50 condition 2 is satisfied.

e If N >2, we have
N—qg _2—q
N — 2
& 2(N—q)>N(2-q)
< —2q9>-—Ngq,
& N>2.

In summary, condition 2 is always satisfied.
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Condition 1: we have

1318
z
.
£
2

ConclusionIf 1 < g < %, then

IV el Lo SE(q,a).

Theorem 3.1 (Existence) Let N >2 and f € L'(9)). Then there exists u such that:

ueW,"(0),1<q <

@ 9}

Proof. We have seen that for f € L1(2), there exists (£ ).~ € 2(2) such that f, — f strongly
in L'(Q), and || f,[I11) < || fll11(0), and there exists a unique solution u, € H/(2) to problem

(3.4) satisfying

IV ttell iy < CUI Ny 4, 12), 1< q <

)

N-—-1

so we can extract a subsequence still denoted (u,), such that

u, — u weakly in W,"7(Q),

and u,— u stronglyin L(Q) and a.e. onQ, 1< g < 5.

Passing to the limit,

Vu, V¢ dx= A dx, Yo e2(Q).
f L @ f J: @ v e2(Q)
Q Q

Vu eL>® f

. 7
weak L9 and in L9 strong L!
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Therefore u € W,"?(Q) and satisfies

J Vu(x)Ve(x)dx = J f(x)p(x)dx, Yo e2(Q)
Q

Q

Remark 3 In (3.13), we can replace 2(2) by U Wol’r(Q).
>N

Indeed, let o € W' (Q) with r > N then @ € 6(Q), by density there exists (¢,,), € 2(Q) such
2 0

that
. —  strongly in W,""(Q)
and p, — ¢ uniformly in 6(Q)
we have
f Vu(x)Ve,(x)dx = f f(xX)pu(x)dx, Yo € 2(Q),
Q Q
and since

V,— Ve stronglyin L'(Q), r > N andVu € L"(Q) because r’ = - < £

and ¢, — ¢ uniformly in 6 ().

Then
fVu(x)ch(x)dx =ff(x)cp(x)dx, Vo€ U Wol'r(Q).
Q

>N
Q

The problem (3.13) becomes:

ueWw,"(2),1<q < %

fVu(x)th(x)dx =ff(x)<p(x)dx, Vo e U WOI”(Q).
Q )

r>N

(3.14)

3.3 Uniqueness

For f € LY(Q) there exists u solution of (3.14). This solution is unique if and only if the

solution of (3.14) with f =0 is zero since the operator is linear.
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We need to show that the solution of

ue W,"(Q),1<q <

[Vu(x)Ve(x)dx =0,V e |J W,"' (@),
Q

>N

(3.15)

is zero.
Remark 4 .

1) Inthevariational framework where p and u € H}(Q0), it suffices to take ¢ = u and thus
f |Vu(x)>d x =0 implies that u is constant and since u =0 on 952, then u =0 a.e. on
Q

Q.

2) Thedifficulty is that u € W,"(Q),q < 25 <2 and u € W, (), r > N > 2, so u and ¢

are not in the same space and we can never take ¢ = u.

False proof of uniqueness for solution of (3.14)

Let B be a subset of {2 and consider the problem

—Av=15in
(3.16)
v=00nof.
Problem (3.16) has a unique solution in the sense:
dlv € H/(Q), such that
(3.17)

[Vovydx = [y(x)dx, Yy € H)(Q).
Q B

vaVudx :f udzx,

Q B

Lety = u in (3.17), then

and let ¢ = v in (3.15), then
JVqudsz,
Q
thus
f udx=0, VB cq.

B
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For
B={x€Q, u(x)>0},
and writing
ut =max(u,0), v~ =—min(u,0) with u(x)=u"(x)+ u"(x).
we have
f udx :f(u++ u-)dx
B B
:f utdx
B
=0

so ut =0a.e. in . Similarly for B ={x €, u(x) < 0}, we obtain u~ =0 a.e. in Q. Finally,

u=~0a.e. inf.

This proofis false due to the choice of test functions. Indeed, we cannot take ¢ = u because

Y € H) Q) and u € W,"(), g <2, and we have H}(Q) — W,""(Q).

For ¢ = v, we have p € W,""(Q), r > N and v € H/(Q) = W) (W, (Q) — H/(Q),Yr>N
and N > 2).

How to fix this false uniqueness proof?

Case 1. If we seek a solution u of (3.15) in HOI(Q), i.e., if the solution of (3.15) is more regular

than what we found, then in this case we take

Y =uin (3.15),
¢ =vin (3.17).

This is an easy case but difficult to achieve.

Case 2. If we show that v solution of (3.17) is in W,""(Q), r > N, then the false solution

above becomes correct.

Indeed, we now have v € WOI’r(Q), r > N, solution of

f Vovydx = f Y(x)dx, Vi € H(Q)
Q B
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and Hol(Q) — Wol’r/(Q) (dense embedding) with r’ = -== < % By density

—1
Yy e W (), Ay ,), € Hy (Q), Y, — 3 strongly in W' ().
Problem (3.17) becomes

ve WOI”(Q), r > N, solution of
. N (3.18)

[Vovydx=[y(x)dx, Yy e W (Q), r' < 5.

Q B

thus, we can take 1) = u in (3.18) because u € () WOI’”’(Q) and ¢ = v in (3.15) because
a<y
veW,"" (), r>N, Geve | W" Q).
r>N

Summary: The uniqueness proofis correct if Y B ¢ Q, the solution of (3.17) is in W,""(2) for

r>N.

3.3.1 Regularity of Laplacian and uniqueness

The solution of (3.18) is regular, more precisely, VB c , g(x)=1z(x) € L*°(2)N L*°(2) and

v satisfies
v € H}(Q), such that

[Vovydx = [y(x)dx, Vi € HI(Q.
Q B

According to aresult from [Agmon-Douglis-Nirenberg](vol.17, page 35-92, 1964), if Q is reg-
ular, then v € W,""(), Vp < oo and thus v € W,"*°(Q), and by density of H}(€2) in W,"'(Q).

Problem (3.17) becomes

v € W,"*°(Q), solution of

[Vovydx = [y(x)dx, Vi € W, (Q). (519
Q B

Theorem 3.2 (Uniqueness for Laplacian) Let Q be a bounded open set of RN, N > 2 and

f € LY(Q), there exists one and only one solution of (3.3) in the sense:

ue W"(9),
[ Vux)Vp(x)dx= [ f(x)p(x)dx, Vo € W"(Q).
Q

Q

(3.20)
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Proof. By linearity, let u = u; — u, with 1, and u, solutions of (3.20), we have

ue W"'(Q),
(3.21)

[Vux)Ve(x)dx =0, Vo € W,"(Q).
Q
we can take
Y = uin (3.19) because ) and u € W,"'(),
and ¢ =vin (3.21) because i and u € WOI'I(Q),

and we conclude as before. m
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Elliptic equations in divergence
form

CHAPTER

Let2beabounded open set of RN, A(x) = (aij(x))lsi jen A0 operator defined by coefficients

a;; € L=(Q), i, j=1,N, and satisfying the ellipticity hypothesis:

Ja>0, A(x)EE = Za,, xX)E; §,>a|g|2—aZ|§ 2, VEERY, ae. x Q.

i,j=1

Since a;; € L*°(2), there exists f > 0 such that
|A(X)EE| < BIE, VEERY, ae. x €Q.
We are interested in the following problem

—div(A(x)Vu(x))=f(x) inQ,
u=0 on dq.

where

N
div(A(x)Vu(x))= Z ﬁax ( au(x))

i ]:1 1 ]

Theorem 4.1 (Existence) Let f € L'(Q) and N > 2, there exists u such that

ue W, Q),¥1<q< 25 o
) fA Wu(x)Vo(x)dx = Z J (gt grdx = [ f(x)v(x)dx, 4.1)
i,j=1Q Q
Vve | W, (Q) orVv e 2(Q).

\ r>N
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Proof. The proofis similar to the Laplacian case

Ve LX), 3(f.)eso€ 2(Q) such that
f. — f strongly in L(£2)
and || fell @) < 1f |l 21y VE>0.

For fixed &, we have

ANu, € HI(Q),

[AX)WVu(x)Vv(x)dx = [ fi(x)v(x)dx, Vv € H} (). 2
Q Q

Taking v = ¢(u,), we deduce that

aJ IVu(x)Pdx <|If o)
B,

and thus, we have seen that there exists C > 0 independent of € such that

”usllwol"i(n) < C(”f”Ll(Q)» q, |Q|)’ Vl < q <

)

N-—1

we can assume, up to extracting a subsequence, that

u, — u weakly in W,"(Q),

and u,— u stronglyin L(Q) and a.e. onQ, 1< g < 5.
and we deduce that (4.1) admits a solution by passing to the limit. m

The question of uniqueness is more delicate because the coefficients a; ; are not continu-

ous. Essentially, we are led to study the singularity of the problem

v € H/(Q), such that

% fa,-ﬂx)f—é?—idx:fz/;(x)dx, Vi) € H}(9).
B

i,j=1Q

(4.3)

and a;; € L*(Q)?

In dimension 2 (N = 2), Meyers’ theorem [13] allows us to conclude in the following sense:
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Elliptic equations in divergence form

There exists p, > 2, such that the mapping
w-r@Q) — Wwhr(Q)

fo— v

islinear continuous forall p €2, p], and there exists a constant C,, > 0 such that || v [y 1., <

C, > 0l|v|lwir(q).

We cannot use Meyers’ theorem in dimension 3 because we have seen that to conclude
uniqueness it suffices that W,""(Q), r > N? But Meyers’ theorem only gives r > N and for

N =2 it works.

Serrin [16] constructed a counterexample of non-uniqueness of the solution even in the

case N =2! and in dimension N > 2 by A.Prignet [14].

This leads us to the notion of entropy solutions.

4.1 Entropy solutions and Uniqueness

We first define the truncations:
Let k e R*, T, : R— R defined by
s, —k<s<k

Ti(s)= k, s>k
-k, s<k

equations. We have |T(s)| < k, Vs, and since T, is Lipschitz and T;(0) = 0, Stampacchia’s
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lemma 2.2 asserts that for u € WOL’”(Q), then T;.(u) e WOL’”(Q) p>1and
VTi(u)=T(u)Vu.
Theorem 4.2 (Entropy solutions) Let f € L'(Q), the solution u of (4.1) satisfies:

ueL'(Q), T(u)e H)(Q) Yk >0,

fAVuVTk(u—cp)dx < ff(x)Tk(u—go)dx, Yo e (). 4
Q 9}

The goal is to show that the entropy solution is unique.
Theorem 4.3 Let f € L(Q2), N > 2. Then there exists at most one solution of (4.4).
Remark5 .
1) Problem (4.4) makes sense because:
feLlY(Q) and T.(u—¢)e L=(Q), so f T,(u—yp) < LY(Q).
2) How to give meaning toVuV Ti(u—p)?

We have A€ L™(Q2), Vu € LP(Q), p <2 and T.(u— ) € L*(Q), a priori this quantity is

a function?

Let’s look more closely at this quantity:

where we used Stampacchia’s lemma. Let M = k +||¢||, and thus on the set {I u—p|< k},
we have

lul=lu—p+ol<k+[¢llo =M,

because ¢ € L*°(Q2). Thus,
AVuV T (u—¢)=Aly,_pi<iyVITu(u)(VTy(u)— V),

but T),(u) € H} () and thus AVuV T (u— )€ L'(Q).

Finally, we can give meaning to the entropy formulation as soon as T;(z) € Hy (©2) and (¢ €
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Elliptic equations in divergence form

L*®(Q)NH} () or 2(12)).

Proof. (Theorem 4.2) We will see u as the limit of the sequence (u,),, where (u,), defined

by (4.2) satisfies (4.4).

We have seen that (u,), satisfies:

f Vuodx < e
a

B,

with
B,={xeQ,n<|u(x)<n+1}.

Let now,

G ={x€Q,0<|u.(x) < k}.
We have

f|VTk(ug)|2dx =f1{|u£|sk}|vus|2dx,
Q Q

k—1
=> [IVuPdx,

i=1B;
I£1 1
Sk f L(Q)'

a

Thus, Vk > 0, we have

VTk(uE) € HOI(Q))

| Toe(ull iy < & i ”él“”. independently of £ and depends on k,

we can deduce (up to a subsequence) that

Ti(u,) — & weakly in H/(Q) when £ — 0.

On the other hand,

U,— u a.e.onf,

and since T is continuous, then

T.(u,) — T.(u) a.e. on .
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Thus & = T;.(u) and
Ti(u,) — T.(u) weakly in Hol(Q).

We also have by Fatou’s lemma

I f e
I T ()l ey < K .
a

4.1.0.1 Showing the entropy inequality

From (4.2),
u, € H)(Q),
fA(x)Vug(x)Vgo(x)dx :ffg(x)tp(x)dx, Vo € H; ().
Q 9!

Let ¢ = Ti.(u, — ) with ¢ € 2(Q) given and k > 0, we have
pe HOI(Q) and VSD = VTk(ue _lp)ﬂﬂug_lmgk} a.e.

Thus,
f AX)Vu VT (e, — )y, —yp<iyd x = J i T(u,—y)dx.
Q

Q

Or equivalently,

f A(X)V uSVugll“uS_wSk}dx — f A(JC)VUEVl/) ]l{|u€_¢|§k}dx = J f;- Tk(u€ — l/))dx,
Q

Q Q

which we denote as,

a,+b,=c,.
e We have

Ce :JﬁTk(us_¢)dx_)fka(u_w)dx-
Q Q

Because, we have

fiTi(u,—y)— fTi(u—y)a.e. on Q.
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Elliptic equations in divergence form

and
|f: Ti(u, — )| < k|f,| a.e. on Q,

k.f.— k.f in L'(Q).

By Lebesgue’s dominated convergence theorem,

fe Te(u.— ) — fT(u—1))in L'(Q).

e We have

—f A(JC)V LLEVI,D ]]_{|u€_w|sk}dx = —J A(X)V TM(MS)VIP ]1{|u€_¢‘sk}dx,
Q Q

with M = k +[[1)]]co.-

We have, on one hand,
. 2, ~\N
VTy(u,)— VT (u) weakly in (L (Q)) ,
and on the other hand,

AVi,D :H'{lug—l,lllﬁk} — AVi,D :H'{lu—l,lllﬁk} a.e. on Q,
|AVI/J ﬂ{lug—ll)lsk}| < |AVI/J| a.e.on{,

by Lebesgue’s dominated convergence theorem,
. N
AVt,D ]]-{|u€—1/)|3k} — AVi,D Il-{lu—l/)lSk} Strongly mn (LZ(Q)) .

Thus,
b,— b= —f AX)VuVY Ly, _y<pd x.

Q

e The term a,:

a, = f AVuEV usl]_“ue_wgk}dx = f AVTM(uf)VTM(uf)l]_“ug_lmsk}dx,
Q Q

The difficulty here is that we end up with a product of two weak convergences! To over-
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come this, either we show that T;(u,) — T;(u) strongly in H;(Q) (this is a result by Murat-
Lions) and in this case we will have an inequality. Here, we will establish the following

lemma:

Lemma 4.1

limiglfag > f AV Ty (w)V Ty ()l gy —yi<ryd x.
£—
0

Proof. Let w, = 1y, _y|<k;» we have 0 < w, <1 and
W, — L,y <ky a.€. on L
Let v, = Ty,(u,), we have v, € H}(©2) and
v, — v = Ty, (u) weakly in H, ().
Finally, we write a, = d,(v,, v,) with

de((p’g) :JAVSOV€wedx-
Q

We have, by the ellipticity condition
d.(p—A&,p—AE)>0, Ve>0,VAER,

thus,
d.(¢, )= Ald (¢, &)+ d (&, )|+ A%d,(£,8)>0, YAER.

We distinguish two cases:
Case where A(x) is symmetric: i.e. d,(.,.) is symmetric Then
de(ip,9)—22d,(p, &)+ A°d,(£,£) 20, YAER,

we choose A = %1€, thus

(de(p, )P N (de(p, )P >0,
a.(c,8)  d(E,9)
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Elliptic equations in divergence form

hence

(de(0, &) < delp, 9).de (&, €),

take this inequality with ¢ = v, and £ = v, so
(de(Ve, V) < do(Vs, V). (v, V),

taking the limit inferior, we obtain

(d.(v, U))Z = hgn_l)glf(de(vs» v))z

< limiglfde(ve, v,).d(v,v),
£—

thus
liminfa, =liminfd,(v,,v,)
e—0 £—0

> d(V, U) = fAVTM(M)VTM(M):H_{|M_¢|Sk}dx
Q

Case where A(x) is non-symmetric: we can show (more involved and we’ll do it in the
nonlinear case) that Vu, — Vu a.e. and since VT;(u,) is bounded in (LZ(Q))N, (for all
k > 0), then

VTi(u,)— VTi(u) a.e. on £,

thus

AVTM(uE)VTM(uS)IL{WS_MSk} — AV TM(u)VTM(u)]]-ﬂu—lMgk} a.e. on (.

And by Fatou’s lemma, we have

JAVTM(u)VTM(u)Il“u_WS,C}dx < limi(r)lfas <400,

Q

since Ty,(u,) is bounded in Hj (). m

4.1.1 Proofof Theorem 4.3

Let u and v be two solutions of (4.1) satisfying:

ue L), T,(u)e H/(Q)Vk>0,

(4.5)
[AVUV T (u—9) Ly pienydx < [ f(X)Ti(u—p)dx, Vo € 2(Q).
Q Q
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The proofis done in three steps:
Step 1 We can take ¢ € H} ()N L*(Q).

Indeed, for ¢ € HOI(Q) N L°°(Q), there exists (¢,,),, € 2(2) such that

¢, — ¢ strongly in H/(Q2)
Y, — @ a.e. on L

and [|¢, |l o) < @l Loy, Y1 EN.

Let

M =k +[¢|l ooy = My, = k +|@ ]| Lo (r)-

Writing (4.5) with ¢ = ¢,,, we obtain

JA(x)vTM(u)VTM(u)ﬂ{Iu—wnISk}dx_f AV Ty (Ve , Ly, i<iyd x < J fTi(u—p,)dx.

Q Q Q

By Lebesgue’s dominated convergence theorem,
J fhi(u—yp,)dx — f fhi(u—yp)dx,
Q Q

we also have
. N
AVTM(U)LD I]'{lu—kpnlﬁk} — AVTM(M)I/) ]]-{lu—(plﬁk} Strongly m (LZ(Q)) .

and
Vg, — Ve strongly in (L))" .
Thus the second term converges and obviously the first term also converges.

Step 2 Let k and h € R, take T;(u — T, v) as a test function in (4.5) for the equation in u

(i.e., ¢ = T,v) and T (v — T;,u) in (4.5) for the equation in v (i.e., ¢ = T, u).

Start with the inequality for u

fAVuVTk(u— T,(v))dx < f f(x)Ti.(u—T,(v))d x,
Q
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Elliptic equations in divergence form

and for v,

fAVvVTk(v— T,(u))dx < J f(xX) T (v—T,(u))d x.
Q

Q

Adding these two inequalities, we obtain:

A+ Ay + A+ A+ As+Ag< B, + B, + B, + By,

where

JAWWWVHW—HWWMZAﬁAﬁA&

Q
with

A= A(x)VuV(u—v)dx,

{lv|<h, |ul<h, lu—v|<k}
Ay = A(x)VuVudx >0,
{lvizh, lu—v|<k}
Ay =A;— A= AX)Vuv(u—v)dx,
{lvI<h, |ul=h, lu—v|<k}

with

A= A(x)VuVudx > 0.

flvi<h, lul=h, lu—v|<k}

2 0.

Thus the term A} is not problematic. Let’s show that the term A3 i
—+00

Indeed, we have |v|< h, |u| > h and |u—v| < k impliesthat h < |[u|<h+kand h—k < |v| <

h.

We deduce that
|AZ| = f A(x)VuVuvdx]|
{lvI<h, [ulh, lu—v|<k}
2
<l Alloo f IVul*dx f VulPdx | ,
{h<|u|<h+k} {h—k<|v|<h}
we show in step 3 that
VulPfdx — 0, Vk.
h—+00o
{h<|ul<h+k}
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and thus, we indeed have A3 P 0 for any fixed k.
—+00

Now we write the term in v:

JA(x)VvVTk(v— T,(u))dx =A,+ A5+ Ag,

Q
with
A= A(x)VvV(v—u)dx,
{lvl<h, [ul<h, lu—v|<k}
As = A(x)VvVuvdx >0,
{lul=h, lv—u|<k}
A6=Aé—Aé= A(x)VuV(v—u)dx,
{lul<h, |v|=h, |v—u|<k}
with
A= A(x)VvVuvdx >0.
{lul<h, |v|=h, lv—u|<k}
|AZ| = A(x)VvVudx o 0, Yk fixed.
—+00
{lul<h, |vI=h, lv—u|<k}
Now forming the sum, we get:
6
ZAi: A(x)V(u—v)V(u—v)dx + D, + D,.
i=1

{lvi<h, lul<h, lu—v|<k}

with D, >0 and D, x P 0, Yk fixed.

—+00

For fixed k, we have

4 6
liminf > B; >liminf)» A;
h—0o0 i5 h—0o0 i5
> [ AX)V(u—v)V(u—v)dx
{lu—vi<k}
>a [ |V(u—v)Pdx.
{lu—vi<k}
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Elliptic equations in divergence form

Now let’s examine the right-hand side:

Jf(x)Tk(u_ T;(v))d x = B, + By,
Q

with
B, = fx) i (u—v)dx, B,= J F) L (u—Ty(v))d x.
{lvI<h, lul<h} {lvI>h or |u|>h}
We have
|B,| < k |fldx+k |f|dxh:>000, Vk fixed.
{lvi=h} {lul=h}

we used the dominated convergence theorem. We also decompose

ff(x)Tk(V_ Ty(u))d x = Bs + By,
Q

with
By = fX)(v—u)dx, By = fX) (v =Ty (u))d x,
{lu|<h, |v|<h} {lv|=h or |u|>h}
similarly

B4 — 0, Vk ﬁXCd,

h—+00

and we have
B, + By = f F)(T(u—v)+ Ti(v—u))dx =0,
{lul<h, |v|<h}

since T is an odd function.

Finally, we deduce that

V(u—v)Pdx = [IV(u—v)PLjycndx
{lu—v|<k} Q

= [IVTi(u—v)Pdx
Q
=0
We have
f |V(u— y)|21{‘u_v|sk}dx k:éo f IV(u—v)Pdx,
Q Q

52



Entropy solutions and Uniqueness

thus f [V(u—v)?dx =0, hence u—v =c a.e. on .
Q

We assumed that Tj(u) = Ti(v + ¢) € H} () and T;(v) € H} (), then c =0 and u = v a.e. on
Q.

Step 3 Let ¢ = Tj,(u) in (4.5) for the equation in u

JAVuVTk(u—Th(u))deJf(x)Tk(u—Th(u))dx,
Q

we have

AVuVT.(u—T,(u))dx = AVuV(u—u)d x+ AVuVudx.

{lu—Ty,(uw)|<k} {lul<h, lu—u|<k} {lu|=h, lu—h|<k}

We have |u|> h and |u—h|< k implies h < |u|<h+k

AVuVudx < [ fX)L(0dx+ [ f(x)Ti(u—h)dx

{h<|ul<h+k} {lul<h} {lul=h}

<k [ Ifldx

{lvlzh}
< kf Lpzny(2)Ifld x e 0
Q
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CHAPTER

Parabolic equations with L! Data

We are interested in the following parabolic problem:

J,u(t, x)—div(A(t, x)Vu(t, x))= f(t,x), (t,x)eQr=]0;T[xQ,
u(t,x)=0, x€dq, t€lo; T, (5.1)
u(0, x) = ug(x), x€dQ

with the following hypotheses:

Hypothesis (H1)

o A(t,x)= (aij(t’x))

e Qabounded open subset of RN, N > 2; with Lipschitz boundary.

i j=LN where a;; € L*°(]0; T[x€).

e Ais coercive, i.e. 3a > 0 such that

A(t,x)EE> alE]* ae. (t,x) € Qy.

Hypothesis (H2)

feL'(Qr)and u,€ L'(9).

Definition 5.1 (Weak solution of (5.1)) We say that u is a weak solution of (5.1) if: u €
L9 (0; T; Wol’q(ﬂ)) NE° (0; T; LI(Q)) satisfying:

J u¢(T,x)dx—f u0¢(0,x)dx—f u8t¢(t,x)dtdx+J- AVuVedtdx =ff¢(t,x)dtdx,
Q Q Qr

Qr Qr

forallT>0,¢ e %0(0; T; Wol"’/(Q)) NG (0; T; L7 () such that1< q < ¥2 and 1 + L =1.

+1

Remark 6 Each term makes sense by duality (L7, L7).
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Theorem 5.1 (Existence of solution) Assume (H1)-(H2). Then there exists a weak solution

of (5.1) according to Definition 5.1.
Proof. The proofis done in several steps:

Step 1: The first step consists in regularizing the data. By density

upe)eso € 2(2) and (£ )e>o € Z2(Qr) such that
Uy, — U strongly in L'(Q2) and f, — f strongly in L'(Qr)

with || uO,s”Ll(Q) <l uO”Ll(Q) and ||fs||L1(QT) < ”f”Ll(QT)-

We then consider the regularized problem:

o, u,—div(AVu,)=f,, (t,x)eQr,
u,(t,x)=0, x€a, t€lo; T, (5.2)

u.(0,x) = ugy(x), xedf

Proposition 5.1 Foralle > 0, there exists a unique solution u, of (5.2) in the following sense:

u, € 6°(0; T; LA(Q)) N L2(0; T; HY (), 6, u, € L?(0; T; H'(Q)) such that:

T

J(&‘t u€,¢)H71,H01dt +JAVuEV¢dtdx = J fepdtdx, (5.3)
0 Qr

Qr

forallT>0, ¢ € L2(0; T; H} ().

T
Remark 7 u € L?(0; T; E) with E a Banach space, i.e., u(t,.)€ E a.e. int andf llu(t, )Zdt <
0

Q.

Quick proof

The problem (5.3) being linear, we can use the Galerkin method to show the existence of a

solution.

Let {¢} 1,00 be a Hilbert basis of H}(2), we denote V,, = (¢, ..., ¢,,) the vector space gen-

erated by n-eigenfunctions of the Laplacian.
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We look for u,, = Z a;(t)p;(x) solution of
k=1

(3tun,§)H_1,H01+fAVunV§dx=ff§dx, (5.4)
Q Q

with f = f, € L%(Qy).
Choosing & = ¢, thus (5.4) is equivalent to solving the system of differential equations

a,

d . -
Ea(”: F(t), with a(t)=

a,

There exists T,, such that the solution a € 6°([0; T,,]). The solution is global, i.e. T, = T, if

u, is bounded.

Foré=u,,

d
dt

N | =

D%

|u,|*dx +fAVunVundx :qu,,dx,
Q Q

by integration,

1d
s [lunPdx +allVu,l2,g  <If izl all 2
Q

< Gl fll e @llVuyll 2

thus, u, is bounded in L>° (0; T; LZ(Q)) NL? (0; T; Hol(Q)),

and we have

(0t E 1,1l S WV Ul 2@l VEN 2y + L 2@ llE ] 22

< C||€||L2(0;T;H(}(Q))’

thus 6, u,, is bounded in L?(0; T; H'(2)). m
Step 2: ¢-independent estimates

Proposition 5.2 Thereexist Cy, C, depending only on |||, | f 10, 12 and T such that
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the sequence (u,), solution of (5.1) satisfies:

sup [[u(llpo < Co, (5.5)
te(0,T)
f|w£|2§ C, (5.6)
B,

with B, ={(t,x) € Qr; n <|u,(t,x)|<n+1}.

Proof. To obtain £-independent estimates, we are led to take test functions in L*°(Q;) N

L%(0, T, H}()

Let

Ty is Lipschitz, if u € L2(0, T, H}()) then Ti(u) € L2(0, T, H} ().

¥4

We denote Si.(z) =f T.(t)dr.

0
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lz| < k
Se(z2)=4 —%5+kz, z>k

2
K _kz, z<—k

In particular, we have |z| < §,(z) + 3.

Indeed,

If|z| <1 impliesthat |z|< %Izl2 +1 )+ (Young'’s inequality)

S(z
If|z]>1 impliesthat z=|z|=(z—3)+ % Si(z)+3

If|z|<—1 impliesthat |z|=—z=(—z—3)+3=S(z)+;

Let ¢ = Ti(u,) € L%(0, T, H}()) be a test function, we obtain

%J Si(u,)d x +fA(t, x)Vu, VT (u,)dx= f fTi(u.)dx,
Q Q Q

=0

and by integrating in time, we have
t
[ Selue(r, x)dx— [ S(ug)dx <k | [ f(t,x)dtdx,
Q Q 0 Q
<kllflien-

Therefore, for k=1
f Sy (u(t, x))dx < f Si(ug)d x + 1 fll10p)-

Q Q

We have S,(z f T,(7)d7 so S;(z) < |z| because | T;(z)| < 1, hence

J Si(u(t,x))dx < ||u0”L1(Q)+ ”f”Ll(QT)-
Q

Finally, to conclude, we have

[lue(t, 0)ldx < [ S(uet, x)dx+39]
Q Q

<ol ey + 1 fll 1) + 519
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Thus,

sup |[u.(t)ll i) < Co.
te(0,T)

We now show the estimate on the wavelets:

0’ |len)
z—n, n<z<n+l,

vu(2)={ z+n, —n—1<z<-n,

1, z>2n+1,
\ -1, z<—n—1.
®a(z)

Let ,(2) = [ @,(c)d, we have |, ()| < 2.
0

Pn(2)

Let ¢ = p,(u,) € L? (O, T, HO1 (Q)) be a test function, we obtain

J P nlu(t, x))dx—J (U (x))dx +fA(t, x)Vu, Vo, (u)dtdx = f fonludrdx,
Q Q Qr

Qr

>0

thus
a[IVuPdrdx < [ ¢u(uoe(x)dx+fllLion
B, Q

<uoll ey + 11 f 2o
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hence the estimate (5.6). =
Step 3: Compactness result

Proposition 5.3 Let u, € L2(0, T, H}(Q)) satisfying:

lttell Looto, 7,102 < Coy (5.7)
JIVuglzs G, (5.8)
Bn

where B, ={(t,x)€ Qy; n<|u,(t,x)|<n+1}.

Then, forall1 < q < %—ﬁ, there exists C > 0 depending on C,, C,, || and q such that

||u€||Lq(O,T,VV01'q(Q)) S C- (5-9)

Proof. We would like to proceed as in the elliptic case and obtain an estimate on Vu, in

L9(Qr).

Let 1< g <2, wehave

fIVuEI‘fdtdx :ZIIVuglthdx,

QT nZOBn
no—1 oo
= [IVulidtdx+ Y, [|Vu/l'dtdx.
n=0 B, n=nyB,

2

For 7 + ;= 1,i.e. ;; = 1—7, we apply Holder's inequality to obtain
q

q

1-4
[IVu,1dtdx S(EfIVugl”'?fdtdx) (Ef(l)q’dtdx) ,
B, n n
SQIVuSIZdtdx) |B,|'2,

<C%Bl—%
<C?|B,|' 2,

1 q
<cHrxa)-t.

N

Thus,

n=ny

fIVuslthdxscg(n0)+C4Z|Bn|1_Z, (5.10)
Qr
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where C;(n,) = (T x |Q)'"%(n,) and C, = C, :

We now use the Sobolev embedding Wol’q(Q) — L9(Q) (continuous embedding) with g*

being the Sobolev exponent, i.e., ;- = s — (4" = Ig—ivq) andg <2<N.

Therefore, there exists a constant C, depending on 2 such that

q

Cy J|us|"*dx sjwumdx, (5.11)
Q

Q

and by integrating in time (5.11), we obtain

T T
Cgf Jluslq*dx dtSJJIVuslthdx, (5.12)
0 Q 0 Q

we then note that for all r > 1, we have f |lu,|"dtdx > n"|B,| because |u,| > n on B,, and
By

thus
1
|B,| < —J |u,|"dtdx.
nr

From estimates (5.10), (5.11) and (5.12), we deduce that

T q
. =1
q r
Cnf fluel dx dtscs(n0)+C4Z 0D flugl dtdx
0 Q

n=ny

We apply Holder’s inequality to the series with

hence

Sk

T [e%°) 3
cgf(ﬂum’dx) dt SC3(no)+C4(Z r“lm)
0 \Q
scg(n0)+c4(z ) (Z fluldtdx) .
n:non n n()B
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For the series on the right to converge, we need

2_
cn .. (==,
q
we denote
- 1
n_zno ') =0(m,) BunSte
Thus,
q 2—q
T id T 2
Cﬂf J|u€|"*dx dt < Cy(ny)+6(ny) ffluslrdtdx , (5.13)
0 Q 0 Q
with 6(n) 0 0 and C;(ny) _— +00.

We need to make f |u,|7 d x appear, for this we choose 1 < r < ¢*, we have u,(¢,.)€ L}(Q)N
o)
L9 (Q) and by interpolation
0 1-0
—=—4 ,
1 q*

we have

0 (1-06)
(TP 7R A P [

since u, satisfies (5.7), we have

r ré r(1-6)
2t My < GO, D).

Thus, by integrating in time,

T T s
Jf|u€|rdtdx§f J|u€|‘f*dx dt.
0 Q 0 Q

To estimate the term on the left of (5.13), we take

ca . =9 _a

T q
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which gives:

2—q
q a =z
* T 7

T q
CQJ Jlugl"*dx dt < Cs(ng)+6(ny) f Jluglq*dx dt , (5.14)
0 \0 0 \2

we have Z_Tq < 1. For ny large enough, thatis, (0(n,) small enough so that C,—0o(n,) = % >0,

we conclude that ,
T q*

J f|u3|q dx dt=||us||Lq(0;Tqu*(Q))SC.
0 Q

And thus from estimate (5.10) and the choice of r,

2k
™
N‘ |
K

T
fIVu 9dtdx < Cs(ny)+06(ny f(fluslq*dx) dt
Qr 0

<C

and

IVuellzo; L0y < C.
Let us now return to the conditions on ¢, we have
Condition C2: gives r(1—0)=qg and =0 + 1;—*9 =0 (1— %)— %.

)

=1—4< and finally,

r =q+r6
=q+1—7
=q+1——

T_Q
=q+1-"5"
=475

Condition C1: now writes

o 2N“—1>q =
N+2
o g<iE
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Conclusion Under the sole condition 1 < g < £,

|| uE”Lq(O;T,I/VOLq(Q)) S C-

Proposition 5.4 (Estimate on (J, u,)) .

(0, u,), is bounded in L' (0; T,W—t4 (Q)) independently of €.

Proof. To obtain an estimate on &, u,, we consider a function ¢ € L>®(Q)NL7 (0; T, Wol’q/(Q))

@ e, 0)| <| [ AVW,Vdrdx|+ [ |fll¢ldtdx
Qr Qr

< ||Vue||m(0;T,Lq(Q))||VSD||Lq’(o;T,La’(Q)) + I fellriopll @l o)
<C (”V(P”Lq/(o;T,Lq’(Q)) + ”(PHLOO(Q)) .

Thus (3, u,), is bounded in (LOO(QT) NLY (0; T, Wol"’/(Q)))/.

We have
1= (0,7, W 9) € 1=Qr)n 17 (05, 1y (@),

since g’ > N, thus

(L=Qpn L (T, W @)) < (L>(0; T, " @)
c L'(0; T, w=9(Q))

Convergence: the sequence (u,), is bounded in
E={u,eL(0;T,W,"(Q)), 3, u. € L'(0; T, W 9())}

and Wol"’(Q) — L9(2) with compact embedding. Then (u,), is relatively compactin L (0; T, LI(£2)).

Thus, up to extracting a subsequence still denoted (u,),, we have

u, — u strongly in L (0; T, L9(£2)),
and u, — uweaklyin L9(0; T, W,""(5)).

The remaining problem is the continuity of u € 6¢° (0; T, LI(Q)).
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Proposition 5.5 The sequence (u,), is Cauchy in 6° (0; T, Ll(Q)).

Proof. Let (u,), be the solution of (5.3) associated with u, . and f, and (u«,), be the solution

of (5.3) associated with v, and f,,

Let w, ., = u, — u,, satisty:
5t LUE,E/ - diV(Ang_E/) - ‘F;‘,E’ - f;: _f:g/,
we multiply by T3 (w, /),

d
Ef Sl(ws,s’)dx +fA(t» x)vwe,e’vn(we,ef)dx :J P;,s’n(we,e’)dxy
Q Q Q

>0

integrating in time,

J S (W, )d x < f Si(w,,)dx —|—f |E, o/|d x.
Qr

Q Q

with wge, = Uy, — Uy,. We have §,(z) :f Ti(t)d 7 so S,(z) <|z|, hence
0

fSl(wM,)dx Sf |ug e — uoyg,ldx+f lfe — foldx.
Q Q Qr

The sequences (u ), and (f;), are convergent in L'(Q2) and L'(Q;) respectively, hence they
are Cauchy, so

e,e/—0

fSl(wM,)dx — 0.

Q

Finally, we have

flws,efldx = f |w€,e’|dx+ f |ws,s’|dx
Q

|w€,e/|sl |w£,€/|>1
3 3
SQ f Iwm,lzdx)c f |1dx) + f |w, o|d x.
W ¢r|<1 W, ¢r|<1 [we ¢r[>1
We have
|z lz| |z|—1
?]1|z|>1 < (7 +—— L1 =S81(2)1 ;1
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and

|z|
?]1|z|31 = Sl(z)1|z|31,

thus,

2

flwglg,ldxsx/lﬂl J 28 (w, )dx | + J 28 (w, . )dx — 0.
Q

£,6/—0

|w€,£’ <1 | We e [>1

Finally, we pass to the limit as € — 0 in the formulation:

J us(T,x)qb(T,x)dx—f uo,sqb(o,x)dx—J u83t¢(t,x)dtdx+fAVuSqudtdx

9/ Q Qr Qr

= f feo(t,x)dtdx,
Qr

with ¢ € 6°(0; T; W, (@) n 67 (0; T3 L7 ()
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