
People’s Democratic Republic of Algeria
Ministry of Higher Education and Scientific Research

University of Médéa
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abstract

We study the generation and entanglement properties of non-Gaussian clus-
ter states of bosonic systems. We consider arbitrary number of harmonic
oscillators, and present a protocol to generate, in the long time limit, the
target cluster state. Moreover, we show the non-classicality of the obtained
states by means of the negativity of the corresponding Wigner function. Also
we calculate the amount of entanglement present in the cluster state and dis-
cuss a very important use of these states in universal quantum computation.

Keywords: Non-Gaussian states, non-Gaussian cluster states, entangle-
ment, quantum computation, Wigner function negativity.
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Preface

This study is result of master’s thesis in theorical physics in the departement
of science of matter, university of Medea, during summer term 2020.

The main contribution of this present work focus on continuous variable
quantum systems in order to discuss quantum states, the use of this states to
generate non-Gaussian cluster states with the open quantum systems dynam-
ics and its entanglement properties, then we show the role of the resulting
cluster states to achieve universal quantum computation.
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Introduction

Quantum theory is a modern theory, based on Max Planck’s quantum hy-
pothesis introduced in 1900. This theory studies the physical properties of
systems at the microscopic level.

Computation is data processing, while computers that process input data
using the laws of classical physics are called classical computers. The problem
with those computer is that they cannot process quantum data. This idea
was first supported by Feynman who suggested using quantum systems like
simulations of others quantum systems. This lead us through the last two
decades to achieve what is called quantum computation.

Quantum computation, also known as quantum information processing,
is a processing tool that uses the laws and properties of quantum physics
to simulate quantum states. In this case, the information is encoded in
states of a simulated quantum system. There are two types of quantum
calculations, the first uses the discrete variable which is qubit, and the other
uses the continuous variable which is quantum modes. Our study focuses on
continuous variables version.

In order to study any system, we can consider it a closed system, i.e., a
physical system that does not allow matter and energy to be transferred in
or out of the system. But in most realistic situations, the quantum system
should be considered as an open system as it interacts with its environment.
Our study focuses on open quantum systems.

Universal quantum computation is a very important topic, and we can
achieve it using Gaussian cluster states with both Gaussian and non-Gaussian
measurements or by non-Gaussian cluster states with Gaussian measure-
ments only. For the remainder of the thesis we focus on the second method.

Continuous variable systems can be bosonic systems which can be pho-
tonic or phononic systems, means that our quantum computer can deal with
informations using optical, mechanical, electro-optical, electro-mecanical, opto-
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mechanical or electro-opto-mechanical systems.
This thesis presents a scheme for the preparation of non-Gaussian cluster

states of an open quantum system consisting of arbitrary number of non-
interacting harmonic oscillators coupled to a common oscillator that is also
damped to the vacuum. The generated cluster state is then used as a resource
for universal quantum computation using only Gaussian measurements.

The thesis is organized as the following. In Chapter 1, continuous vari-
ables systems, phase space formalism, and quantum harmonic oscillator are
introduced. Additionally, we present important Gaussian states and their
Wigner function in the phase space. Furthermore, we talk about some non-
Gaussian states, namely the cubic phase state. In Chapter 2, open quantum
systems are introduced and their dynamics, in terms of a markovian master
equation, are explained. Then we discuss steady states of some examples of
open systems. In Chapter 3, the definition of non-Gaussian cluster states
is given. Also we explain a protocol enabling us to prepare these states in
a system of many oscillators. An example of two-mode non-Gaussian clus-
ter state is then studied. Chapter 4 we discuss entanglement properties of
the cluster state, and how to quantify it. In particular, we study the en-
tanglement as function of squeezing and cubicity parameters. Chapter 5
is devoted to exploiting the cluster state in universal quantum computation.
Specifically, we show how one can use the cluster state to implement arbi-
trary computations in the so called one-way quantum computation approach.
An example of two-mode cluster is given.

xiv



Chapter 1

Quantum systems with
continuous variables

Quantum systems can be classified into discret variable (DV) and continuous
variable (CV) systems. DV systems have a finite-dimensional Hilbert space,
e.g., qudit (quantum d-git), a d-dimensional system, where the information
is encoded in d-levels state of the system. The most common examples
are qubits (d = 2) and qutrits (d = 3). On the other hand, CV systems
have an infinite dimensional Hilbert space. Observables, such as position or
momentum, have continuous eigen-spectra, and hence the name continuous
for this class of quantum systems [1, 2]. CV systems are consisting of N
quantised bosonic modes i.e., the quantised harmonique oscillator,which can
be described by continuous variables such as position X̂ and momentum P̂
which are noncommuting Hermitian operators in the Hamiltonian.

1.1 Quantum harmonic oscillator

Quantum harmonic oscillator (QHO) is the quantum mechanical analogue
of the classical harmonic oscillator, and it is the foundation for the under-
standing of complex modes of vibration. our study is about bosonic systems,
which can be modelled by a harmonic oscillator.
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1.1.1 One-mode QHO

The position and momentum operators for one QHO are given by

X̂ =

√
h̄

2mω

(
â+ â†

)
, (1.1)

P̂ = −i
√
h̄mω

2

(
â− â†

)
, (1.2)

where m is the particle’s mass, h̄ is Planck’s constant, ω is the (angular)
frequency of the oscillator, and â† and â are, respectively, the creation and
annihilation operators.

In this thesis, we shall use the dimensionless position and momentum,
defined as the following:

x̂ =

√
mω

h̄
X̂ , (1.3)

p̂ =

√
1

h̄mω
P̂ , (1.4)

and in terms of annihilation and creation operators:

x̂ =
1√
2

(
â+ â†

)
, (1.5)

p̂ =
1

i
√

2

(
â− â†

)
. (1.6)

Usually, we will need to express the creation and annihilaion operators in
terms of position and momentum as:

â† =
1√
2

(x̂− ip̂) , (1.7)

â =
1√
2

(x̂+ ip̂) . (1.8)

The commutation relation between the position and momentum operators
is:

[x̂, p̂] = i , (1.9)

which translates to the following commutation relation for â and â†:

[a, a†] = 1 . (1.10)

2



The Hamiltonian of the one-mode of QHO writes:

Ĥ =
h̄ω

2
(x̂2 + p̂2) = h̄ω(â†â+

1

2
) . (1.11)

The action of â and â† on an energy eigenstate writes:

â|n〉 =
√
n|n− 1〉 (n ≥ 1) , (1.12)

â|0〉 = 0 , (1.13)

â†|n〉 =
√
n+ 1|n+ 1〉 (n ≥ 0) , (1.14)

where |n〉 is the QHO state with n quanta.
The energy eigenstates can be obtained from the vacuum state by iterative

application of the creation operator:

|n〉 =
(â†)n√
n!
|0〉 . (1.15)

These states constitute an orthonormal basis,

∀k, n ≥ 0, 〈n | k〉 = δk,n , (1.16)

and they satisfy the completeness relation

∞∑
n=0

|n〉 〈n| = 1 . (1.17)

Every state |ψ〉 can be written in this basis as:

|ψ〉 =

(∑
n

|n〉 〈n|

)
|ψ〉 ≡

∑
n

cn |n〉 , (1.18)

with cn = 〈n | ψ〉.

1.1.2 Multi-mode QHO

We consider now a set of N QHO. As in the case of one-mode QHO, every
QHO is associated the position x̂k, momentum p̂k, and annihilation (creation)

3



operators âk (â†k), whith k = 1, . . . , N . We write the following:

x̂k =
1√
2

(
âk + â†k

)
, (1.19)

p̂k =
1

i
√

2

(
âk − â†k

)
, (1.20)

âk =
1√
2

(x̂k + ip̂k) , (1.21)

â†k =
1√
2

(x̂k − ip̂k) . (1.22)

The free Hamiltonian of the system (non interacting modes) is:

Ĥ =
N∑
k=1

h̄ωk
2

(x̂2
k + p̂2

k) =
N∑
k=1

h̄ωk(â
†
kâk +

1

2
) . (1.23)

The action of âk and â†k on an energy eigenstate is given by:

âk|n〉k =
√
n|n− 1〉k (n ≥ 1) , (1.24)

âk|0〉k = 0 , (1.25)

â†k|n〉k =
√
n+ 1|n+ 1〉k (n ≥ 0) . (1.26)

Here, |n〉k is the state of mode k containing n quanta.
The different modes are independent from each other, therefore the com-

mutation relations are written as:

[âk, â
†
k′ ] = δkk′ , (1.27)

[âk, âk′ ] = 0 . (1.28)

1.2 Phase-space formalism

The phase space formalism is equivalent to Schrödinger picture of quantum
mechanics where instead of using the position or momentum operators we
use the eigenvalues of position and momentum, also for the phase space
description of quantum states, we use a quasiprobability distribution which
is the Wigner function instead of the densite operator in Schrödinger picture.

We shall explicit the notion of quadratures and the use of them in dis-
placement operators using Fourier Weyl relation in order to reach the Wigner
function definition formula.
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1.2.1 Quadrature

The operators x̂k and p̂k are called quadratures, and they represent the real
and imaginary parts of the annihilation operator â.

The eigenstates |x〉x and |p〉p of the quadrature operators x̂ and p̂ are
defined as the following:

x̂|x〉x = x|x〉x , (1.29)

p̂|p〉p = p|p〉p . (1.30)

The wave function of the momentum eigenstate is:

vp(x) ≡x 〈x | p〉p =
1√
2π
eipx. (1.31)

The two eigenstates |x〉x and |p〉p identify two bases which are connected
by a Fourier transform

|x〉x =
1√
2π

∫
dpe−ixp|p〉p, |p〉p =

1√
2π

∫
dxeixp|x〉x. (1.32)

These states, |x〉x and |p〉p, are improper states since they are non-normalizable,

〈x|x′〉x = δ(x− x′) , (1.33)

〈p|p′〉x = δ(p− p′) , (1.34)

thus lying outside the Hilbert space. Additionally, we have the following
completeness identities: ∫ ∞

−∞
|x〉x〈x|dx = 1 , (1.35)∫ ∞

−∞
|p〉p〈p|dp = 1 . (1.36)

For a multi-mode system, i.e., many QHOs, the commutation relations
for the quadratures write:

[x̂k, p̂k′ ] = iδkk′ , (1.37)

where x̂k and p̂k are the two quadratures of the kth mode (QHO), k =
1, . . . , N . By arranging the quadratures in a vector, Ŷ = (x̂1, p̂1, . . . , x̂N , p̂N)T ;
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T denoting the transpose operation, the commutation relations (1.37)) is sim-
ply written

[Ŷk, Ŷk′ ] = iΩkk′ . (1.38)

where Ωkk′ are the elements of the 2N × 2N matrix given by [2, 3]

Ω =
n⊕
k=1

ω =

 ω
. . .

ω

 , (1.39)

with:

ω =

(
0 1
−1 0

)
. (1.40)

The Heisenberg uncertainty principle:

∆xk∆pk ≥
1

2
. (1.41)

1.2.2 Displacement operator

Displacement operators of multi-mode systems are just tensor products of
local displacement operators [3]

D(α) =
N⊗
k=1

Dk(αk), (1.42)

with α = (α1, ..., αn)T , αk ∈ C, k = 1, . . . , N and

Dk(αk) = exp(αka
†
k − α

∗
kak) , (1.43)

is the one-mode displacement operator. In term of quadratures, the displace-
ment operator can be written [3]:

D(ξ) = exp(iŶ TΩξ) , (1.44)

with ξ ∈ R2N and N number of modes.
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1.2.3 Characteristic function

The characteristic function χ of an operator Ô is [3]

χ[Ô](α) = Tr[ÔD(α)] , (1.45)

with Tr is the trace, α ∈ CN and D(α) is the displacement operator (1.42).
The characteristic function of a quantum state, described by the density

matrix %, is [3]
χ[%](α) = Tr[%D(α)] . (1.46)

1.2.4 Wigner function

The Wigner function [4] is a distribution of phase-space associated to a quan-
tum physical system. It partly behaves like a classical probability distribution
thus enabling us to calculate measurable quantities such as mean values and
variances of the quadratures in a classical way [5]. On the other hand, as op-
posed to a classical probability distribution, the Wigner function can become
negative [6].

The Wigner function of an operator Ô, is defined as the Fourier transform
of the characteristic function associated to that operator [3]

W [Ô](λ) =
1

π2N

∫
CN

d2Nλ eα
†λ+λ†αχ[Ô](α) , (1.47)

where λ ∈ C. The Wigner function of a state with the density matrix %,
W [%](λ) , is a quasiprobability for the quantum state [3].

We can also write the Wigner function for N-modes in term of the quadra-
ture operators as [2]

W (Y ) =

∫
R2N

d2Nξ

(2π)2N
exp

(
−iY TΩξ

)
χ(ξ) , (1.48)

where ξ, Y ∈ R2N are the eigenvalues of quadratures operators Ŷ , and χ(ξ)
is the Wigner characteristic function

χ(ξ) = Tr[ρ̂D(ξ)] , (1.49)

D(ξ) is the Weyl displacement operator given in Eq. (1.44).
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1.2.5 First and second moments

The statistical moments of the quantum state are the characteristics of the
wigner repesentations (W or χ) [1]. The first moment is called The mean
displacement vector (the mean value):

Ȳ = 〈Ŷ 〉 = Tr(Ŷ ρ̂) , (1.50)

and the second moment is called covariance matrix V :

Vij =
1

2
〈{∆Ŷi,∆Ŷj}〉 =

1

2
Tr(ρ{∆Ŷi,∆Ŷj}), (1.51)

where ∆Ŷi = Ŷi−〈Ŷi〉 variance of the quadrature Ŷi and {, } anti-commutator.
From Eq. (1.51) Vij = Vji the covariance matrix is symmetric and from the
uncertainty principle Eq. (1.41), we can write [2]:

V +
i

2
Ω ≥ 0 . (1.52)

If we imply the positive definiteness V > 0 on Eq. (1.38) and from the
diagonal terms in Eq. (1.52) we can easily get the usual Heisenberg relation
for position and momentum [2]

V (x̂k)V (p̂k) ≥
1

2
. (1.53)

1.3 Gaussian operations and states

We may formulate various quantum states relevant to CV quantum informa-
tion by means of the Wigner representation. The particular quantum states
which have only positive Wigner functions (or equivalently the characteristic
function χ) that are Gaussian functions are called Gaussian states. From the
definitions of the Wigner W and characteristic χ functions, one can obtain
the following for N-mode systen [2] :

χ(ξ) = e

[
− 1

2
ξT (ΩV ΩT )ξ−i(ΩȲ )

T
ξ
]
, (1.54)

W (Y ) =
e[−

1
2

(Y−Ȳ )TV −1(Y−Ȳ )]

(2π)N
√

detV
. (1.55)
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Gaussian states are completely characterized by The mean displacement vec-
tor Ȳ and the covariance matrix V [1]. We write in this case, ρ = ρ(Ȳ , V ).

The Gaussian operations (or transformations) are those operations that
transform the state, but preserve the Gaussian character of any Gaussian
input state [2]. In the following we give some Gaussian unitaries that we will
use later.

1.3.1 Gaussian unitaries and symplectic trasformations

A unitary U is said to be generated by the Hamiltonian H when the following
holds:

U = exp(−itH), (1.56)

where t represent time, in the rest of the thesis we take unit time t = 1.
A Gaussian unitary UG is generated by at most a quadratic Hamiltonian

Hq of the field operators âk and â†k:

Hq =
1

2
Ŷ TGŶ + Ŷ T Ŷ , (1.57)

where G is a symmetric matrix, known as the hamiltonian matrix. The
Gaussian unitary will be

UG = exp(−iHq). (1.58)

In the state space, the quantum state ρ of a system transforms as:

ρ 7−→ ρ′ = UρU †. (1.59)

The most general real linear transformation S which implements the map-
ping (linear symplectic map) S : Y 7−→ Y ′ = SY ′ must preserve the canonical
commutation relations

[Y ′i , Y
′
j ] = iΩij . (1.60)

This is the case exactly if the symplectic matrix S satisfies

SΩST = Ω. (1.61)

The quadratures Y of the field transform in the phase-space, as follows:

Y 7−→ Y ′ = S.Y + d, (1.62)
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where d ∈ R2N and S ∈ R2N×2N .
Every Gaussian unitary UG can be decomposed as [2]:

UG = D(d)Ul, (1.63)

where D(d) is the Weyl displacement operator (1.44) which corresponds to
the symplectic map Y 7−→ Y + d, and the unitary Ul corresponds to the
linear symplectic map S : Y 7−→ Y ′ = SY .

Under the transformation (1.63), the (mean) displacement vector 〈Y 〉
transforms as:

Ȳ 7−→ Ȳ + d , (1.64)

and the covariance matrix V transforms as

V 7−→ SV ST . (1.65)

1.3.2 One-mode Gaussian states and unitaries

Here we introduce some elementary Gaussian states that play a major role
in continuous-variable quantum information.

Vacuum state

The gaussian state with zero quanta in all of the bosonic modes of the field
is called the vacuum state, and it is denoted |0〉. The one-mode vacuum state
is the zero-eigenstate of the annihilation operator of that mode, Eq. (1.25).

The Wigner function for one-mode vacuum state is

W0(Y ) =
exp[−Y TY ]

π
=

exp [−x2 − p2]

π
= W0(x, p). (1.66)

In Figure. 1.1 we plot the Wigner function of the vacuum. It is clear, from
formula and plot, that the vacuum is a Gaussian state.

The mean displacement vector and covariance matrix that are associated
to the vacuum stat are:

Ȳ0 = (0, 0)T ≡ 0 , (1.67)

V0 =
1

2
12. (1.68)

10



Figure 1.1: Wigner function for the vacuum state

The vacuum state is a state that minimizes the uncertainty principle: the
diagonal elements of the covariance matrix (1.68) are the quadratures vari-
ances, and therefore it is clear that

∆x∆p =
1

2
, (1.69)

which minimizes the uncertainty principle as said.

coherent state (displaced vacuum)

The displacement operator is generated by the linear Hamiltonian

H = i(αâ† − α∗â) , (1.70)

and it is defined for one-mode of system by D(α) = exp(−iH) with

α =
(x̄+ ip̄)√

2
, (1.71)

where (x̄, p̄) mean values of the position and the momentum respetively.
The coherent state is just a displaced vacuum state

|α〉 = D(α) |0〉 . (1.72)
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It is the eigenstate of the annihilation operator

â |α〉 = α |α〉 . (1.73)

Now, we find the displacement and covariance matrix that correspond to
the coherent state. The unitary transformation in this case is

|0〉 −→ |α〉 = D(α) |0〉 . (1.74)

Consequently, the annihilation operator transforms by the linear unitary Bo-
goliubov transformation as

â 7−→ â+ α. (1.75)

Then the quadratures Ŷ = (x̂, p̂)T follow the transformation

Ŷ 7−→ Ŷ + dα, (1.76)

where dα =
√

2(<[α],=[α])T = (x̄, p̄)T . The mean displacement vector of the
coherent state is Ȳc = Ȳ0 + dα, but the vacuum state has zero displacement,
therefore we write :

Ȳc = dα . (1.77)

The covariance matrix of a coherent state with is

Vc = 12.V0.(12)T ,

=
1

2
12 . (1.78)

From Eq. (1.78) it is clear that coherent states minimize also the uncertainty
principle given in Eq. (1.41).

The Wigner function of the one-mode coherent state can be obtained as

Wc(x, p) =
exp[−(Y − d)T (Y − d)]

π

=
exp[−(x− x̄)2 − (p− p̄)2]

π
, (1.79)

and its plot is shown in Figure. 1.2.
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Figure 1.2: Wigner function for a coherent state with α = 1 + i3
2
.

Thermal states

For a one-mode system at thermal equilibrium with a bath, its state is called
the thermal state. In the energy eigenstates basis, the density matrix writes
[2]

ρth(n̄) =
+∞∑
n=0

n̄n

(n̄+ 1)n+1
|n〉〈n| , (1.80)

with n̄ is the mean number of quanta present in the bosonic mode,

n̄ = 〈n|a†a|n〉 = (eβT − 1)−1 , (1.81)

where βT = h̄ω/KBT , KB Boltzman constant, and T the temperature which
make n̄ depend on temperatur n̄ = f(T ). Notice that when temperature
T → 0, the system’s state becomes the vacuum.

The mean displacement vector Ȳth and the covariance matrix Vth of the
one-mode thermal state can be calculated from the definitions, and they read:

Ȳth = (0, 0)T , (1.82)

Vth =
1

2

(
2n̄+ 1 0

0 2n̄+ 1

)
. . (1.83)
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The Wigner function writes

W n̄
th(x, p). =

exp
[
−1

2
Y TV −1

th Y
]

π(2n̄+ 1)
,

=
exp(−(x2 + p2)/(2n̄+ 1))

π(2n̄+ 1)
, (1.84)

and its plot is shown in Figure. 1.3.
Notice that the uncertainty principle is depending on n̄ where the more

we increase the temperature the more the uncertainty principle gets bigger,
i.e., V (x̂k)V (p̂k) >

1
2
, leading to conclude that the thermal state does not

minimize the uncertainty principle given in Eq. (1.41).

Figure 1.3: Wigner function of thermal states at different temperatures.

Squeezed state

The one-mode squeezing operator is generated by the Hamiltonian

H =
i

2
(ξ∗â2 − ξ(â†)2) . (1.85)

Therefore it is defined as:

Us(ξ) = exp(−iH) = exp[
1

2
(ξ∗â2 − ξ(â†)2)] , (1.86)

where ξ = rei2θ, r ≥ 0 the squeezing parameter and θ ∈ [0, π] the squeezing
direction.
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The squeezed vacuum state is defined by [2, 6]:

|0, ξ〉 = Us(ξ)|0〉 = (1− tanh |ξ|)1/4e
tanh |ξ|

2
eiθ â†2 |0〉 ,

= (1− tanh |ξ|)1/4

inf∑
n=0

(tanh |ξ|eiθ)n

2nn!

√
(2n)! |2n〉 . (1.87)

The first and second moments of the squeezed vacuum state can be easily
obtained. The operators â and â† transform under the action of the squeezing
operator as:

â 7−→ (cosh r)â− (ei2θ sinh r)â†, (1.88)

â† 7−→ (cosh r)â† − (e−i2θ sinh r)â. (1.89)

Consequently, the quadratures transform like

x̂ 7−→ (cosh r − sinh r cos(2θ))x̂− sinh r sin(2θ)p̂ , (1.90)

p̂ 7−→ − sinh r sin(2θ)x̂+ (cosh r + sinh r sin(2θ))p̂ , (1.91)

meaning that the displacement is null and the symplectic map is:

S(r, θ) = µ12 +R , (1.92)

with

R =

(
−<[ν] =[ν]
=[ν] <[ν]

)
, (1.93)

and µ = cosh r, ν = e−i2θ sinh r.
Hence, the squeezed vacuum covariance matrix is reads:

Vs =
1

2
S(r, θ)12S(r, θ)T

=

(
1
2
(γ −<[β]) µ=[ν]
µ=[ν] 1

2
(γ + <[β])

)
, (1.94)

where β = ei2θ sinh(2r) and γ = cosh(2r).
The variances (diagonal elements of the covariance matrix) are bellow

and above the vacuum noise level 1. The state described by the covariance
matrix (1.94) is said to have a level of squeezing2 equal to [7]

s = 10 log10 e
−2rdB.

1The vacuum noise level is normalized to 1/2, i.e., the vacuum.
2The squeezing level is usually quantified in units of decibel (dB)
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Interestingly, the squeezed vacuum state minimizes the uncertainty prin-
ciple, similar to the vacuum and coherent states. This is obvious from
Eq. (1.94): we have for θ = 0

∆x∆p =
1

2
(γ −<[β]) (γ + <[β]) =

1

2
, (1.95)

which as said, is the minimum of the uncertainty principle given in Eq. (1.41).
The Wigner function for one-mode squeezed state writes:

W r,θ
s (x, p) =

exp
[
−1

2
Y TV −1

s Y
]

π

=
1

π
exp

[
<[ν]

(
p2 − x2

)
+ 2px=[ν]

−
(
x2 + p2

)
γ
]
. (1.96)

In Figure. 1.4 we plot the Wigner function. It is clear that the shape of the
plot is squeezed along a given direction. θ = π/2 corresponds to squeezing
in p̂ direction whereas θ = 0 is for squeezing in x̂ direction.

Figure 1.4: Wigner function of squeezed vacuum states, for 3 dB on the top
and 6dB on the bootom, in p̂ direction on the left ,in θ = π/4 in the middele
and in x̂ direction on the right
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1.3.3 Multi-modes Gaussian states and unitaries

Here we introduce some multi-mode Gaussian states that play a major role
in quantum information.

Beam splitter

Beam splitters are widely used in the quantum optics and quantum informa-
tion processing. A beam splitter can work as a type of interferometric device
[8]. It accepts two inputs (ρa and ρb), and produces a two-mode state (ρ′a
and ρ′b), see Figure. A.1.

𝜌𝑎
′

𝜌𝑏

𝜌𝑎

𝜌𝑏
′

BS

Figure 1.5: A schematic diagram of the beam-splitter(BS), the input states
are ρa and ρb and the output states are ρ′a and ρ′b.

It is defined with the following unitary:

UBS(ζ) = exp[ζâ†b̂− ζ∗âb̂†)] , (1.97)

where â and b̂ are the annihilation operators of the two modes, the coupling
strength ζ = φe2iθ ∈ C with φ ≥ 0 determines the transmissivity of beam
splitter and τ = cos2 φ ∈ [0, 1]. The beam splitter is called balanced when
τ = 1/2 and θ = 0.

The symplectic transformation associated to the beam-splitter is obtained
in the following. In Heisenberg picture, the annihilation operators undergo
the linear Bogoliubov transformation(

â

b̂

)
7→ B

(
â

b̂

)
, (1.98)
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with

B =

(
cosφ e2iθ sinφ

−e−2iθ sinφ cosφ

)
. (1.99)

The quadrature operators Ŷ := (x̂a, p̂a, x̂b, p̂b)
T are transformed via the sym-

plectic map
Ŷ 7→ SBSŶ , (1.100)

with

SBS :=

(
<[B] −=[B]
=[B] <[B]

)
. (1.101)

As an example, we consider a balanced beam-splitter, and take the input
of it to be diagonal state with covariance matrix of the form

Vinput = ρa ⊕ ρb = Diag(α, β, γ, σ) . (1.102)

The covariance matrix of the output state of the beam-splitter is

VBS = Voutput = SBSVinputS
T
BS . (1.103)

The explicit formula of the covariance matrix VBS for the balanced beam
splitter (θ = 0, φ = π/4):

α+β
2

β−α
2

0 0
β−α

2
α+β

2
0 0

0 0 γ+σ
2

σ−γ
2

0 0 σ−γ
2

γ+σ
2

 . (1.104)

The Wigner Function of the output state, with θ = 0, would take the
following simple expression

W φ,θ
BS (xa, pa, xb, pb) =

1

4π2
√
αβγσ

×

e−
σ(γ(α(pa+xa)2+β(pa−xa)2)+αβ(pb−xb)2)+αβγ(pb+xb)2

4αβγσ . (1.105)

Two-mode squeezed state

The two-mode squeezed state (TMSS) is defined by

Us2(ξ) |0〉 ⊗ |0〉 , (1.106)
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where Us2 is the two-mode squeezing operator given by

Us2(ξ) = eξ
∗âb̂−ξâ†b̂† , (1.107)

with â (b̂) denotes the annihilation operator of first (second) mode, and ξ =
rei2θ, r ≥ 0 the squeezing parameter and θ ∈ [0, π] the squeezing direction.
The TMSS can be expressed in energy eigenstates basis as [2, 6]

|ψs2〉 = Us2 |0〉 ⊗ |0〉 =

√
1− tanh2 |ξ|

∞∑
n=0

(tanh |ξ|)n |n〉 ⊗ |n〉 . (1.108)

We should mention that the TMSS can also be obtained by mixing two
squeezed vacuum states on a 50:50 beam-splitter, see Appendix A for de-
tails.

Now, we want to find first and second moments of the TMSS. The field
operators â and â† transform under the action of Us2 as:(

â

b̂†

)
−→

(
µ −ν∗
−ν µ

)(
â

b̂†

)
, (1.109)

where, as before for single mode squeezing, we have µ = cosh r and ν =
e−i2θ sinh r. Consequently, the quadratures undergo the symplectic map

Ŷ → Ss2(r)Ŷ , (1.110)

with

Ss2(r) =

(
µ12 R
R µ12

)
, (1.111)

where R is defined in Eq. (1.92). From Eq. (1.110), it is clear that the TMSS
has zero displacement,

Ȳs2 = (0, 0, 0, 0) , (1.112)

and covariance matrix

Vs2 =

(
1
2
γ12 B
B 1

2
γ12

)
, (1.113)

with

B =

(
−µ<[ν] µ=[ν]
µ=[ν] −µ<[ν]

)
, (1.114)
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and γ is defined in Eq. (1.94). One can easily check that

Vs2(x̂−) = Vs2(p̂+) =
1

2
e−2ξ, (1.115)

where x̂− := (x̂a − x̂b)/
√

2 and p̂+ := (p̂a + p̂b)/
√

2. Note that for r = 0,
the TMSS corresponds to two vacuum states and the previous variances are
equal to 1/2, corresponding to the quantum shot-noise. For every two-mode
squeezing r > 0, we have Vs2(x̂−) = Vs2(p̂+) < 1/2.

The wigner function for TMSS can be easily calculated,

W r,θ
s2

(x1, p1, x2, p2) =
1

π2
exp

[
−1

2
Y TV −1

s2
Y

]
=

1

π2
exp

[
−
(
x2

1 + x2
2 + p2

1 + p2
2

)
γ − 2

(
(x1x2 − p1p2)<[ν]

− (x1p2 + x2p1)=[ν]
)]
. (1.116)

In Figure. 1.6 we plot the Wigner function for fixed x2 = 3 and p2 = 2 and
for different squeezing levels and directions.

Figure 1.6: Wigner function of TMSS, for 3 dB on the top and 6dB on the
bootom, in p̂ direction on the left, in θ = π/4 in the middle and in x̂ direction
on the right.
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Controlled-phase operation

The controlled-phase operation, denoted CPHASE for short, is a multi-mode
Gaussian operation defined as

UCZ =
N∏

i,j=1; j>i

U ij
CZ

=
N∏

i,j=1; j>i

exp (igij(x̂i ⊗ x̂j)) , (1.117)

which is generated by the Hamiltonian

H = −
N∑

i,j=1; j>i

χij(x̂i ⊗ x̂j), (1.118)

where gij = χijt and χij are, respectively, the gain of the interaction and
coupling strength between the ith and jth modes, and t denotes the time.
The Hamiltonian 1.118 is known as the quantum non demolition (QND)
coupling [9, 10].

We can mention the resulting of applying all the CPHASE operations
between the modes according to the adjacency matrix A where its elements
are

A = [Aij] = [gij], (1.119)

the adjacency matrix has zero elements on the diagonal and this is because
the couplings gij are associated to different modes. and the CPHASE opera-
tions will be

UN
CZ

(A) =
N∏

i,j=1; j>i

U ij
CZ

=
N∏

i,j=1; j>i

exp (iAijx̂ix̂j)

= exp

(
i

N∑
i,j=1; j>i

Aijx̂ix̂j

)
. (1.120)

We should mention here that since all the position quadratures mutually
commute, then the order in which the CPHASE operations are applied is
unimportant. Since A is symmetric and has null diagonal elements, then
UN
CZ

(A) can be written as

UN
CZ

(A) = exp

(
i

2
x̂TAx̂

)
, (1.121)
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where x̂ = (x̂1, . . . , x̂N)T the vector of the position quadratures of the N -
modes.

The effect of the CPHASE gate on the ith and jth modes is given by

U ij
CZ
|xi〉 ⊗ |xj〉 = exp

(
i

N∑
i,j=1; j>i

gi,jxixj

)
|xi〉x ⊗ |xj〉x, (1.122)

In the Heisenberg picture, the CPHASE operation transforms the momen-
tum quadratures of the ith and jth modes according to

p̂i → p̂i −
N∑

i,j=1; j>i

x̂j, (1.123)

while doing nothing to the position quadratures x̂i → x̂i.
If we shoose an arbitrary two-mode diagonal input state Vinput = Diag(a, b,

c, d) the Wigner function of the controlled phase state will be:

WCZ (x1, p1, x2, p2) =
exp

(
1
2

(
−x21

a
− (p1−x2)2

b
− x22

c
− (p2−x1)2

d

))
4π2
√
abcd

. (1.124)

If we choose two vacuum states as input states, the wigner function is:

W vac
CZ

(x1, p1, x2, p2) =
e−p

2
1+2p1x2−p22+2p2x1−2(x21+x22)

π2
. (1.125)

And if we choose two squeezed states with s1 = −s2 = 5 dB and θ1 = θ2 = θ
as input state, the Wigner function is:

W sqez
CZ

(x1, p1, x2, p2) =
1

π2
exp

(
1.73925

(
−(p1 − x2)2 − x2

1

)
+ 1.42302(p1

−x1 − x2)(p1 + x1 − x2) + 1.42302
(
(p2 − x1)2 − x2

2

)
−1.73925

(
(p2 − x1)2 + x2

2

) )
(1.126)

In Figure. 1.7 we plot W vac
CZ

and W sqez
CZ

for x2 = p2 = 0.

1.4 Non-Gaussian operations and states

When the Wigner function of a state is not Gaussian, we say the the state
is non-Gaussian. While every quantum state having negative Wigner func-
tion is non-Gaussian state, the opposite is not always true, i.e., there exists
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Figure 1.7: Wigner function of two-mode CPHASE state on the right W vac
CZ

and on the left W sqez
CZ

.

some quantum states that have positive Wigner function but they are non-
Gaussian. [6]

A Non-Gaussian unitary is a transformation that is generated by at least
a cubic order Hamiltonian (polynomial hamiltonian of order 3 in the quadra-
ture operators x̂ and p̂ of the harmonic oscillator). Obviously, a non-Gaussian
unitary will promote Gaussian states to non-Gaussian ones.

1.4.1 Fock states

For a given Fock state (energy eigenstate) |n〉, the Wigner function is given
by [6]:

W|n〉(x, p) =
(−1)n

π
e−x̂

2−p̂2 Ln

(
x̂2 + p̂2

2

)
, (1.127)

where Ln denotes the n-th Laguerre polynomial. The vacuum state is in-
cluded in this formula since L0 = 1. In Figure. 1.8 we plot the Wigner
function for different Fock states.

1.4.2 Schrödinger cat states

This state was introduced in a thought experiment by Schrödinger [11] in
which he highlighted the weird consequences of quantum mechanics when
extended to our world (i.e., macroscopic systems). Indeed, superposition
of very different states is possible thanks to the superposition principle, for
instance the two levels of an atom. How such a situation could happen in
our world? In optics, a cat state is a superposition of two coherent states
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Figure 1.8: Wigner function of Fock states |0〉, |1〉, |2〉, and |3〉.

[12]

|catφ〉 =
1

Nφ

(|α〉+ eiφ| − α〉) , (1.128)

where |α〉 is a coherent state of amplitude α and Nφ =
√

2(1 + cosφe−|α|2)
a normalization factor. The size of the optical cat state is quantified by
amplitude α. When α is small we call the state kitten.

Two specific cases are interesting. When the phase of the superposition
φ = 0, the state is a superposition of even Fock states only and we call this
state an even cat states:

|cat+〉 =
1

N+

(|α〉+ | − α〉) =
2

N+

e|α|
2/2

+∞∑
n=0

α2n√
(2n)!

|2n〉 . (1.129)

With φ = π, the state is a superposition of odd Fock states and logically we
call it an odd cat state:

|cat−〉 =
1

N−
(|α〉 − | − α〉) =

2

N−
e|α|

2/2

+∞∑
n=0

α2n+1√
(2n+ 1)!

|2n+ 1〉 . (1.130)

If we choose a quadrature basis such as the amplitude is real (α ∈ R+),
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the Wigner function of the cat state is [6]

W|catφ〉(x, p) =
1

1 + cosφe−2α2 [
1

2
Wα(x, p) +

1

2
W−α(x, p)

+
1

2
W0(x, p̂) cos(2αp̂/(

√
2)−1 − φ)]

=
e−x

2−p2

π(1 + cosφe2α2)
[eα

2

cosh(2
√

2αx

+ cos(2αp/(
√

2)−1 − φ] . (1.131)

We plot in Figure. 1.9 The Wigner function of cat states with different sizes.

Figure 1.9: Wigner function of cat states: even |cat+〉 on the top and odd
|cat−〉 at the bottom. α = 1, 5 on the left and α = 3 on the right.

1.4.3 Cubic phase state

The cubic phase gate is defined as [13]

UCp(τ) = exp(iτ x̂3), (1.132)

where τ ∈ R is called the cubicity parameter. Applying this unitary on the
zero-momentum eigenstate we obtain the cubic phase state [14],

|τ〉 = UCp(τ)|0〉p =
1√
2π

∫
dxeiτx

3|x〉 , (1.133)
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the state |0〉p is obviously unnormalizable (and hence unphysical) state.
By approximating the state |0〉p by highly P -squeezed vacuum, we obtain

the so called approximate cubic phase state[13, 15],

|τ, r〉 = UCp(τ)Us(r,
π

2
)|0〉 . (1.134)

The Wigner function of a cubic phase state is [13]

W τ,r
Cp

(x, p) =Mτ,re
− p

3τe2r Ai

[
c

(
3τx2 − p+

1

12τe4r

)]
, (1.135)

where c =
(

4
3τ

) 1
3 , Ai is the Airy function, and Mτ,r is a normalization coef-

ficient given by

Mτ,r =
e

1
54τ2e6r

√
πer

(
4

3|τ |

) 1
3

. (1.136)

In Figure. 1.10 we plot the Wigner function of cubic phase state for different
cubicity and squeezing parameter.

Figure 1.10: Wigner function of the cubic phase state: on the left r = 0.5
and τ = 0.2, on the right r = 0.3 and τ = 0.8.

1.5 Circuit representation of unitaries

Finally, we note the circuit representation of the quantum unitaries in the
quantum circuit (Qcircuit) model of computation in which a computation is
a sequence of quantum gates. Some of the studied unitaries are represented
in Figure. 1.11.
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𝑈 𝑈𝐶𝑝D 𝑈𝑠

𝑈𝐵𝑆𝑈𝑐𝑧

Figure 1.11: Quantum circuit for: In the top from the left unitary, displace-
ment operator, squeezing operator, till cubic phase gate on the right. At
the bottom from the left two mode unitary, controlled phase gate, till beam
splitter on the right.
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Chapter 2

Open quantum systems

In most realistic situations, a quantum system shall be considered as an open
quantum system (OQS), coupled to an bath that induces decoherence and
dissipation. The dynamics of an OQS can be described, in many cases, with
a Markovian master equation. From now on we consider units where h̄ = 1.

The composition of a “small” OQS S interacting with a ”large” bath
B should be considered as a closed system. The OQS S is described by
an infinite-dimensional Hilbert space Hs = CN ,N number of modes and
a Hamiltonian HS, the bath B is described by a very large Hilbert space
and a Hamiltonian HB. The interaction between the OQS and the bath is
described by a Hamiltonien HI , see Figure. 2). The total Hamiltonian of
the system and bath writes:

Htot(t) = Hs(t) +HB(t) +HI(t). (2.1)

OQS

Bath

𝐻𝐼

Figure 2.1: A general representation of OQS interacting with Bath.
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The total system (OQS + bath) follows unitary dynamics described by
Schrödinger equation,

d |Ψ(t)〉
dt

= −iHtot(t) |Ψ(t)〉 , (2.2)

or equivakently in terms of the density matrix ρ(t) of the total system:

dρ(t)

dt
= i [Htot(t), ρ(t)] . (2.3)

Since we will be interested in the OQS state, we trace out the bath’s degrees
of freedom and obtain the reduce density matrix, ρs, describing the OQS
dynamics:

ρs(t) = TrBρ(t) . (2.4)

2.1 Open quantum system Dynamics

By tracing out the degrees of freedom of the bath in Eq. (2.3), we obtain
a dynamical equation for the reduced system. We call this latter master
equation of the OQS.

2.1.1 Master equation

Markovian master equation written in a Liouvillian form is given by [16]

dρs(t)

dt
= −i[Hs(t), ρs(t)] + L[ρs(t)] , (2.5)

where L is the Liouville superoperator1, and it has the form

L =
∑
k

[
Lk(t)ρs(t)L

†
k(t)−

1

2
{L†k(t)Lk(t), ρs(t)}

]
, (2.6)

with Lk(t) are the Liouville operators2.

1A super-operator is a map acting on operators (in this case, the density operator) to
give another operator.

2They are also called jump operators.
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2.2 Steady state

In the long time limit the OQS may relax to a steady state,

lim
t→∞

ρs(t) = ρss, (2.7)

that is time-independent density matrix:

lim
t→∞

dρs(t)

dt
= 0. (2.8)

In general, Eq. (2.8) my have: (i) one solution that is always independent
from initial state of the system, (ii) more than one solution where in this
case the steady state will depend on the initial state, or (iii) no solution at
all. [15]

2.2.1 Steady state condition

suppose we have, in the long time limit, an arbitrary pure steady state
ρss = |ψ〉 〈ψ|. If this is true, then |ψ〉 must satisfy the following steady
state conditions:

[Hs, ρss] = 0 ⇒ Hs |ψ〉 = ε |ψ〉 ; ε > 0 , (2.9)

Lk |ψ〉 = 0 . (2.10)

2.3 Examples

Here we introduce somme examples of OQSs where we can analytically find
their steady states.

2.3.1 cooling down oscillators

We consider a one-mode oscillator (OQS) where its energy is damped to a
vacuum bath. Assume that oscillator’s Hamiltonian writes Hs = 0 and given
that there is only one jump operator L =

√
κ a, where a is the annihilation

operator and κ > 0 denotes the damping rate [17], see Figure. 2.3.1.
We want to find the steady states of this system. By applying the steady

state conditions we see that first condition is always satisfied while the second
one translates to |ρss〉 = |0〉. This means that the OQS is losing its energy
(quanta) and will reach the ground state (vacuum), leading to cooling down
the oscillator.
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OQS

Bath

κ

Figure 2.2: Reprentation of OQS losing energies to a bath with rate κ.

2.3.2 Thermal state

Suppose we an oscillator (the OQS), with Hs = 0 in a given interaction
picture, in a thermal equilibrium with a bath at temperature T . There are
two jump operators in this situation: L1 =

√
γ(n̄+ 1)a and L2 =

√
γn̄a†,

see Figure. 2.3.2. Here a is the annihilation operator, γ > 0 denotes the
decay rate and n̄ is defined in Eq. (1.80).

OQS

Bath𝛾ത𝑛

𝛾 ത𝑛 + 1

Figure 2.3: Reprentation of OQS interacting with a bath while losing energies
with rate γ(n̄+ 1) and gaining energies with rate γn̄.

It can be shown that the steady state of this system, called the thermal
state, has the density matrix [18]

ρss =
∑
n

(γn̄)n

(γn̄+ 1)n+1
|n〉〈n| . (2.11)
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2.3.3 One-mode unitary

Consider two modes interacting with Hamiltonian

Hs = g
(
a†(UbU †) + a(Ub†U †)

)
, (2.12)

where g ∈ R and U unitary acting on mode b only, and assume that one of the
two modes, say a, is damped to a vacuum bath: L =

√
κa, see Figure. 2.4.

Bath

a

OQS

𝐻𝑠

b

κ

𝐻𝑎 = 0 𝐻𝑏 = 0

Figure 2.4: Reprentation of tow-mode OQS where mode b under unitary
acting and mode a losing energies to a bath with rate κ.

In the following, we find steady state the system may reach. In the long
time limit we have:

ρ̇ss = −i[Hs, ρss] + κ

[
aρssa

† − 1

2
a†aρss −

1

2
ρssa

†a

]
= 0 . (2.13)

Put
ρ̇′ss = U †ρ̇ssU , (2.14)

and
H ′s = U †HsU = g(a†b+ ab†) . (2.15)

Eq. (2.13) changes to

ρ̇′ss = −i[H ′s, ρ′ss] + κ

[
aρ′ssa

† − 1

2
a†aρ′ss −

1

2
ρ′ssa

†a

]
= 0 . (2.16)

application of the two steady state conditions gives

ρ′ss = |00〉〈00| = U †ρssU ⇒ ρss = U |00〉〈00|U †, (2.17)
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meaning that the steady state of the system is the pure state |ss〉:

|ss〉 = |0〉 ⊗ U |0〉. (2.18)

The nice thing about this approach is that U can be any one-mode uni-
tary. For instance, if U = Us(ξ) the one-mode squeezing operator defined in
Eq. (1.87)), the steady state would be vacuum in mode a and the squeezed
vacuum in mode b. This can be obtained from a system with the Hamiltonian

Hss = g
[
a
(
µb† + νb

)
+ a†

(
µb+ ν∗b†

)]
, (2.19)

where µ and ν are defined in 1.92. The steady state writes

|ss〉 = |0〉 ⊗ Us(ξ)|0〉 = |0〉 ⊗ |0, ξ〉 . (2.20)

Another example is when U = UCp(τ)Us(−r) where UCp(τ) the cubic
phase gate and Us(−r) the squeezing operator with θ = Π

2
, we would obtain

the cubic phase state in mode b:

|ss〉 = |0〉 ⊗ UCp(τ)Us(−r)|0〉 = |0〉 ⊗ |τ, r〉, (2.21)

The Hamiltonian required for the generation of this state is

HsCp = g
[

cosh(r)
(
ab† + a†b

)
− sinh(r)

(
ab+ a†b†

)
+

3iτ

2
√

2

(
cosh(r) + sinh(r)

)(
a− a†

)
(b2 + bb† + b†b+ b†2)

]
. (2.22)

2.3.4 Two-mode unitary

Aproach 1

Suppose we have three-mode system with Hamiltonian

Hs = g
(
a†(Ub1U

†) + a(Ub†1U
†)
)

+ w U
(
b†1b2 + b1b

†
2

)
U † , (2.23)

where g, w ∈ R and U unitary acting on modes b1 and b2 only. As Addition-
ally, the mode a is damped to vacuum bath with jump operator L =

√
κa,

κ > 0, see Figure. 2.5.
As before, we find the steady state of this system:

ρ̇ss = −i[Hs, ρss] + κ

[
aρssa

† − 1

2
a†aρss −

1

2
ρssa

†a

]
= 0. (2.24)
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𝑏1 𝑏2a

Bath

𝐻𝑎𝑏1 𝐻𝑏1𝑏2

OQSκ

Figure 2.5: Three-mode OQS with mode (a) is loosing energy with rate κ.

Put
ρ̇′ss = U †ρ̇ssU , (2.25)

and

ρ′ss = U †ρssU H ′s = U †HsU = g(a†b1 + ab†1) + w(b†1b2 + b1b
†
2) . (2.26)

Eq. (2.24) changes to

ρ̇′ss = −i[H ′s, ρ′ss] + κ

[
aρ′ssa

† − 1

2
a†aρ′ss −

1

2
ρ′ssa

†a

]
= 0. (2.27)

From the steady state condition we conclude that the system relaxes to the
steady state

ρ′ss = |000〉〈000| = U †ρssU ⇒ ρss = |0〉 ⊗
(
U |00〉 〈00|U †

)
⊗ 〈0| , (2.28)

i.e., vacuum in mode a and the state U |00〉 in the other two modes.
Again, U can be any two-mode unitary. For instance, if U = Us2(ξ) is

the two-mode squeezing operator, the steady state of the modes b1 and b2 is
the two-mode squeezed state. The Hamiltonian giving that state writes

Hss2
= g
[
a(µb†1 + νb2) + a†(µb1 + ν∗b†2)

]
+ w

[
(µ2 + |ν|2)(b†1b2 + b1b

†
2)

+ µ
(
ν(b2

1 + b2
2) + ν∗(b†21 + b†22 )

)]
. (2.29)
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Approach 2

Consider two oscillators with the Hamiltonian

Hs = gU
(
a†b+ ab†

)
U †, (2.30)

where g ∈ R and U unitary acting on modes a and b. In addition, let mode
a be damped to vacuum bath with L =

√
κa, see Figure. 2.31.

Bath

a

OQS

𝐻𝑠

b

κ

𝐻𝑎 = 0 𝐻𝑏 = 0

Figure 2.6: Two-mode OQS with mode a loosing energy to a vacuum bath
with rate κ.

As before, we find the steady states of the system by starting from the
equation

ρ̇ss = −i[Hs, ρss] + κ

[
aρssa

† − 1

2
a†aρss −

1

2
ρssa

†a

]
= 0 , (2.31)

and put

ρ̇′ss = U †ρ̇ssU , (2.32)

H ′s = U †HsU = g(a†b+ ab†) , (2.33)

a′ = U †aU , (2.34)

a′
†

= U †a†U . (2.35)

The master equation at infinite time becomes

ρ̇′ss = −i[H ′s, ρ′ss] + κ

[
a′ρ′ssa

′† − 1

2
a′
†
a′ρ′ss −

1

2
ρ′ssa

′†a′
]

= 0 . (2.36)
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The steady state is found from the steady state condition:

ρ′ss = |00〉〈00| = U †ρssU ⇒ ρss = U |00〉〈00|U † . (2.37)

That is, the steady state of the two modes is

|ss〉 = U |00〉. (2.38)

Again, the unitary U is arbitrary two-mode operation. e.g., U = Us2(ξ),
two-mode squeezing, the steady state would be

|ss〉 = Us2 |00〉 =

√
1− tanh2 |ξ|

∞∑
n=0

(tanh |ξ|)n|n〉b1 ⊗ |n〉b2 , (2.39)

and the corresponding Hamiltonian is

Hss2
= g

[
(µ2 + |ν|2)(a†b+ ab†)

+µ
(
ν(a2 + b2) + ν∗(a†2 + b†2)

)]
. (2.40)

2.4 Numerical confirmations of the previous

results

Here we confirm the results of previous sections regarding the steady states.
We will be using the fidelity measure in order to demonstrate the dynamics
of the system’s state and to show that the system indeed reaches the target
steady state.

2.4.1 Fidelity

One of the best ways to distinguish two quantum states in quantum compu-
tation is the so called fidelity [19]. Fidelity is defined, for two states ρ1 and
ρ2 as:

F (ρ1, ρ2) ≡
(

Tr
√√

ρ1ρ2
√
ρ1

)2

(2.41)

The fidelity given above is known as Uhlmann-Jozsa fidelity [20, 21], and it
satisfies the following properties:
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1. 0 ≤ F (ρ1, ρ2) ≤ 1.

2. F (ρ1, ρ2) = 0 ⇔ ρ1 and ρ2 are orthogonal.

3. F (ρ1, ρ2) = 1 ⇔ ρ1 and ρ2 are identical.

In what follows, we fix the Hamiltonian of the considered system and solve
the corresponding master equation. Then we calculate the fidelity between
the the system state at every instant of time and the target steady state. We
shall observe the fidelity approaching unit value after a finite evolution time.

2.4.2 One-mode squeezed vacuum

We consider the system with Hamiltonian Eq. (2.19) with g = 10κ. The
result of the simulation are shown Figure. 2.7. We remark that the more
the squeezing the longer evolution time in order for the system to approach
the steady state. Consequently, the infinite squeezed state would require
infinite time to reach it.

0.0 2.5 5.0 7.5 10.0 12.5 15.0 17.5 20.0
Time evolution (units 1)

0.80

0.85

0.90

0.95

1.00

fid
eli

ty

3dB
6dB

Figure 2.7: Fidality Evolution in time for one-mode squeezing in 3dB and
6dB.

2.4.3 Cubic phase state

With Hamiltonian Eq. (2.22) we could produce the plots of Figure. 2.4. As
in the case of squeezed vacuum above, we see that increasing squeezing or
cubicity implies longer times for the system to reach the cubic phase state.
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Figure 2.8: Fidality Evolution in time for one-mode cubicity in different
(τ , r).

2.4.4 Two-mode squeezed state

With Hamiltonian Eq. (2.40) we obtained the plots of Figure. 2.9. As
expected, high squeezing requies longer times to reach the target two-mode
squeezed state.
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Figure 2.9: Fidality Evolution in time for one-mode squeezing in different r.
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Chapter 3

Non-Gaussian cluster states

Cluster states are the resource state for nearly all quantum computer models,
and this resource state must be a mutipartite highly entangled state, the first
model was introduced by Raussendorf [22] using the DV version of cluster
state. The CV was first considered by Lloyd and Braunstein [23] in the
circuit model of quantum computing [19]. Years later an equivalent model,
the CV version of cluster state was developed by Menicucci and zhang [24,
25]. The CV cluster states are two types, the first one is the the Gaussian
cluster states like the one Lloyd and Braunstein provided, and the other
type is the non-Gaussian cluster states which have been developed in order
to achieve universality without non-Gaussian measurement. In our thesis,
we are concerned in the CV non-Gaussian cluster states cases.

3.1 Ideal non-Gaussian cluster states

Cluster states are pure, multi-modes, multi-partite, highly entangled quan-
tum states, and they are important because they allow universal quantum
computation given that Gaussian or non-Gaussian [24] measurements are
available. If we have a Gaussian cluster state then we need a non-Gaussian
measurement and a vis-versa.

Cluster state can be represented by a graphical representation (GR), see
Figure. 3.1, which has mutually entangled N -mode meaning that it has cou-
pling strength between modes that also leads to a specific geometry (linear,
circular, triangular...).

Consider N party system with N -modes, and consider that every mode
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Figure 3.1: Graphical representation of a N -mode cluster state with arbitrary
geometry

is in zero momentum eigenstate. If we call this state |ψ0〉 then:

|ψ0〉 = |0〉p1 ⊗ · · · ⊗ |0〉pN , (3.1)

where |0〉k is the zero-momentum eigenstate of the kth mode (k = 1, . . . , N).
Since every mode is in a definite zero momentum state, then this means that
the momentum variance is zero. According to the uncertainty principle, the
variance of the position must be infinite. Therefore, every mode is in an
infinite momentum squeezed state which is unphysical state. With applying
the cubic phase gate in each mode separately Uk

Cp(τk),

UCp = ⊗Nk=1U
k
Cp(τk) = ⊗Nk=1 exp(iτkx̂

3
k), (3.2)

we obtain the non-Gaussian cubic phase states in each mode. By creating en-
tanglement between the modes, one obtains the so called ideal non-Gaussian
cluster state which is unphysical as said before and from now on we call it
ideal cluster state. The entangling operation between the ith and jth modes
is performed via the application of the CPHASE gate defined in Eq. (1.117).
The constants gij, with i, j = 1, . . . , N , form a real symmetric matrix, de-
noted by A, and called the adjacency matrix as in Eq.(1.119)

The ideal cluster state |ψI〉 resulting from the quantum circuit (Qcircuit)
in Figure. 3.2 is therefore written as

|ψI〉 = UN
CZ

(A)UCp|ψ0〉, (3.3)
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Figure 3.2: Qcircuit representation of an ideal cluster state.

where UN
CZ

(A) is the resultant of applying all the CPHASE operations be-
tween the modes according to the adjacency matrix A as in Eq.(1.120).

We should mention here that since all the position quadratures mutually
commute, then the order in which the CPHASE operations are applied is
unimportant. Since A is symmetric and has null diagonal elements, then
UN
CZ

(A) can be written as

UN
CZ

(A) = exp

(
i

2
x̂TAx̂

)
, (3.4)

where x̂ = (x̂1, . . . , x̂N)T the vector of the position quadratures of the N -
modes.

3.1.1 Example: three-mode ideal cluster state

Suppose we have a linear three mode ideal cluster state, see Figure. 3.3. the
adjacency in this case

Alin =

 0 g12 0
g12 0 g23

0 g23 0

 (3.5)

Therefore, |ψI〉 is

|ψI〉 = exp (i(g12x̂1x̂2 + g23x̂2x̂3))
(
⊗3
k=1 exp(iτkx̂

3
k)
)
|ψ0〉 (3.6)
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Figure 3.3: (a) Linear three mode ideal cluster state. (b) Qcircuit represen-
tation of Linear three mode ideal cluster state.

Now suppose we have a circular three mode ideal cluster state as in Fig-
ure. 3.4). the adjacency in this case

Acir =

 0 g12 g13

g12 0 g23

g13 g23 0

 (3.7)

and |ψI〉 is

|ψI〉 = exp (i(g12x̂1x̂2 + g23x̂2x̂3 + g13x̂1x̂3))
(
⊗3
k=1 exp(iτkx̂

3
k)
)
|ψ0〉 (3.8)

3.2 Approximate non-Gaussian cluster states

In order to generate a physical non-Gaussian cluster state |ψP 〉 we need to
approximate the zero momentum state with highly squeezed state in the
p-direction. we have the following limit.

|0〉p = lim
r→∞

Us(−r)|0〉 ⇒ lim
r→∞
|ψP (r)〉 = |ψI〉. (3.9)
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Figure 3.4: Qcircuit representation of circular three mode ideal cluster state.
(a) circular three mode ideal cluster state. (b) Qcircuit representation of
circular three mode ideal cluster state.

therfore, the approximate cluster state in this case is

|ψP 〉 = UN
CZ

(A)UCpUs |0〉N , (3.10)

where |0〉N = |0〉1 ⊗ · · · ⊗ |0〉N and

Us = ⊗Nk=1Usk(−rk) ⇔ Usk(−rk) = exp
(
−rk

2
(a2
k − a

†2
k )
)
. (3.11)

to obtain an approximated |ψP 〉, r ≡ should be finite value. In Figure. 3.5
we give Qcircuit of the approximate cluster state.
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Figure 3.5: Qcircuit representation of an approximate cluster state.

3.3 Switching protocol to generate non-Gaussian

cluster states

In this section we present the approach to generate |ψP 〉 as the steady state
of N -mode system coupled to a common mode a in the OQS [13, 26], see
Figure. 3.6.

The reason why we choose this approach is that the physicist always look
for the easiest way to get results, and this is an easy way to get the target
results, also even easy experimentally where it is easier to study a group
system of independent harmonic oscillators then to study a group system of
interacting harmonic oscillators.

Our protocol in order to generate |ψP 〉 is switching scheme [13]. Swiching
scheme is about considering an OQS consisting of N -mode system coupled to
a common mode a of Figure. 3.6. The proposed Hamiltonian of this system
is [13]

H = a†
∑
k

(
g

(k)
1 bk + g

(k)
2 b†k + g

(k)
3 b2

k + g
(k)
4 b†k

2
+ g

(k)
5 {bk, b

†
k}
)

+ H.c. , (3.12)

where H.c hermetian conjugate of the first part of H and a (bk) is the common

mode (kth mode) annihilation operator, and g
(k)
µ (µ = 1, . . . , 5) are the cou-

plings strength. the dynamics of the OQS is described by a master equation
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Figure 3.6: The physical system proposed to generate the approximate cluster
cluster state.

given by [27, 17]

dρ(t)

dt
= −i[H, ρ(t)] + κa

(
ρa† − 1

2

{
a†a, ρ

})
, (3.13)

where ρ is the OQS’s density operator, κ damping rate of the common mode.
Our goal is to find the steady state of the modes at the last step which will

give as the non-Gaussian cluster state. Our protocol is composite of N con-
secutive steps, where in each step we perform the following transformation:

b` −→ d` =
[
UN
CZ

(A)UCpUs
]
b`
[
UN
CZ

(A)UCpUs
]†

(` = 1, . . . , N) , (3.14)

The Hamiltonian in (Eq. (3.12) transforms to

H` = g(a†d` + ad†`) . (3.15)

The steady state of the system with Hamiltonian (3.15) is the vacuum for
both modes a and d` where the initial state of the (k + 1) step is the steady
state of the k step. Therefore, starting from vacuum state of the system
and after performing all the N steps, the state of the N -modes becomes the
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vacuum state in the space of modes d1, . . . , dN which is our target cluster
state in the space of modes b1, . . . , bN , i.e., UN

CZ
(A)UCpUs|0〉.

Now we show how the Hamiltonien couplings should be chosen in order to
obtain the target (non Gaussian) cluster state. The unitary transformation
(3.14) is proven in appendix.(B) which can be written as

d` =
N∑
k=1

[
U`k bk + V`k b

†
k +W`k

(
bk + b†k

)2
]
, (3.16)

where the matrices U, V and W are given by the target adjacency matrix A
as follows:

U = D+ −
i

2
(D+ +D−)A , (3.17)

V = −D− −
i

2
(D+ +D−)A , (3.18)

W =
−3i

2
√

2
Dτ (D+ +D−) , (3.19)

where the matrices D± and Dγ are given in terms of the squeezings r, cubicity
parameters τ

D+ = Diag(cosh r1, . . . , cosh rN), (3.20)

D− = Diag(sinh r1, . . . , sinh rN), (3.21)

Dγ = Diag (τ1, . . . , τN) . (3.22)

3.3.1 Example of two-modes cluster state

In order to generate the two-mode cluster state of Figure. 3.7 we need two
steps ` = 2.

For two-mode cluster state we have D± and Dγ as

D+ = Diag(cosh r1, cosh r2), (3.23)

D− = Diag(sinh r1, sinh r2), (3.24)

Dγ = Diag (τ1, τ2) . (3.25)
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Figure 3.7: Circuit representation of two-mode approximate cluster state

and the matrices U, V and W would be

U =

(
cosh r1 − i

2
er1

− i
2
er2 cosh r2

)
(3.26)

V =

(
− sinh r1 − i

2
er1

− i
2
er2 − sinh r2

)
(3.27)

W =
−3i

2
√

2

(
τ1e

r1 0
0 τ2e

r2

)
(3.28)

For the first step we have d1 :

d1 = cosh r1b1 − sinh r1b
†
1 −

i

2
er1(b2 + b†2)− 3iτ1e

r1

2
√

2
(b1 + b†1)2. (3.29)

we have according to Eq. (3.15) the Hamiltonian of the first step

H1 = g(a†d1 + ad†1) . (3.30)

For the second step d2

d2 = cosh r2b2 − sinh r2b
†
2 −

i

2
er2(b1 + b†1)− 3iτ1e

r2

2
√

2
(b2 + b†2)2. (3.31)

the Hamiltonian of the second step is

H2 = g(a†d2 + ad†2). (3.32)

The Fidelity evolution in time for this cluster state is calculated using
simulation in appendix(C.2) and it is shown in Figure. 3.8. It is noted that
the steady state we acheived of the last step is identical to the target cluster
state. This proved that the switching scheme is a valid protocol our desired
cluster states.
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Figure 3.8: Fidelity evolution in time for two-mode cluster state with cubicity
τ = 0.1 and squeezing 3dB.

Conclusion

This chapter has defined the non-Gaussian cluster state and showed its ideal
form and how to approximate it. After that we have given the approach [13]
to generate a non-Gaussian cluster state in general form given by the switch-
ing scheme protocol and we gave an example of how to generate the two-mode
non-Gaussian cluster state. Finaly we numerically proved the validity of this
protocol by giving the fidelity evolution with time.
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Chapter 4

Entanglement

The characterisation of quantum correlations, namely entanglement, is cen-
tral to the study of quantum information. Entanglement turns out to be a
key resource for the implementation of a number of quantum communication
protocols, and also necessary to achieve computational speed-ups with quan-
tum hardware, in the sense that accessing regions of the Hilbert space with
entangled states allows one to shorten the computational depth of certain
algorithms [28, 29]. Not surprisingly, generating and maintaining entangle-
ment is generally difficult in practice. Thanks to the techniques developed in
quantum optical set-ups to achieve squeezed light, entanglement is however
relatively straightforward to produce in optical quantum continuous vari-
ables. As we shall see, in fact, continuous variable entanglement is closely
related to the notion of squeezing. It is therefore of the utmost importance to
be able to qualify and quantify entanglement of continuous variables, which
is the subject matter of the present chapter [30].

We will present criteria to detect the entanglement of Gaussian and non-
Gaussian states and then proceed to describe a possible way to quantify such
quantum correlations, bearing in mind that the determination of entangle-
ment monotones of clear operational significance is still an open problem,
Especially in the restricted arena non-Gaussian states.
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4.1 Entangled states and partial transposi-

tion

A bipartite quantum state ρAB is said to be separable if and only if it can be
written as a mixture of product states [31]:

ρAB =
∑
j

Cj (ρA,j ⊗ ρB,j) , (4.1)

where ρA,j and ρB,j are local quantum states of subsystems A and B, respec-
tively. Notice that the sum could generalise to an integral over continuous,
real variables. A quantum state is entangled if and only if it is not separable
[31].

A general sufficient criterion to detect entanglement, and one that, as we
shall see, works very well with two-mode Gaussian states, is the so called
positivity of the partial transposition (PT) criterion: If ρAB is separable, and
so can be written as above, the partially transposed state ρÃB,i.e., , the state
where transposition is applied to only one of the subsystems, say B, reads

ρ̃AB =
∑
j

Cj
(
ρA,j ⊗ ρTB,j

)
(4.2)

and is still a quantum state. In particular, if ρAB is separable, then ρ̃AB ≥ 0
(the state is PT). Therefore, if a state is such that ρÃB 6≥ 0, then it must be
entangled (sufficient criterion for entanglement).

The PT criterion is not necessary and sufficient as there exist entangled
states, termed ”bound-entangled” because they cannot be distilled, which are
PT [31]. Note also that the transposition basis and subsystem are irrelevant
to the positivity of the partially transposed state.

4.2 Quantifying entanglement

Quantifiying entanglement is huge area of research in quantum computation
where several measures of entanglement are proposed and studied according
to different aim [30, 29, 32, 33, 34]. In our thesis we focus on the pure state
and the best way to quantify it is using the entanglement of formation which
will be discuss in this section.
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Von Neumann entropy

The von Neumann entropy, named after John von Neumann, is the exten-
sion of classical Gibbs entropy concepts to the field of quantum mechanics.
For a quantum-mechanical system described by a density matrix ρ, the von
Neumann entropy is [30]

E(ρ) = −Tr(ρ ln ρ), (4.3)

where ln denotes the (natural) logarithm.

Entanglement of formation

Entanglement of formation Ef (ρ) is one of the most widely accepted entan-
glement measures for pure state bipartite quantum state ρ = |ψ〉〈ψ| where
|ψ〉 is two-partite state (A and B). Entanglement of formation is defined by
von Neumann entropy of reduced density matrix as [30]

Ef (ρ) = −Tr(ρA ln ρA), (4.4)

where ρA = TrBρ and TrB is the partial trace over mode B.

4.3 Wigner negativity and mana

Negativity of the Wigner function has long been recognized as an important
quantum feature and in particular the volume of the negative part has been
introduced as a nonclassicality quantifier [34].

In [35] a computable and additive magic monotone based on the negative
values of the discrete Wigner function, dubbed Dmana, was introduced. We
call the CV counterpart mana; it is defined as1 [32]

M (ρ) = log

(∫
dr |Wρ (r)|

)
, (4.5)

where the integral runs over the whole phase-space r ∈ R2N , where N is the
number of modes.

1The base of the logarithms is irrelevant for this definition and the following properties;
however, in the numerical results we choose logarithms in base 2.
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The maximal set of states that can be generated via Gaussian protocols
(GP) namely, the Gaussian convex hull, is defined as

G =

{
ρ ∈ H | ρ =

∫
dr p(r) |ψG(r)〉〈ψG(r)|

}
, (4.6)

where p(r) is an arbitrary probability distribution, H Hilbert space, and
|ψG(r)〉 Gaussian state.

Once the sets of free operations and states are chosen, one can indeed try
to quantify entanglement.

One can define quantum-non-Gaussianity through the mana whereM∈
R which satisfies the following properties:

• M(ρ) = 0 ∀ρ ∈ G (resp. W+), means that for any Gaussian states
mana equal to zero

• M (ρ) 6= 0 ⇐⇒ ρ /∈ G means that any states has mana differnt from
zero should be non-Gaussian states

Here some Examples, suppose we have one-mode state i.e., Fock state
ρ = |1〉〈1|, using simulation given in Appendix C we have the mana M =
1.0486319384594842, notice that mana is different from zero this means only
that this state is non-Gaussian state.

Now for two-mode state i.e., ρ = 1
2
(|00〉 + |11〉)(〈00| + 〈11|), using same

simulation befor we find the mana M = 12.256858847405807, which means
that this is non-Gaussian state with that quantity of mana.

4.4 Entanglement of formation and Mana for

two-mode approximate cluster state

The two-mode cluster state was discussed previously in Section 3.3.1 where
we said it is highly entangled, here we introduce how to quantify its entan-
glement.

4.4.1 Entanglement of formation for two-mode approx-
imate cluster state

For two-mode cluster state ρCl2 the evolution of entanglement of formation
Ef (ρCl2) can be calculated as function of cubicity τ and squeezing s where
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s = 10 log10 e
−2r dB and r squeezing parameter given in section.(1.3.2). The

simulation we used to do the calculation for entanglement of formation is
given in Appendix C.

If we fixed squeezing s = (3, 6)dB and we plot the evolution of Ef (τ) in
cubicity τ ∈ [0.1, 1] we obtain the plot of the Figure. 4.1. And if we fixed
cubicity τ = (0.2, 0.5) and we plot the evolution of Ef (s) in squeezing s ∈
[0, 10]dB we will obtain plots of Figure. 4.2. We notice the more squeezing
or cubicity, the more entanglement is contained in the cluster state. This
proves that our cluster state is a highly entangled state.

0.0 0.2 0.4 0.6 0.8 1.0
cubicity evolution

700
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0

E f
()

s=3dB
s=6dB

Figure 4.1: Entanglement of formation evolution in squeezing for two-mode
cluster state with cubicity τ = (0.2, 0.5).

4.4.2 Wigner function of two-mode cluster state

Wigner function of one-mode cubic phase gate WCp is given in Eq. (1.135).
The Wigner function WCp2 of a separated two-mode cubic phase states A
and B (without applying UCZ ) is:

WCpB(xA, pA, xB, pB) = WCpA(xA, pA)×WCpB(xB, pB). (4.7)

The result of applying the controlled phase gate on the two-mode A and
B is the transformation of the momentum quadratures as [13, 15]

p̂A → p̂A − x̂B, p̂B → p̂B − x̂A, (4.8)
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Figure 4.2: Entanglement of formation evolution in τ for two-mode cluster
state with squeezing 3dB and 6dB.

The Wigner function resulting after applying UCZ is the Wigner function of
two-mode cluster state and it is given as [13]

W rA,rB ,τA,τB
Cl2

(xA, pA, xB, pB) = WCpB(xA, pA − xB, xB, pB − xA) (4.9)

=
24/3

32/3π|τAτB|1/3
exp

(
1

54

(
e−6rA

(
1− 18e4rAτA(pA − xB)

)
τ 2
A

+
18e−2rB(xA − pB)

τB
+
e−6rB

τ 2
B

)
− rA

− rB

)
Ai(Q)Ai(G) (4.10)

where Ai(.) is Airy function ai.

Q =
22/3

(
−pA + e−4rA

12τA
+ 3τAx

2
A + xB

)
3
√

3 3
√
|τA|

.

G =
22/3

(
−pB + e−4rB

12τB
+ 3τBx

2
B + xA

)
3
√

3 3
√
|τB|

.
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4.4.3 Mana of two-mode cluster state

In order to calculate mana of two-mode cluster state ρCl2 we substitute
Eq. (4.9) in Eq. (4.5) as

M(ρCl2) = log2

(∫ ∫ ∫ ∫
dxAdxBdpAdpB

∣∣W rA,rB ,τA,τB
Cl2

(xA, pA, xB, pB)
∣∣) .

(4.11)
Now, suppose we have same two-mode cluster state ρCl2 given in Fig-

ure. 3.7. We choose the quadrature eigenvalues field (xA, xB) ∈ [−5, 5]
and (pA, pB) ∈ [−8, 25] in order to integrate over the whole WCl2 field, the
cubicity(τ) and the squeezing (s) given in unit (dB). Then we use simulation
in appendix.(C.4) to do the integrate.

Now if we fix τ = (0.2, 0.5) and plot the mana evolution in squeezing
s ∈ [0, 10] dB we get the data of Figure. 4.3. And if we fixed squeezing
s = (3, 6) dB and we plot the mana evolution in τ where τ ∈ [0, 10] we get
Figure. 4.4. Mana is increasing with both squeezing and cubicity. This is
compatible with what we said before regarding the relation between entan-
glement with both squeezing and cubicity.
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Figure 4.3: Mana evolution in squeezing for two-mode cluster state with
cubicity τ = (0.2, 0.5).

55



0.2 0.4 0.6 0.8 1.0
 evolution

0.0

0.5

1.0

1.5

2.0

2.5

Ma
na

s=3dB
s=5dB

Figure 4.4: Mana evolution in τ for two-mode cluster state with squeezing
3dB and 6dB.

Conclusion

In this chapter we have given a definition for entanglement and its relation
with the partial transpose. then we have seen the two main aspects of Entan-
glement measures. First, the entanglement of Formation which is consists of
the von Neumann entropy and the partial transpose. Then we use it to quan-
tify entanglement of two-mode cluster state and we showed how it act under
evolution of squeezing and cubicity. Second, the mana or the wigner negativ-
ity which it is a perfect tool to determine the Gaussianity/Non-Gaussianity
of a state or an entangled states, then we used it to quantifies entanglement of
the same two-mode cluster state under evolution of squeezing and cubicity.
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Chapter 5

Measurement-based quantum
computation

Quantum computation (QC) is a simular process of the classical computa-
tion where instead of using classical laws we use the quantum laws. The
information in classical computation is stored in bits, which takes the dis-
crete values 0 or 1 and these bits are determined physically using classical
laws (the voltage). Classical computaion is a process that simulates an input
system according to a specific funtion into a different output system as in
Figure. 5.1.

Computer

Y=f(x)

Input x output y

Figure 5.1: Circuit representation of a classical computer.

On the other hand, the information in QC is stored in the state of a quan-
tum system. QC is a process that simulates the state of an input quantum
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system into another state according to quantum laws, see Figure. 5.2 as in
the following representation

Quantum

computer|x⟩ |y⟩

|y⟩=U|x⟩

Figure 5.2: Circuit representation of a quantum computer.

Lloyd and Braunstein [23] proposed the use of CV for QC and showed
that arbitrary quantum logic gates (i.e., simple unitaries) could be created
using Hamiltonians that are polynomial in the quadrature operators x̂ and p̂
of the harmonic oscillator. and proved that only a finite set of CV gates are
needed for universal QC.

5.1 Quantum computation

QIP is based on the use of the laws and properties of quantum mechanics
where the information is encoded in the different states of a quantum system,
and the computation is accomplished by applying a series of (unitary) trans-
formations of these states. The result of computation (output) is obtained
by appropriate measurements done on the system. The device that performs
QIP is called quantum computer. [36]

The information in CV systems is encoded in an infinite-dimensional sys-
tems, and it is easier to encode information and to process it using CV sys-
tems. Here we focus on the measurement-based (one-way) model of quantum
computation. [22]
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5.2 Universal quantum computaion

Universal QC in the context of CV system can be reach using Gaussian
and non-Gaussian measurements on Gaussian cluster state [24]. But non-
Gaussian measurements are very difficult to implement [24]. To overcome
this difficulty we reach the universal QC using no-Gaussian cluster state
and only Gaussian measurements [13, 37, 38]. In the following we focus on
using the non-Gaussian cluster state studied before as a resource for universal
quantum computation.

5.2.1 Continuous-variable quantum gates

the Heisenberg-Weyl operators which comprise of the position and momen-
tum phase-space displacement operators, given respectively as

X(s) = exp(−isp̂) , (5.1)

Z(t) = exp(itx̂) , (5.2)

where X(s) gives a shift by an amount s in the x direction and Z(t) a mo-
mentum shift by an amount t in the p direction. In terms of the displacement
operator D(α) they can be rewritten as

X = D(s/2) , (5.3)

Z = D(it/2) . (5.4)

They are related via

X(s)Z(t) = e−ist/2Z(t)X(s) , (5.5)

and act on the position computational basis states |x〉 as

X(s)|x〉 = |x+ s〉 , (5.6)

Z(t)|x〉 = eitx|x〉 , (5.7)

and on the momentum basis states |p〉 as

X(s)|p〉 = e−isp|p〉 , (5.8)

Z(t)|p〉 = |p+ t〉 . (5.9)
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The position and momentum basis states are related via a Fourier trans-
form as defined in Eq.(1.32). The Fourier gate F can be defined in terms of
the annihilation and creation operators as well as the quadrature operators

F = exp
[iπ

2
â†â
]

= exp
[iπ

8

(
x̂2 + p̂2

)]
. (5.10)

In the phase-space picture, the Fourier gate is a π/2 rotation,

F †x̂F = −p̂ , (5.11)

F †p̂F = x̂ . (5.12)

The Fourier gate acts on the displacement gates as follows

F †Z(t)F = X(t) , (5.13)

FX(s)F † = Z(s) . (5.14)

Finally, the Fourier gate acting on the quadrature eigenstates gives

F |Y 〉x = |Y 〉p , (5.15)

F †|Y 〉x = −|Y 〉p, (5.16)

F |Y 〉p = −|Y 〉x , (5.17)

F †|Y 〉p = |Y 〉x, (5.18)

5.3 Measurement-based quantum computation

using continuous variables

Measurement-based QC [22] using CV [24, 25] provides the resource initially
in the form of a specific entangled state known as a cluster state and performs
a series of single-mode measurements on this state. This method allows us to
do any computational algorithm (note that we often start our analysis using
a completely entanglement state but move on to a more realistic case of a
non-Gaussian mass state like the one we present).

From the postulates of quantum mechanics, we know that the measure-
ment result is one of the eigenvalues of the measured operator, and the system
state after the measurement is the eigenstate corresponding to the measured
result. These two postulates are the foundation of what will come next
shortly.
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The two basic steps of CV cluster state quantum computation can be
summarized as follows [24]:

1. Cluster state preparation: starting with the ideal version where the
initial state |ψ〉p infinite momentum squeezed multi-mode state. The
cubic phase gate applied separately in each mode. The controlled phase
gate is applied to the relevant quantum modes in order to create en-
tanglement cluster state.

2. measurement: one-mode measurements are made on the relevant quan-
tum modes where each result is used to select the subsequent measure-
ment basis

Suppose we have a state of a system φ〉 represented in the Qcircuit in
Figure. 5.3 before measuring. In order to define it we need some steps, first

|ψ〉 ⊗ UCp(τ2)|0〉p =
1√
2π

∫
dx1dx2ψ(x1)eiτx

3
2|x1〉 ⊗ |x2〉, (5.19)

where |ψ〉 =
∫

dx1ψ(x1)|x1〉 and UCp(τ2)(τ2)|0〉p = 1√
2π

∫
dx2e

iτ2x32|x2〉. Now

we apply the controlled phase gate to get the state |φ〉

|φ〉 = UCZ (|ψ〉 ⊗ UCp(τ2)|0〉p),

=
1√
2π

∫ ∫
dx1dx2ψ(x1)eiτx

3
2eix1x2|x1〉 ⊗ |x2〉. (5.20)

After measuring p1 of the first mode, using the projector |m1〉〈m1|, and
obtaining the result m1, the output state in the seond mode is

|ψ′〉 =
1

2π

∫ ∫
dx1dx2ψ(x1)eiτx

3
2eix1(x2−m1)|x2〉, (5.21)

where 〈m1|x1〉 =
√

2π
−1

exp(−ix1m1) the state |ψ′〉 can be rewritten as

|ψ′〉 = UCp(τ2)X(m1)F |ψ〉. (5.22)

Applying any Unitary on the first mode U |ψ〉 (see Figure. 5.4) gives after
measuring it in the output state in the seond mode

|ψ′〉 = UCp(τ2)X(m1)FU |ψ〉. (5.23)
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|0⟩𝑝

|𝜓⟩

𝑈𝐶𝑝 𝜏2

𝑈𝐶𝑧
2 𝐴

𝑃1 = 𝑚1

𝑈𝐶𝑝 𝜏2 X 𝑚1 𝐹|𝜓⟩

Figure 5.3: Qcircuit of measuring momentum for entangled state.

|0⟩𝑃2

𝑈|𝜓⟩
𝑈𝐶𝑧
2 𝐴

𝑃1 = 𝑚1

𝑈𝐶𝑝 𝜏2 X 𝑚1 𝐹𝑈|𝜓⟩𝑈𝐶𝑝 𝜏2

Figure 5.4: Qcircuit of measuring momentum for entangled state with ap-
plying unitary on the first mode.

So if we have an ideal cluster state like the one in figure.(5.5), After
measuring p1 of the first mode, we get on the seond mode an output state as

|ψ′〉 = UCp2(τ2)X(m1)FUCp1(τ1)|0〉p1 . (5.24)

and if we have three-mode ideal cluster state (see figure.(5.6)) and after
measuring p1 of the first mode and p2 of the second mode, the output state
on the theard mode is

|ψ′〉 =
[(
UCp2 (τ2)X (m1)FUCp1 (τ1)

)
⊗
(
UCp3 (τ3)X (m2)FUCp2 (τ2)

)][
|0〉p1 ⊗ |0〉p2

]
. (5.25)
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|0⟩𝑝2

𝑈𝐶𝑧
2 𝐴

𝑃1 = 𝑚1

𝑈𝐶𝑝2𝑋 𝑚1 𝐹𝑈𝐶𝑝1|0⟩𝑝1

𝑈𝐶𝑝1 𝜏1

𝑈𝐶𝑝2 𝜏2

|0⟩𝑝1

Figure 5.5: Qcircuit of measuring momentum for tow-mode ideal cluster
state.

|0⟩𝑝3

𝑃1 = 𝑚1

U(𝑚1,𝑚2)|0⟩𝑝1⨂|0⟩𝑝2

𝑈𝐶𝑝1 𝜏1

𝑈𝐶𝑝3 𝜏3

|0⟩𝑝1

𝑃2 = 𝑚2𝑈𝐶𝑝2 𝜏2|0⟩𝑝2
𝑈𝐶𝑧
3 𝐴

Figure 5.6: Qcircuit of measuring momentum for three-mode ideal cluster
state.

5.4 Measurement-based computation of two-

mode approximate cluster state using Wigner

Function

Suppose we have two-mode approximate cluster state as in Qcircuit in Fig-
ure. 3.7. Its Wigner function WCl2 has been given in the previous chapter
in Eq. (4.9). Now if we measured the momentum of the first mode, see Fig-
ure. 5.7, the output state in the second mode will be defined by the Wigner
function

Wmd2(x2, p2) =

∫
WCl2(x1,m1, x2, p2)dx1. (5.26)
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|0⟩

|0⟩ |𝜓′⟩

𝑈𝐶𝑧
2 𝐴

𝑈𝑠2 −𝑟2

𝑈𝑠1 −𝑟1

𝑈𝐶𝑝2 𝜏2

𝑈𝐶𝑝1 𝜏1 𝑃1 = 𝑚1

Figure 5.7: Qcircuit of measuring momentum for tow-mode ideal cluster
state.

Using the integrals

∞∫
−∞

dy eλyAi(ay + b) =
1

|a|
exp

[
1

3

(
λ

a

)3

− λ

a
b

]
. (5.27)

∞∫
−∞

dy eλyAi(y2 + a) = 4
1
3π
∣∣∣Ai
(

4−
1
3 (a+ iλ)

)∣∣∣2 . (5.28)

we have the analytic form of the Wigner Function of the output state
(the average state) after measuring the first mode’s momentum quadrature:∫

Wmd2(x2, p2,m1)dm1 =
22/3

3
√

3
√
π 3
√
|τ2|

exp

(
− p2e

2r1

3τ2

+
(e2r1 + e−2r2)

3

54τ 2
2

+e2r1x2
2 − r2

)
Ai

(
62/3x2

2τ
2/3
2 − 22/3p2

3
√

3 3
√
τ2

+
(e2r1 + e−2r2)

2

6 3
√

6τ
4/3
2

)
(5.29)
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Conclusion

In this thesis, we gave a review of CV quantum systems where we have intro-
duced some of Gaussian and non-Gaussian states and their Wigner functions.
These quantum states play a major role in quantum computation.

In the beginning, we started by giving a review of CV quantum systems
in the phase space formalism, with introducing some of Gaussian and non-
Gaussian states that play major role in generating cluster states. After that,
we moved to study OQS which is a very large area of research. We gived some
general definitions that we are interested in including the Markovian master
equation and the steady states with some examples in order to theoretically
explain how to generate quantum state.

More after, we introduced our scheme to generate an approximate non-
Gaussian cluster state encoded in a set of entangled modes of an OQS. The
generated non-Gaussian cluster state was obtained as a steady states on the
last set of that OQS. Also, we proved that our approximate non-Gaussian
cluster state is highly entangled state.

We discussed the use of the approximate non-Gaussian cluster state it
as a resource of quantum computation to achieve universality. We apply a
sequence of single-mode measurements on our cluster state, and we were able
to define the output state, in terms of the Wigner function.

The non-Gaussian cluster state version is promising area in universal
quantum computation cause it need only Gaussian measurment which is
alredy wide integrated branch, many researchs were done on this topic [13,
39, 40, 41, 42]. This work opens the way to any reaserch in universal quan-
tum computation by providing a multimode, higly entangled, non-Gaussian
resource state, that with our technologies todays is very important tool to
gain very accurate result, which one day help us to build a quantum com-
puter.

65



Appendix A

Two-mode squeezing

|𝜓𝑠2⟩

|0,𝜉(r)⟩

|0,𝜉(−r)⟩

BS

Figure A.1: A schematic diagram of the beam-splitter(BS), the input states
are |0, r〉a and |0,−r〉b and the output state is |ψs2〉ab.

These are combined via a balanced beam splitter to generate the two-
mode squeezed vacuum state, where we have at first UBS|00〉 = U †BS|00〉 =
|00〉.

|ψs2〉a,b = UB
BSab

UsaUsbU
B†

BSab
|0〉a|0〉b

(A.1)

where UB
BS is the Balanced beam splitter operator (φ = π

4
and θ = 0), Usa,b

one-mode squeeze operators in xa direction and pb direction respectively,
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with using Taylor developpement we find

UsaUsb = exp
[
r(a2 − a†2 − b†2 + b2)

]
=

∞∑
n=0

rn

n!
(a2 − a†2 − b†2 + b2)n. (A.2)

Applaying UB
BS gives

UB
BSab

UsaUsbU
B†

BSab
= UB

BSab

(
∞∑
n=0

rn

n!
(a2 − a†2 − b†2 + b2)n

)
UB†
BSab

= =
∞∑
n=0

rn

n!
UB
BSab

(a2 − a†2 − b†2 + b2)n UB†

BSab

=
∞∑
n=0

rn

n!

(
UB
BSab

(a2 − a†2 − b†2 + b2)UB†

BSab

)n
= exp

[
rUB

BSab
(a2 − a†2 − b†2 + b2)UB†

BSab

]
(A.3)

using the Hausdorff recursion formula

eαABe−αA = B + α[A,B] +
α2

2!
[A[A,B]] +

α3

3!
[A[A[A,B]]] + . . . , (A.4)

to find the linear unitary Bogoliubov transformation of a and b given in
Eq.(1.99) then we deduire

UB
BSab

UsaUsbU
B†

BSab
= exp

[
r(ab+ a†b†)

]
= Us2ab(r). (A.5)

where Us2ab(r) two-mode squeeze operator in x direction. So we have

|ψs2〉a,b = Us2ab(ξ)|0〉a ⊗ |0〉b

=
∞∑
n=0

αn|n〉a|n〉b, (A.6)

introducing λ = tanh r, the Schmidt coefficients are given by

αn =
√

1− λ2

∞∑
n=0

λn. (A.7)
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Appendix B

The switching programes

In order to to find the linear unitary Bogoliubov transformation of b`

b` −→ d` =
[
UN
CZ

(A)UCpUs
]
b`
[
UN
CZ

(A)UCpUs
]†

(` = 1, . . . , N) , (B.1)

let’s start by applying the squeezing operator Us defined in Eq.(3.11)

Usb`U
†
s = cosh r`b` − sinh r`b

†
`. (B.2)

Now we apply the cubicity operator UCp defined in Eq.(3.2) on Eq.(B.2)

UCpUsb`U
†
sU
†
Cp = cosh r`b` − sinh r`b

†
` −

3iτ`e
r`

2
√

2
(b` + b†`)

2. (B.3)

Then finally we apply the controlled phase operator UCZ (A) defined in Eq.(3.4)
on Eq.(B.3)

d` = cosh r` + sinh r` − i
N∑

l,k=1; k>l

glke
r`(bk + b†k)−

3iτ`e
r`

2
√

2
(b` + b†`)

2. (B.4)

Then we write d` in matricial form given in Eq.(3.16)
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Appendix C

Simulation codes

Numerical simulations given in this thesis were produced by a set of Math-
ematica programs and Python(Qutip) scripts. Mathematica was used to
calculate covraiance matrices, the wigner funtions and to produce it’s plots,
while Python was used to calculate quantum fidelities, entanglement of for-
mation and mana and produce their plot’s. in the following we give the most
important section of Python script that generate different type of simulations

C.1 Fidelity of examples

1 # load packages

2 from qutip import *

3 import numpy as np

4 import matplotlib.pyplot as plt

5

6 # system parameters

7 d1=5

8 d2=15

9 d3=15

10 kappa =1.0

11 g=10* kappa

12 n_th1 =0.0

13 n_th2 =0.1

14 n_th3 =0.2

15 theta =0 #squeezing direction

16 tau =0.1 # cubicity

17 s=3.0 # squeezing parameter s(r)

18 r=s*np.log (10.) /20.
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19 mu=np.cosh(r)

20 nu=np.exp(1j*2* theta)*np.sinh(r)

21 z=r*np.exp(1j*2* theta)

22

23 # simulation parameters

24 T=20/ kappa # evolution time

25 N=100 # time data points

26

27 # field operators sys 1 and sys 2

28 a=tensor(destroy(d1),identity(d2)) # annihilation

mode 1 state (1,2)

29 b=tensor(identity(d1),destroy(d2)) # annihilation

mode 2 state (1,2)

30 s1=squeeze(d1 ,z)

31 s2=squeezing(a,b,z)

32

33 # Hamiltonian of one -mode squeezed state (1)

34 H=g*(a*(mu*b.dag()+nu*b)+a.dag()*(mu*b+np.conj(nu)*b.dag()))

35

36 # Hamiltonian of cubic phase state (2)

37 H1=g*(a*(mu*b.dag()+nu*b)+a.dag()*(mu*b+nu*b.dag())+((3*1j*

tau)/(2*np.sqrt (2)))*(mu -nu)*(a-a.dag())*(b**2+b*b.dag()+b

.dag()*b+(b.dag())**2)) #

Hamiltonian

38

39 # field operators sys 3

40 a=tensor(destroy(d1),identity(d2),identity(d3))

# annihilation mode 1 state 3

41 b_1=tensor(identity(d1),destroy(d2),identity(d3))

# annihilation mode 2 state 3

42 b_2=tensor(identity(d1),identity(d2),destroy(d3))

# annihilation mode 3 state 3

43 x=position(d2) # d is

the dimension for the Hilbert space

44 cubic_gate =(1j*tau*x**3).expm()*squeeze(d2,z1) # cubic

phase gate unitary: xi=squeezing parameter

45 cubic_state=cubic_gate*basis(d2 ,0)

46

47 # Hamiltonian of two -mode squeezed state (3)

48 mu=np.cosh(r)

49 nu=-np.sinh(r)

50 z1=-r

51 H2=g*(a.dag()*(mu*b_1+np.conj(nu)*b_2.dag())+a*(nu*b_2+mu*b_1

.dag()))+w*(mu*nu*(b_1 **2+ b_2 **2)+mu*np.conj(nu)*(b_1.dag

()**2+ b_2.dag()**2)+(mu**2+ abs(nu)**2)*(b_1*b_2.dag()+b_1.
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dag()*b_2))

52

53 rho0=tensor(thermal_dm(d1 ,n_th1),thermal_dm(d2 ,n_th2)

54

55 # dissipation operator list

56 c_op=[np.sqrt(kappa)*a]

57

58 # time array

59 t=np.linspace(0,T,N)

60

61 # target state

62 rho_target=tensor(basis(d1 ,0),s1*basis(d2 ,0))

# target state 1

63 rho_target=tensor(basis(d1 ,0),cubic_state)

# target state 2

64 rho_target=tensor(basis(d1 ,0),s*tensor(basis(d2 ,0),basis(d3

,0))) # target state 3

65 # Part 1: the dynamics

66 # solving the master equation

67 rho=mesolve(H,rho0 ,t,c_op) # state 1

68 rho1=mesolve(H1 ,rho0 ,c_op) # state 2

69 rho2=mesolve(H2 ,rho2 ,c_op) # state 3

70 # calculating the fidelities

71 # fidelity sys 1

72 fid=np.zeros(N)

73 for j in range(N):

74 fid[j]= fidelity(rho.states[j],rho_target)

75 # fidelity sys 2

76 fid1=np.zeros(N)

77 for j in range(N):

78 fid1[j]= fidelity(rho1.states[j],rho_target)

79 # fidelity sys 3

80 fid2=np.zeros(N)

81 for j in range(N):

82 fid2[j]= fidelity(rho2.states[j],rho_target)

C.2 Fidelity of two-mode cluster state

1 # load packages

2 from qutip import *

3 import numpy as np

4 import matplotlib.pyplot as plt

5

6 # system parameters

7 d1=5
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8 d2=16

9 d3=16

10 kappa =1.0

11 g=7* kappa

12 n_th1 =0.1

13 n_th2 =0.0

14 n_th3 =0.0

15

16 tau_1 =0.1

17 tau_2 =0.1

18

19 s_1 =2.0 # squeezing

20 s_2 =2.0

21 r_1=dB_1*np.log (10.) /20.

22 r_2=dB_2*np.log (10.) /20.

23 z_1=-r_1

24 z_2=-r_2

25

26 # simulation parameters

27 T_1 =40/ kappa # evolution time step1

28 T_2 =20/ kappa # evolution time step2

29 N=10 # time data points

30

31

32 # field operators

33 a=tensor(destroy(d1),identity(d2),identity(d3))

# annihilation mode 1

34 b_1=tensor(identity(d1),destroy(d2),identity(d3))

# annihilation mode 2

35 b_2=tensor(identity(d1),identity(d2),destroy(d3))

# annihilation mode 3

36

37 s_1=tensor(squeeze(d2 ,z_1),identity(d3))

# squeezing operator mode 1

38 s_2=tensor(identity(d2),squeeze(d3 ,z_2))

# squeezing operator mode 2

39

40 x_1=tensor(position(d2),identity(d3))

41 x_2=tensor(identity(d2),position(d3))

42

43 cubic_gate_1 =(1j*tau_1*(x_1)**3).expm() #

cubic phase gate unitary mode 1

44 cubic_gate_2 =(1j*tau_2*(x_2)**3).expm() #

cubic phase gate unitary mode 1

45 cphasez =(1j*(x_1)*(x_2)).expm() #
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controlled phase gate untary

46

47 # Hamiltonian of step 1 and step 2

48 H_1=g*(np.cosh(r_1)*a.dag()*b_1 -np.sinh(r_1)*a.dag()*b_1.dag

() -(1j/2)*np.exp(r_1)*a.dag()*(b_2+b_2.dag()) -((3*1j*tau_1

*np.exp(r_1)/(2*np.sqrt (2))))*a.dag()*(b_1+b_1.dag())**2+

np.cosh(r_1)*a*b_1.dag()-np.sinh(r_1)*a*b_1 +(1j/2)*np.exp(

r_1)*a*(b_2+b_2.dag())+((3*1j*tau_1*np.exp(r_1))/(2*np.

sqrt (2)))*a*(b_1+b_1.dag())**2) #

Hamiltonian step1

49 H_2=g*(np.cosh(r_2)*a.dag()*b_2 -np.sinh(r_2)*a.dag()*b_2.dag

() -(1j/2)*np.exp(r_2)*a.dag()*(b_1+b_1.dag()) -((3*1j*tau_2

*np.exp(r_2)/(2*np.sqrt (2))))*a.dag()*(b_2+b_2.dag())**2+

np.cosh(r_2)*a*b_2.dag()-np.sinh(r_2)*a*b_2 +(1j/2)*np.exp(

r_2)*a*(b_1+b_1.dag())+((3*1j*tau_2*np.exp(r_2))/(2*np.

sqrt (2)))*a*(b_2+b_2.dag())**2) #

Hamiltonian step2

50

51 rho0=tensor(thermal_dm(d1 ,n_th1),thermal_dm(d2 ,0),thermal_dm(

d3 ,0)) # initial state

52

53 # dissipation operator list

54 c_op=[np.sqrt(kappa)*a]

55

56 # time array

57 t=np.linspace(0,T_2 ,N)

58

59 # target state

60 cluster_state=cphasez*cubic_gate_1*s_1*cubic_gate_2*s_2*

tensor(basis(d2 ,0),basis(d3 ,0))

61 rho_target=tensor(basis(d1 ,0),cluster_state)

62

63 # Part 1: the dynamics

64 # solving the master equation

65 rho_1=mesolve(H_1 ,rho0 ,t,c_op) # step 1

66 for i in range(N):

67 rho_1ss=rho_1.states[N-1]

68 rho_2=mesolve(H_2 ,rho_1ss ,t,c_op) # step 2

69

70 # calculating the fidelities

71 fid=np.zeros (2*N)

72 for j in range(N):

73 fid[j]= fidelity(rho_1.states[j],rho_target)

74 for i in range(N,2*N):

75 fid[i]= fidelity(rho_2.states[i-N],rho_target)
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C.3 Entanglement of formation for tow-mode

cluster state

1 from qutip import *

2 import numpy as np

3 import matplotlib.pyplot as plt

4 from numpy import linalg as LA

5 import scipy as sp

6

7 # system parameters

8 d1=30

9 d2=30

10 # cubicity parameter

11

12 N=50

13 tau=np.zeros(N)

14 for i in range(1,N+1,1):

15 tau[i-1]=i/50

16 # squeezing parameter

17 dB_1 =3.0

18 dB_2 =3.0

19 r1=dB_1*np.log (10.) /20.

20 r2=dB_2*np.log (10.) /20.

21 z_1=-r1

22 z_2=-r2

23 # defining entanglement of formation for two -mode cluster

state

24 def Ecubic(i,j,d1 ,d2 ,z_1 ,z_2 ,tau1 ,tau2):

25 # field operators

26 # squeezing operators:

27 s_1=tensor(squeeze(d1 ,z_1),identity(d2))

#d1 is the dimension for the Hilbert space of mode 2

28 s_2=tensor(identity(d1),squeeze(d2 ,z_2))

#d2 is the dimension for the Hilbert space of mode 2

29

30 x1=tensor(position(d1),identity(d2))

31 x2=tensor(identity(d1),position(d2))

32 # cubic phase gate unitarys:

33 cubic_gate_1 =(1j*tau1*(x1)**3).expm()

34 cubic_gate_2 =(1j*tau2*(x2)**3).expm()

35 # ccontrolled phase gate unitary:

36 cphasez =(1j*x1*x2).expm()

37 #cluster state:

38 ket=cphasez*cubic_gate_1*cubic_gate_2*s_1*s_2*tensor(
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basis(d1 ,0),basis(d2 ,0))

39 rho=ket2dm(ket)

40 rhoa=partial_transpose(rho ,[i,j])

41 return np.real (-1*( rhoa*np.log(rhoa)).trace())

42

43 #calculating entanglement of formation

44 E1=Ecubic(0,1,d1 ,d2 ,z_1 ,z_2 ,tau1 ,tau2)

C.4 Mana of two-mode cluster state

1 from qutip import *

2 import numpy as np

3 import mpmath as mp

4 import scipy as sp

5 import matplotlib.pyplot as plt

6

7 # cubicity parameter

8 N=30

9 tau1 =0.2

10 tau2 =0.2

11

12 # squeezing parameter

13 dB_1 =20.0

14 dB_2 =20.0

15 r1=dB_1*np.log (10.) /20.

16 r2=dB_2*np.log (10.) /20.

17

18 # simulation parameters

19 # integral limits

20 x1min=-8

21 x1max =8

22 x2min=-8

23 x2max =8

24

25 p1min=-5

26 p1max =25

27 p2min=-5

28 p2max =25

29

30 # integral piont

31 Nx1 =80

32 Nx2 =80

33 Np1 =80

34 Np2 =80

35
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36 # defining functions

37 def Ai(x): # ai airy function

38 ai,aip ,bi,bip=sp.special.airy(x)

39 return ai

40

41 def wigner2(x1 ,p1 ,x2 ,p2 ,r1 ,r2 ,Gamma1 ,Gamma2):

42 ai1 =(2**(2/3) *(-p1+x2+np.exp(-4*r1)/(12* tau1)+3*(x1)**2*

tau1))/(3**(1/3)*abs(tau1)**(1/3))

43 ai2 =(2**(2/3) *(-p2+x1+np.exp(-4*r2)/(12* tau2)+3*(x2)**2*

tau2))/(3**(1/3)*abs(tau2)**(1/3))

44 wig2 =(2*2**(1/3)*np.exp(-r1 -r2 +(1/54) *((np.exp(-6*r1)

*(1 -18*np.exp(4*r1)*(p1 -x2)*tau1))/tau1 **2+np.exp(-6*r2)/

tau2 **2+(18* np.exp(-2*r2)*(-p2+x1))/tau2))*Ai(ai1)*Ai(ai2)

)/(3**(2/3)*np.pi*abs(tau1*tau2)**(1/3))

45 return np.real(wig2)

46

47 def mana2(x1min ,x1max ,Nx1 ,p1min ,p1max ,Np1 ,x2min ,x2max ,Nx2 ,

p2min ,p2max ,Np2 ,r1 ,r2 ,tau1 ,tau2): # mana function

48

49 # prepare the arrays

50 x1=np.linspace(x1min ,x1max ,Nx1)

51 p1=np.linspace(p1min ,p1max ,Np1)

52 x2=np.linspace(x2min ,x2max ,Nx2)

53 p2=np.linspace(p2min ,p2max ,Np2)

54

55 X1,P1,X2,P2=np.meshgrid(x1,p1,x2,p2)

56

57 I=np.zeros ((Np1 ,Nx2 ,Np2))

58 J= np.zeros ((Nx2 ,Np2))

59 K= np.zeros(Np2)

60

61 # evaluate the |wigner| function at every point

62 wig2=abs(wigner2(X1 ,P1 ,X2 ,P2 ,r1 ,r2 ,tau1 ,tau1))

63

64 # integrate |wigner| function over all space

65 for i in range(Nx1):

66 I[i] = sp.integrate.simps(wig2[i,:],x1)

67 for i in range(Np1):

68 J[i] = sp.integrate.simps(I[i,:],p1)

69 for i in range(Nx2):

70 K[i] = sp.integrate.simps(J[i,:],x2)

71 M = sp.integrate.simps(K,p2)

72

73 # return result

74 print(M)
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75 return np.log(M)/np.log (2.0)

76

77 # calculate mana

78 mana=mana2(x1min ,x1max ,Nx1 ,p1min ,p1max ,Np1 ,x2min ,x2max ,Nx2 ,

p2min ,p2max ,Np2 ,r1 ,r2 ,tau1 ,tau2)
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