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This research paper, titled "A Numerical Method to Determine the Optimal Induction Phase of
Anesthesia," explores the use of mathematical modeling and optimal control to enhance the anes-
thesia process. The study is based on a pharmacokinetic/pharmacodynamic (PK/PD) model for
propofol and applies Pontryagin’s Maximum Principle for optimal control to determine the best
drug infusion rate and the minimum time required to transition from an awake to an anesthetized
state. The methodology employs the shooting method alongside a novel analytical approach that
avoids dependency on initial guesses. Numerical simulations in MATLAB confirmed the consistency
of both methods in computing the optimal induction time and infusion rate. The study highlights
the significance of these techniques in improving the safety and efficacy of anesthesia, particularly

for high-risk patients, with potential applications to other PK/PD models in the future.
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Control theory focuses on the analysis of controlled systemsdynamic systems that can be influenced
through control inputs. The primary objective is to steer the system from a given initial state to
a desired final state, while possibly satisfying specific performance criteria [28, 29, 30, 31]. A
wide variety of systems are studied, including differential systems, discrete systems, systems with
noise, delays, and more. These systems arise in numerous fields such as mechanics, electrical en-
gineering, electronics, biology, chemistry, and economics [32, 31]. Depending on the context, the
goal may be to stabilize the system against disturbances (stabilization) or to determine optimal
trajectories that minimize or maximize a given cost function (optimal control).

Optimal control problems for linear dynamical systems have been extensively studied in the litera-
ture [33, 31]. However, it remains challenging to develop highly efficient numerical methods that
fully account for all the specific features of such problems. Optimal control aims to determine a
control law for a given system such that a certain performance criterion is optimized. A typical con-
trol problem involves a cost function to be minimized (or maximized), a state equation, and one
or more control variables. An optimal control problem can be divided into two main parts: first,
determining whether the target state is reachable from a given initial statethis is the controllability
problem. For finite-dimensional linear control systems, a simple and elegant characterization of
controllability was introduced in the 1960s by R.E. Kalman. However, for nonlinear systems, the
mathematical problem of controllability becomes significantly more complex. Once controllabil-
ity is established, the second task is to find the optimal trajectory among all admissible ones that
minimizes (or maximizes) the cost. Various methods exist to solve optimal control problems, each
with its own advantages and limitations. The choice of method depends on the specific nature
of the problem. Since most optimal control problems are solved numerically, solution techniques
have seen considerable development in recent years.

Two main classes of methods are generally used: direct methods and indirect methods. Direct

methods involve discretizing the control problemboth the state and the controlat every time point,
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thereby converting it into a nonlinear optimization problem. This is typically done using discretiza-
tion techniques such as Eulers method or Runge-Kutta schemes. The resulting optimization prob-
lem can then be solved using interior-point methods, sequential quadratic programming (SQP), or
other nonlinear programming techniques. These methods are relatively simple to implement. In
contrast, indirect methods are based on Pontryagins Maximum Principle (PMP), which provides
first-order necessary conditions for optimality and leads to a boundary value problem. The goal is
to find trajectories that satisfy these conditions, which, in practice, amounts to solving for the root
of a so-called shooting function associated with the original problem. Indirect methods are both
accurate and efficient but are highly sensitive to the choice of initial guesses. In recent years, opti-
mal control problems have attracted increasing attention due to their applicability in engineering,
biology, and economics. Numerical methods play a crucial role in finding approximate solutions
to these problems, especially when analytical solutions are either too complex or impossible to
obtain. The development of robust and efficient algorithms has become essential to tackle the
complexity of real-world systems.

The discretization of optimal control problems transforms them into finite-dimensional op-
timization problems that can be solved using standard numerical techniques. Among the most
widely used approaches are the Euler and Runge-Kutta methods for time discretization. These
allow the translation of differential equations into algebraic systems that are more amenable to
computational algorithms.

An essential part of solving control problems numerically lies in ensuring the stability and
convergence of the chosen method. This requires a careful balance between the step size, com-
putational cost, and desired accuracy. In the context of linear systems, well-established theorems
provide guidance for method selection. However, in more complex systemssuch as those involv-
ing uncertainties, delays, or hybrid dynamicsthe design of numerical solvers becomes significantly
more challenging.

One promising application of optimal control lies in biomedical engineering, particularly in
the modeling and regulation of drug administration. This is particularly relevant in anesthesia,
where the objective is to deliver the correct drug dosage over time to maintain the desired state
of unconsciousness while minimizing side effects. These systems are modeled using PK/PD (Phar-
macokinetics/Pharmacodynamics) equations, which describe the evolution of drug concentration
and its effects on the body. We present an numerical solution for the optimal control problem in

the anesthesia induction phase, demonstrating numerical agreement with conventional shooting

10



CONTENTS

method results. The study builds upon the pharmacokinetic/pharmacodynamic (PK/PD) model
introduced by Bailey and Haddad (2005) for propofol infusion regulation.

To validate our approach, we analyze a minimum-time anesthesia induction problem for a
clinical case study. Applying the Pontryagin Minimum Principle, we first solve the problem using
the shooting method. We then introduce a novel analytical method that eliminates dependency on
initial adjoint variable estimatesa key limitation of shooting-based approaches.

Numerical simulations in MATLAB confirm that both methods yield consistent results for the
optimal continuous infusion rate and minimum transition time from awake to anesthetized states.

However, the proposed analytical method offers significant advantages by:
— Removing convergence sensitivity to initial conditions
— Providing deterministic solutions without iterative guessing
— Maintaining computational efficiency

The methodology shows potential for extension to other PK/PD models in optimal drug
administration timing problems.

Guedels classification identifies the first stage of anesthesia as the induction phase, spanning
from initial anesthetic administration to loss of consciousness [1]. While millions safely receive
anesthesiaencompassing local, regional, general, and sedation techniques [2] potential compli-
cations persist, including anesthetic awareness, pneumothorax, malignant hyperthermia, nerve
injury and postoperative delirium. High-risk factors such as advanced age, diabetes, cardiovascu-
lar disease, hypertension and smoking further complicate administration [3]. To mitigate risks,
anesthesia delivery must adhere to pharmacotherapeutic principles, integrating pharmacokinetic
(PK) and pharmacodynamic (PD) data [4]. PK describes drug absorption and distribution, while
PD analyzes drug effects [5].

Existing PK/PD models employ diverse mathematical approaches [6, 9], with implementa-
tions varying across methodologies [2, 10, 11]. Schnider et al. [12] fitted PK/PD parameters,
while [6] compared propofol models by Schnider and Marsh et al. [13], advocating Schniders
model for effect-site targetingthough cautioning against paradoxical lean body mass (LBM) calcu-
lations in morbid obesity. Robust maintenance-phase control strategies [14] and induction-phase
optimal control [15] have also been explored (see [8, 16] for related work).

In this work, we aim to bridge the gap between theory and application by first developing
a comprehensive mathematical formulation of the control problem and then applying numerical

methods to solve it. Our objective is to demonstrate how advanced control techniques can enhance

11
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the safety and efficiency of drug delivery, using anesthesia as a case study. This study is organized
as follows: Section 2 revisits the PK/PD model of Bailey and Haddad [19], the Schnider model
[12], and key concepts such as the bispectral index (BIS) and equilibrium analysis [14]. Section
3 formulates the time-optimal control problem for anesthesia induction, presenting solutions via
both the shooting method (correcting inconsistencies in [15]) and Euler discretization approach.
Section 4 validates the methods numerically using Schnider-derived parameters, comparing their
performance in computing optimal infusion rates . Finally, Section 5 concludes with insights and

future research directions.

12



This chapter revisits the fundamental concepts of optimal control theory. It is structured as follows:
First, we provide a concise overview of control theory and optimal control. Next, we introduce the
concept of controllability for both linear and nonlinear systems. We then present two types of
numerical methods for solving an optimal control problem: direct and indirect methods. Direct
methods consist of discretizing the original optimal control problem and transforming it into a
constrained linear or nonlinear optimization problem. Indirect methods, such as the shooting
method, rely on applying Pontryagins maximum principle to derive a boundary value problem.
The shooting method also requires the use of Newtons method. While indirect methods offer high

numerical accuracy, they are very sensitive to the choice of initial conditions.

1.1 Problem Statement

Consider the following optimal control problem with fixed final time ¢;, state and control con-

straints and a linear cost functional:
ly
min, c'z(ty) —l—/ w'z(t) + d'u(t)dt
0
z(t) = Ax(t) + Bu(t) +r(t), x(0) = xo,

(S) : (1.1
Hz(ty) = g,

a<u(t)<B, te0,ty,

13



Controllability

where x(t) = (x1(t),xz2(t), ..., x,(t)) is the vector of states at the instant ¢, and

u(t) = (u1(t),ua(t),. .., umnm(t)) is the vector of controls at the instant ¢, which are measurable and
locally bounded functions on [0, ¢ ¢, with values in the subset 2 = [«, 5] C R™, where o, §,d € R™,
c,weR", He M,,(R),Ae M,(R),B e Mp,(R), g RPand ty is fixed.

In many control problems, the control inputs w;(t) (for j = 1,...,m) can be bounded above and
below by constants. Here, we consider such problems under the constraints a; < u; < b;.

Note that u; can be transformed into a normalized control variable v; by setting:
1 1
uj = 5(a; +b5) = 5(aj = bj)vy,

where v; remains integrable and satisfies —1 < v; < 1. Thus, when the control set {/ is bounded,

it is often convenient to normalize the controls to the interval [—1, 1].

Assume that U is a polyhedron (e.g., the hypercube [—1,1]" C R™). A control u € U is called a
Bang-Bang control if, for every time ¢ and each index j = 1,...,m, the control satisfies |u;(t)| = 1.
In other words, a Bang-Bang control is a piecewise-constant control that switches between

its extreme values (e.g., +1 and —1) at certain switching times.
1.2 Controllability

To solve a problem of this type, the first question to ask is:

Question 1: Does there exist a control u(t) € U such that the associated trajectory xz(t)

connects an initial point zy € M to a terminal target x; € M/ in finite time?
The concept that allows us to answer this question is the study of controllability of the

system, also referred to as the reachability problem.

Question 2: If the system is controllable, we may then wish to determine a control u € U
such that the associated trajectory drives the system from the initial state xyp € M, to the terminal

state x5 € My, while also minimizing a cost functional J(u).

14



Controllability

The controlled system

#(t) = A(t)z(t) + Bt)u(t) + r(t), (1.2)

is said to be controllable in time ty if Acc(xo,ty) = R", i.e., for all zg,zy € R", there exists a
control u(t), t € [0,t] such that the associated trajectory connects z to ¢ in time ;.

Consider the controlled system (1.1):
Vt e [0,tf], &(t) = A(t)x(t) + B(t)u(t) +r(t), x(0) = xo. (1.3)
Definition 1.1 The set of reachable points from xq at time ty > 0 is defined by:
Acc(zo, tf) = {zu(ty) | u e L=(0,t5],Q)}, 1.4)
where x,,(-) is the solution of system (1.2) associated with control u(t), t € [0,ty].

In other words, Acc(xo,ty) is the set of endpoints of the solutions of (1.2) at time ¢, when

the control u(t), t € [0,ts] varies for consistency, we define:
ACC(QZ(), 0) = {xo} (1.5)

The system (1.2) is controllable if for any initial state zy and any final state =, there exists a

control u(t) that can drive z to x¢ in finite time.

Kalman’s Criterion:

The system is controllable if and only if the controllability matrix:
C =[B,AB,A’B,...,A"1B],

has rank equal to n (i.e., the columns are linearly independent).

Exemple 1.2 Consider an non controllable system

10 0 1
A=10 2 0|, B=]1
00 —1 0

15



Controllability

Computation of matrix C

1 1
AB=|2|, A’B=|4
0 0
then
111
C=1[1 2 4
000

The rank of C is 2 < 3: the system is not controllable.

Exemple 1.3 Consider an non controllable system:

0 1 0 0
A={0 0 1|, B=]0
-1 -2 -3 1
Computation of matrix C
0 1
AB=| 1], A’B=|_-3
-3 7
then
0 O 1
C=(0 1 -3
1 -3 7

Its determinant is —1 # 0, so rank(C) = 3: the system is controllable.

1.2.3.1 Controllability of Non-Autonomous Linear Systems
A non-autonomous linear system in R" given by

&(t) = A(t)x(t) + B(t)u(t) + r(t),
is controllable in time 7 if and only if the matrix

T
C= / (B(t, 5)) B()B'(1)(®'(t, s))dt,
0

is invertible.

16
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Controllability

Remark 1 The matrix C'is called the controllability matrix. It does not depend on the initial condition
xg, but it does depend on the final time T. In other words, if a non-autonomous linear system is

controllable in time T from xq, then it is controllable in time T from any point.

For a non-autonomous system, the controllability matrix C(¢) is given by:

C(t):/ ®(t,s)B(s)B'(s)®'(t, s) ds,

to

where ®(t, s) is the state transition matrix, satisfying:

0D(t, s)

) AW (Ls), Bls,s) =T

Exemple 1.4 Consider the following non-autonomous dynamical system:

&(t) = A(t)x(t) + B(t)u(t), tel0,ty],

where

For this system, A(t) is piecewise constant, so the state transition matrix is:

1 t—s
O(t,s) = eAlt=s) —
0 1

Substituting ®(t, s) and B(s), we obtain:

tf1 t—s 0 1 0
C(t) :/ (0 5) ds.
to \0 1 s t—s 1

After calculation, we find that C(t) is full rank (rank 2) for all t > 0, which proves that the
system is controllable.

This non-autonomous system is controllable because its controllability matrix C(t) is full rank
for all ty > to. This means it is possible to transition from any initial state x(to) to any final state

x(ty) using an appropriate control input u(t).

17



Controllability

Exemple 1.5 Show that the system

&(t) = —x1(t) + u(t)sint, (1.8)
Zo(t) = za(t) + u(t) cost,
is not controllable. Consider the system:
3‘5‘1 (t) = —Ct?l(t) + U(t) Sin(t),
&o(t) = wa(t) + u(t) cos(t),
1(t) .
Let x(t) = . The system can be written as:
210
z(t) = A(t)z(t) + B(t)u(t),
where:
-1 0 sin(t)
At) = , B(t)= .
0 1 cos(t)
The controllability Gramian is:
ty
Clty) = / B(t, 5)B(s) B (5)P' (1, 5) ds,
0
where ®(t, s) is the state transition matrix. For this system:
-(t=s)
B(t,s) = eA9) = ‘ .
0 etfs
e~ (=% sin s
O(t,5)B(s) = ,
el~%cos s
o, e~ sins\ [ sin(t) e=(t=9) 0
O(t,s)B(s)B'(s)P'(t,s) =
e!=* cos s cos(t) 0 el™s
(1.9

e 2t=%)gin2s  sinscoss
sin s cos s e2(t=5) cos? g

rank (®(t,s)B(s)B'(s)®'(t,s)) =1 Vs € [0,t5].

The integrand is always rank 1 because:

Therefore, C(t) is an integral of rank 1 matrices and cannot have rank higher than 1.

Since the controllability Gramian C(t) cannot achieve full rank (rank 2) for any t > t¢, the system is

18



Numerical methods to solve linear optimal control

not controllable.
Interpretation:
If C has rank n, it means that all states of the system can be influenced using the control u(t).

Otherwise, some states are inaccessible, and the system is not completely controllable.

1.3 Numerical methods to solve linear optimal control

Two principal numerical approaches exist for solving optimal control problems: direct methods
and indirect methods. Direct methods operate by discretizing the original optimal control problem
and reformulating it as a constrained linear optimization problem, offering advantages in imple-
mentation simplicity and constraint handling. The shooting method represents the most common
indirect approach, employing Pontryagin’s Maximum Principle to transform the problem into a
two-point boundary value problem that requires solving adjoint equations derived from optimality
conditions coupled with Newton-type iterative refinement. While indirect methods achieve su-
perior numerical precision, they demonstrate notable sensitivity to initial condition specification,

particularly regarding co-state variable initialization.

1.3.1.1 Pontryagin’s Maximum Principle:

In this section, we present a general version of Pontryagin’s Maximum Principle. This theorem
is difficult to prove. However, when there are no constraints on the control, the proof is simple,
leading to what is known as the weak maximum principle. We will first focus on this simpler

version before moving on to the general case.

Define the Hamiltonian Let us show that a singular trajectory can be parameterized as the
projection of a solution to a constrained Hamiltonian system. Consider again the general control

system:

(t) = Az(t) + Bu(t) + r(t),

The Hamiltonian H is defined by

H(t,z(t),u(t),p(t)) = p° (dz(t) + d'u(t)) + p' (Az(t) + Bu(t) + (1)) (1.10)

19



Numerical methods to solve linear optimal control

where p(t) = (p1(t), p2(t),...pa(t)), t € [0,tf] called the adjoint vector, such that

. 0OH
1.11
(1) =~ o0 o
P ="
Moreover, the minimality condition
H(t,z*(t),u"(t),p"(t)) = ogug;i%max H(t,z(t),u(t),p(t)), (1.12)

holds almost everywhere on ¢ € [0, t¢].

Since the final time ¢ is fixed, according to the transversality condition of PMP, we obtain:

H(tp,z(ty),ulty), p(ts)) = c. (1.13)

Solving the minimality condition (1.12) on the interior of the set of admissible controls gives
the necessary condition

0 if I p(t) >0,
W) = plt) (1.14)

Umax iflp(t) <0,

where p is obtained from the adjoint system (1.11), that is,

p(t) = —A'p(t), (1.15)

Transversality conditions where the final point x(7) is free. The optimality condition is given
by:
099

P(T) = 152 (T.(T)), (1.16)

with the necessary condition p° # 0 (typically, we take p° = —1). Moreover, if g does not explicitly

depend on time, it is customary to write:

p(T) = =Vg(x(T)).

Remark 2 For autonomous systems, the Hamiltonian H(t,z(t),p(t),u(t)), t € [0,T] remains con-
stant along trajectories. Specifically, when f and L are time-independent, the Hamiltonian H becomes

time-invariant (H = const).

Remark 3 The sign convention for pg determines the optimality condition: py < 0 yields the max-
imum principle, while py > 0 gives the minimum principle. Consequently, condition (1.17) would

represent a maximization condition.

20



Numerical methods to solve linear optimal control

The shooting method is an iterative numerical approach for solving boundary value problems
(BVPs) in differential equations and optimal control theory. By converting the BVP into an initial
value problem through estimation of unknown boundary conditions, the method iteratively refines
these estimates until the boundary conditions are satisfied.

Using equations (1.11), (1.10), (1.13) and (1.14), we formulate the following optimal con-

trol problem:

z(t) = Az(t) + B x max(0, sign(Ip(t))Umax,
p(t) = —A'p(t) + ¢, (1.17)
Hu(t) =g,

Let z(t) = (z(t),p(t)). This yields a two-point boundary value problem:

where A* € My, «2,(R) is the matrix given by

A 0
A* = b (1.18)

O4xqg —A

We consider the following Cauchy problem:

(t) = A*2(t) + B,
£(t) z(t) (1.19)
2(0) = 2.

If we define the shooting function S : R?" — R?" by
R(z(ty) — 2f,2(0) — 20) = 0,

where z(t, z¢) is the solution of the Cauchy problem (1.19), then the two points’ boundary value
problem (1.17) is equivalent to
S(z9) = 0. (1.20)

To solve (1.20), we use Newton’s method[23].

1.3.2.1 Direct methods

Direct methods consist of transforming the optimal control problem into a finite-dimensional linear,

quadratic, or nonlinear optimization problem. One example is the full discretization method.
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Numerical comparaison

Full Discretization This method involves choosing the controls in a finite-dimensional space
and using a numerical integration method for the differential equations. Consider a subdivision
0=ty <t1 <---<ty =T of the interval [0,7]. We reduce the control space by considering (for
example) piecewise constant controls on this subdivision. Moreover, we discretize the differential

equationhere, for simplicity, we use the explicit Euler method. We then obtain, with h; = t;11 — t;,
Tiv1 = x; + hif (i, Ti, wi).
This discretization leads to the following nonlinear programming problem:
min F(Z)
Tiv1 = x; + hif (ti, zi,u), i=0,...,N —1,
weN, i=0,...,N—1,

where (Q is a subset of R™, and Z = (1, x2,...,ZN, U, U1, ..., un—1), With o given.

1.4 Numerical comparaison

— Easier implementation: They don’t require preliminary theoretical analysis like indirect meth-
ods. Specifically, they eliminate the need to study adjoint variables or pre-determine switch-

ing structures.
— Greater robustness: More tolerant to variations in problem parameters.
— Lower sensitivity to initial conditions: Unlike indirect methods which are highly sensitive.
— Efficient constraint handling: Particularly effective for state constraints.

— Feedback control capability: Can compute optimal controls in feedback form.

— Lower precision: For example, in aerospace optimal control problems (as studied in the next
chapter), direct methods often prove insufficiently accurate despite increasing discretization

steps.

— Local minima issues: The direct discretization often creates multiple local minima, and the

solution found may be far from the true global optimum.

— Memory intensive: Can become inefficient for high-dimensional problems after discretiza-

tion.
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Numerical comparaison

— Exceptional numerical precision

— Parallel computing capability: The multiple shooting method is inherently parallelizable and

can be implemented on computer clusters.

— Open-loop solutions: Compute optimal controls in open-loop form.

— Necessary condition limitation: Based on the maximum principle which provides only neces-

sary conditions, requiring a posteriori verification of solution optimality.

— Structural rigidity: Requires advance knowledge of switching structures (e.g., through geo-

metric analysis of the problem).

— State constraints are difficult to incorporate and may complicate the optimal trajectory struc-

ture.

23



This study revisits [15] induction-phase problem, applying the shooting method [17] via Pontrya-
gins minimum principle [18] while addressing algorithmic inconsistencies in termination criteria
and equilibrium computation. We further propose an analytical alternative to time-optimal control,
circumventing the shooting methods sensitivity to initial adjoint conditions. Our approach elimi-
nates convergence dependencies and extends to other PK/PD models. Numerical simulations for
a 53-year-old male (77 kg, 177 cm) confirm agreement between methods in determining minimal

anesthesia time and optimal infusion rates.

2.1 Pharmacokinetic/Pharmacodynamic (PK/PD) model :

The PK/PD model comprises four physiologically distinct compartments: Intravascular blood (z1(t)),
Muscle (z2(t)), Fat (z3(t)) and Effect site (brain) (z4(¢)). The effect site compartment is included
to model the delayed equilibration between plasma drug concentrations and central nervous sys-

tem effects [19].

24



Pharmacokinetic/Pharmacodynamic (PK/PD) model :

Continuous infusion

urt)
W
\ 3 N
Muscle Central compartment Fat
Intravascular blood
Ozq

g [V, 10

=4
Elimination (Liver, Kidney)

Effect site

Elimination

Figure 2.1: Schematic diagram of the PK/PD model with the effect site compartment of Bailey and

Haddad [19].

The state variables x1(t), z2(t), x3(t), and x4(t) represent the propofol mass in the blood

(central compartment), muscle, fat and effect site compartments, respectively, at time ¢. The con-

trol input u(t) denotes the continuous anesthetic infusion rate. Key pharmacokinetic parameters

include: ay¢ (central compartment clearance rate), a.o (effect site elimination rate), and the in-

tercompartmental transfer rates a;» (blood—muscle), a3; (blood—fat), as; (muscle—blood), a3

(fat—blood), with a.o/v; governing drug transfer to the effect site, where v; is the volume of the

central compartment.

The system dynamics is governed by the following differential equations:
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Pharmacokinetic/Pharmacodynamic (PK/PD) model :

il(t) = *(alo + aio + alg)xl(t) + agll‘g(t) + a311:3(t) + U(t),

E2(t) = argz1(t) — a122(t),

(2.1)
#3(t) = a13z1(t) — azrz3(?),
#a(t) = C;—T)xl(t) — agoaa(t). t€[0,ty]

The state variables for system (2.1) are subject to the following initial conditions:

z(0) = (21(0), 22(0), 23(0), z4(0)) = (0,0,0,0).

Following Schnider et al. [12], the lean body mass (LBM) is calculated using the James formula.
Although this method demonstrates satisfactory accuracy for normal and moderately obese pa-
tients, its performance diminishes in cases of severe obesity [20]. The gender-specific equations

are defined as:

weight
height
weight
height

2
1.1 x weight — 128 x < > for males,

LBM = (2.2)

2
1.07 x weight — 148 x ( > for females.

where:
— Weight is in kilograms (kg)
— Height is in centimeters (cm)

The parameters of the PK/PD model ( 2.1 ) are then estimated according to Table 2.1

Parameter | Estimation

aio (min~') | 0.443 + 0.0107(weight — 77) — 0.0159(LBM — 59) + 0.0062(height — 177)

min~!) | 0.302 — 0.0056(age — 53)

min~') | 0.0196

in~!) | 0.0035

=)

(
(
asy (min~!) | (1.29 — 0.024(age — 53))/(1.89 — 0.391(age — 53))
(
(

min ! 0.456

vy (1) 4.27

Table 2.1: Parameter values for model (2.1) according to Schniders model
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Pharmacokinetic/Pharmacodynamic (PK/PD) model :

Following [14], the equilibrium point is obtained by setting the right-hand side of the system (2.1)

equations to zero:

—(a10 + a1z + a13)x1(t) + a2iz2(t) + azizs + u(t) = 0,

algxl(t) — a21x2 (t) = O,

(2.3)
a13:L‘1(t) — a31l‘3(t) = 0,
90 11 () — acoza(t) = 0,
V1
subject to the constraint:
T4 = EC50. (24)
The equilibrium point 2, = (21, Te2, Te3, Tea) is then given by:
EC EC
Te1 = 11EC50, Teo2 = m, Tez = Ma Teq = EC5, (2.5)
a1 as1
with the corresponding equilibrium infusion rate:
Ue = a10v1E050. (26)
The fast state variables are defined as:
Xer(t) = (x3(t), wa(t)). 2.7)

The control of the fast dynamics is crucial because the BIS is a direct function of the concentration
at the effect site.

Here, the continuous infusion rate (¢) must be selected to drive the system (2.1) from its initial
wake state to the desired anesthetized state in minimal time. This constitutes a time-optimal

control problem [15], formally stated as:
min J = x1(ty)
i(t) = Az(t) + Bu(t) +r(t), z(0)" = (0,0,0,0)

Hzx(ty) =g

0 < u(t) < Umax,  VEE€[0,14],
\

(2.8)

where

0010 9.6
H= g = .ty =1.90.
0001 3.4
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Pharmacokinetic/Pharmacodynamic (PK/PD) model :

Let z(t) = (z1(t), 22(t), 23(t), x4(t)) € R*. We can write the dynamical system (2.1) in a matrix

form as follows:

#(t) = Az(t) + Bu(t) + (1), 2.9)
where

—(a10+ a1z +a13) az a3 0 1

a2 —as91 0 0 0
A= and B =

ais 0 —as1 0 0
fed 0 0 —aw 0
U1
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In this section, we construct the mathematical model of the linear optimal control corresponding
to the induction phase of anesthesia for a 29-year-old female patient weighing 70 kg with a height
of 170 cm.

. We solve the problem using two methods: the analytical method combined with the shooting
method, and a discretization technique using the Euler formula. Then, we compare the results
obtained by performing several numerical simulations with MATLAB.

The problem is formulated as follows:

min J = x1(ty)

#(t) = Az(t) + Bu(t), z(0) = (0,0,0,0) 51

Ha(ty) =g

0 <u(t) <Unax, Vt€ [Ovtf]7
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Numerical Methods
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the Euler
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1
= =

Figure 3.1: Diagram of the Classification of Numerical Methods in Optimal Control
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Numerical resolution by using indirect method

3.1 Numerical resolution by using indirect method

Resolution by the Analytical Method. In order to solve the problem (3.1), we first apply the

Pontryagins maximum principle. The Hamiltonian of the problem (3.1) is given by:

H(xz(t),p(t),u(t)) = p1(t)(—(a10 + a12 + a13)x1(t) + ag1z2(t) + agixs + u(t))

+p2(t)(ar2z1(t) — aziza(t))

+p3(t)(a3r1(t) — az1w3(t))
(

P4 t)@m( t) — acoza(t))

+

The adjoint vectors are the solutions of the system corresponding to the following Euler-Lagrange
equations:

;

p1(t) = (@10 + a12 + a13)p1(t) — a12p2(t) — a13ps(t) — a1apa(t),

pa(t) = —ag1p1(t) + az2ipa(t),

(3.2)
p3(t) = —az1p1(t) + azips(t),
\1?‘4(t) = acopa(t).
From the system (3.2), we deduce that
(p1(T) = agg;i) -1,
480
dg((T)) 53
»() =5 m =0
i) = -2 —o.
The maximum of the Hamiltonian is given by:
H(z*(t), p*(t), u* (1)) = MaXo<u(t)y<Umax 1 (@(t), p(t), u(t))
= p1(t)(—(a10 + a12 + a13)z1(t) + agiz2(t) + aziz3) 5.4
+p2(t)(a1271(t) — az1z2(t)) + p3(t)(ar1321(t) — azizs(t)) .

+p4(t)(a7610:v1( ) — aeoa(t)) + max{p: (t)u(t)]
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Numerical resolution by using indirect method

The Pontryagin maximum principle leads us to the following boundary value problem:

where

and

21(t) = —(a10 + a12 + a13)x1(t) + az122(t) + ag1xs(t) + max[py (¢)u(t)]
Za(t) = araz1(t) — ag1xa(t)
x3(t) = a13z1(t) — as1x3(t)
vy (3.5
p1(t) = (a10 + a12 + a13)p1(t) — ar2pa(t) — a13ps(t) — a1apa(t),
p2(t) = —aaip1(t) + a21p2(2),

p3(t) = —az1p1(t) + azips(t),

k10'4(75) = acop4(t),

z(t) = (xj(t),j=1...4) = (x1(t), z2(t), x3(t), x4(2), (3.6)

p(t) = (p;(t),j =1...4) = (p1(t), p2(t), p3(t), pa(t)). (3.7

We construct the following shooting function:

with

G: RS RS
p(0),p(T)) — G(p(0),p(T)),

(3.8)

p1(0) — X\
p2(0) — A2
p3(0) — As
60).pr) = | PO
pi(T) +1
p2(T) =0
p3(T) =0
pa(T) — 0
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Numerical resolution by using indirect method

Hence, the problem (3.5) is equivalent to the following problem:

21(t) = —(a10 + a12 + a13)21(t) + a2122(t) + as123(t) + max|py (t)u(t)]
Z9(t) = a1221(t) — ag122(t)
23(t) = a1321(t) — as1z3(t)
v1 (3.9
Z5(t) = (a10 + a12 + a13)25(t) — a1226(t) — ar327(t) — arazs(t),
Z6(t) = —ag125(t) + ag126(t),

27(t) = —a3125(t) + a31z7(t),

28 (t) = AeOR8 (t) s

N
We determine the numerical solution of the nonlinear system G(p(0),p(7)) = 0 using Newton
method. By implementing this method with Matlab.

60 Optimal control by the shooting method
T T T T

50 - y

40 - 1

T
1

£ 30

20 T

0 1 1 1 L
0 0.5 1 1.5 2 25

t
Figure 3.2: Numerical results by using the Euler Discretization method
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Numerical resolution by the Euler discretization method

3.2 Numerical resolution by the Euler discretization method

For a given number of discretization subintervals N, the step size is h = % and the time instants
are:

O=to<ti < ---<itn1<ty=T.

Applying the Euler scheme to solve the Cauchy problem gives the following discretized system:
.,”Uj7z'+1:iL'jJ—{—h(AjZCi—i-Bjui), j=1....n, 1=1,...,N.
where z; € R"™. This can be written as:

T1i+1 — 21, — h(A1x; + Biup;) = hryy

T it1 — X2, — h(Asx; + Bou;) = hry;

Tjirr — g — h(Ajei + Bjug) - = hrj;

Tnit1 — Tni — M(Apxi + Bpui) = hry;

where
Ay B 1
Ay By 9
A ey s B oy s r =
An By, Tn
Expressing A; as:
AJ = (O[j71, Qjoyeeey Qjkye. ., O[jm/)v

we can write:

Aj = ajjej + Mj.
Thus,
Tjitl — Tjsi — h(aj,jejxi + Mj.l‘l' + Bjui) = h’l”j,i,
and since e;x; = x;;, we obtain:
zjit1 + (=1 —aj h)zj; — M(Mjz; + Bju;) = hrj,.

Define the vector:

/
T = (561,0,1‘1,17~-7$1,N7$2,0,x2,1,---,132,N7---7$n,07$n,17-~7$n7N),
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Numerical resolution by the Euler discretization method

/
U = (UL,0,UL1s -+ ULN—1,U2,0, U215+ UZN—Ts - -+ Umn,05 U, 1y« - s U, N—1),
x
X pu—
u
For:=0,...,N — 1, we obtain the system:

r1i01 + (=1 — a1 h)z1; — h(Miz; + biug) = hry,

Toit1 + (=1 — agph)xo; — h(Mox; + Boug) = hray,

Tnit+1 T (_1 - an,nh)xn,i - h(Mnl"L + Bnuz) = hrn,i-

This leads to the matrix system for j = 1,...,nand k = 1,...,n:
— Ifj=k:
—1—ajh 1 0 0
0 —1—ajh 1 0
Pjj= :
0 0 oo —l—aj;h 1
0 0 0 —1—ajh
— Ifj #k:
-1 0 0 0
0 -1 0 O
Pj . = hap
0 0 -1 0
0 O 0 -1

— And for the control terms:

qg=1...m
-1 0 0 0
0 -1 0 0
Pintq = hbjgq
0 0 -1 0
0 0 0 -1
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Numerical resolution by the Euler discretization method

and

Thus, the system can be written as:
PX =V

min (c’x(t 7))+ /0 tf (w'x(t) + d'u(?)) dt> ,

Applying the Euler scheme to solve the Cauchy problem gives the following discretized system:

=2

-1

t
/ ! (w'x(t) + d'u(t)) dt =~ h (W'xp + d'uy)
0 0

i

optimization problem becomes:
N-1
min (C’X +h Z (W/Xk + d'uk)> ~ min (C'X + W’X) .
k=0

First, let’s start with:
x(ty) =7z 4+ O, u = (¢, 0p,,,,)X =C'X

where:
d = [01,02,...,Cn,0,...,0] .
Secondly
t N-1
/ (w'x(t) + d'u(t)) dt ~h Yy (w'xp+d'ug)
0 k=0
= @'z +du
= (@', dX
=W'X.
where
/&5 /
W=1 _|, et @ =h({(w,w,...,w,ws,wa,...,w2,...Wn,Wn,...
d N copies

d =h(dy,dy,... dy,do,ds, ... do,. .. dp,dp,. .. dm).

N—1 copies
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Numerical resolution by the Euler discretization method

Third, we can write

Ha(ty) =g = HX =g, 2)
where:
/
g:<gla923'-'7gp)'
N copies m*N-1
—~ = —N—
0...0 hig 0...0 hig ... ... 0...0 hiym O.ooiii.... 0
f_j: 0...0 hg,l 0...0 h272 ... ... 0...0 hg’n O 0
0...0 hp1 0...0 hpz ... oo 0...0 hpy O.oviinn.... 0
Fourth
.1‘1(0) 10
x2(0) Rz
2n(0) Tno
we find:
RX =17, 3)
where:
m*N-1
1 0...0 ......... 0...0 0...0 0...0 Z10
xr
r_0...0 1 (I 0 0.0 0..0] G 7
0...0 .o L. 0 1 0...0 0...0 Lno
Finally:
a <u(t) < B,
this can be expressed in terms of state variables as:
L<X<U, 4

where the lower and upper bound vectors are constructed through component-wise repeti-

tion:

,...,0,a1,...,al,ag,...,ag,...,am,...,am>’

N copies
L' = (O ———
N copies
U/: e .
+Ooa“'7+007/817"'7517/827"'7527"’7/87717"’7/8771
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Numerical resolution by the Euler discretization method

N CPU

200 | 0.0012
500 | 0.0554
800 | 0.1807
1200 | 0.1726
2000 | 1.8344

Table 3.1: Numerical Simulation Using the Euler Discretization Technique

By combining Equations (1), (2), (3), and (4), we obtain:

min (C'X + W'X)

PX =V, RX =%,
(S) (3.11)

I:TX:g,

L<X<U,

This problem can be reformulated in a more compact linear programming form as follows:

min F'X

(S): MX =f (3.12)

where:
P Vv
F=C"+W), M=|R|, f=]|%
H g
We also solved the linear program using MATLAB’s interior point method. From Table (3.1), it can
be noticed that the Euler discretization method is very fast. However, it can achieve the desired

accuracy.
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Numerical Comparaison

Optimal control by using Euler discretization method

50 .
40+ -
X 0.285
Y 33.86
Sa0f .
20 + .
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0 1 1 1 4
0 05 1 15 2 25

t
Figure 3.3: Numerical results by using the Euler Discretization method.

3.3 Numerical Comparaison

The direct method based on Euler discretization offers significant advantages over the indirect
approach combining the Pontryagin Maximum Principle (PMP) and the shooting method.

Ease of Use:

— The Euler method is simpler to implement since it does not require solving a boundary value

problem iteratively, unlike the shooting method.

— The shooting method, however, critically depends on the initial guess for convergence,

adding an extra layer of complexity.
Comparable Results with Fewer Constraints:

— The results obtained via Euler discretization are similar to those of the shooting method but

without the numerical challenges tied to sensitivity in initial conditions.

— The shooting method may fail to converge if the initial guess is poorly chosen, making it less

robust in certain scenarios.

— In conclusion, while the shooting method can provide high theoretical precision, the Euler

method is often preferable due to its simplicity, reliability, and practical efficiency.
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This study presented numerical methods for solving linear optimal control problems, with ap-
plications in biomedical systems. We began by analyzing the controllability of the system and
formulating the problem mathematically. Both indirect and direct methods were implemented to
solve the control problem efficiently.

Euler’s discretization method proved to be a simple yet effective approach for approximating
the systems dynamics. In the second part, we applied the developed models to the anesthesia
induction process using a PK/PD framework.

The simulations highlighted the importance of control strategies in maintaining safe drug
levels during anesthesia. Overall, the work demonstrated the power of numerical control tech-
niques in healthcare. Future improvements may involve adapting these models to nonlinear sys-

tems or real-time monitoring tools.
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