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Abstract

This Thesis focuses on the application of the finite difference method, combined
with the Lyapunov method, to solve linear partial differential equations (PDEs) with
homogeneous Dirichlet boundary conditions. PDEs are fundamental in the modeling
of many physical and engineering phenomena, but their analytical resolution is often
complex, if not impossible. Thus, digital methods become essential.

We start with an introduction to the basic concepts of PDEs and homogeneous
Dirichlet boundary conditions. Next, we detail the finite difference method, a technique
that discretizes the continuous domain into a lattice of points and approximates the partial
derivatives by finite differences. This method is known for its simplicity of implementation
and its effectiveness for problems defined on regular domains.

In order to improve the stability and convergence of the finite difference method,
we integrate the Lyapunov method. The Lyapunov method, formulated by the matrix
equation AX4+XB=C, is used to analyze the stability of solutions and optimize numerical
schemes. This approach allows the discrete PDE problem to be reformulated into a Lya-
punov equation, thereby facilitating numerical solution while ensuring desirable properties
such as stability and precision.

We then develop the practical implementation of this combined approach, detailing
the algorithms and steps required to solve linear PDEs. Case studies and numerical
simulations are presented to illustrate the effectiveness of our method. These examples
show how the finite difference method, enhanced by Lyapunov analysis, can efficiently
solve typical problems while respecting the constraints of homogeneous Dirichlet boundary
conditions.

Finally, we discuss the advantages and limitations of this combined approach. We
also discuss future perspectives for the improvement and extension of these techniques,

including the adaptation to nonlinear problems.
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Introduction

In practical life, there is a pressing need to solve linear systems Gz = ¢, where G
represents the coefficient matrix, x is the vector of unknowns, and ¢ is the vector of known
numbers. These systems are used in various engineering and scientific applications, such
as calculating forces in mechanical structures, solving distribution and storage problems
in computer science, and analyzing electrical circuits in electrical engineering.
Additionally, we encounter the Sylvester equation AX + XB = C, which involves an
unknown matrix X, and three known matrices A, B, and C. This equation finds appli-
cations in a wide range of engineering and scientific fields, such as controlling dynamic
systems, designing filters, and analyzing various engineering scenarios .

Finally, solving partial differential equations (PDEs) presents another challenge, where
research suggests that using finite difference methods to solve these equations can be com-
plex. However, the process can be simplified, and accurate and efficient results achieved
using the Lyapunov equation [I5]and [11]. These methods are used in various applica-
tions, such as fluid dynamics, heat transfer, and aerodynamics.

Therefore, this research focuses on developing and improving numerical methods to solve
linear systems [5] , including Sylvester equations [7]and [¢] , and solving partial differen-
tial equations using the Lyapunov equation, and integrating them with finite difference

methods [12]and [16] .

The linear matrix equation Gz = ¢ is a common form of a linear system of equations.
Historically, the study and solution of linear systems date back thousands of years and
have significantly impacted the development of mathematics.

Ancient Origins: Linear systems appeared in the history of ancient mathematics. For
example, the Chinese used methods similar to matrix operations in "The Nine Chapters
on the Mathematical Art” (circa 200 BC). In this text, mathematical problems involving

linear systems were solved using techniques akin to Gaussian elimination.
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Development of Linear Algebra: In the 19th century, the concept of matrices and
determinants was formalized, paving the way for modern methods to solve linear systems
of equations [6]. Mathematicians such as Arthur Cayley and James Joseph Sylvester
contributed to developing the theory of matrices, which is central to linear algebra.

Gaussian Elimination [I] named after Carl Friedrich Gauss, this method is a classic
technique for solving systems of linear equations. It involves using simple operations to
put a matrix in echelon form, allowing the linear system to be solved.

Modern Applications: Today, the equation Gz = ¢ is used in many fields, including
engineering, physics, economics, computer science, and others. Software like MATLAB or
NumPy (for Python) provides powerful tools for solving large-scale linear systems quickly.

Thus, the linear matrix equation Gx = ¢ has a long history and remains a funda-
mental part of applied mathematics, with applications that extend to virtually all aspects
of science and engineering.

The Sylvester equation is a matrix equation that takes the following form: AX +
XB = C where A, B and C are given matrices and the goal is to find the unknown
matrix X [10]. This equation is named after the mathematician James Joseph Sylvester,
who made significant contributions to linear algebra and determinants in the 19th cen-
tury. Sylvester greatly contributed to the development of linear algebra and laid down
some fundamental concepts in this field. The Sylvester equation has broad applications

in various fields, including mathematics, engineering, computer science and physics.

This memory is organized as follows, in the first chapter, we recall the basic concepts
of linear systems Gz = ¢ [2] . We give a brief overview of the methods for solving these

systems, starting with direct methods such as Cramer’s formulas, Gauss elimination, LU

factorization, and Cholesky decomposition [1], and moving on to iterative methods like
Jacobi and Gauss-Seidel [5] and [3]. Various cases for the matrix G are examined, de-
tailing each method and its applications [1] . We particularly focus on direct methods

decomposition, and introduce iterative methods to provide a comprehensive understand-
ing of the computational complexity of each method and when it is appropriate to use
them. This detailed knowledge is aimed to be useful for students and professionals in

mathematics and engineering.

Chapter two is organized as follows: In section 1, we introduce the problem of the

Lyapunov-Sylvester equation and explain its significance [7]. In section 2 , we propose
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an algorithm that utilizes the Kronecker product to transform the original Lyapunov-
Sylvester equation into a standard linear system that can be efficiently solved [8]. In
section 3, we elucidate the proposed algorithm through three examples of Lyapunov-
Sylvester problems, where these examples are solved using three methods: S-LUS | S-
KPLUS algorithm, in addition to LMM [9]. Finally, we compare the aforementioned
methods through numerical simulation using the MATLAB programming language, where
we provide a comprehensive comparison of CPU times for these algorithms, demonstrating

their performance across a variety of matrix sizes.

Chapter third is structured as follows: In section 1, we present the problem statement
and challenges, along with dividing the spatial and temporal domain and using finite-
difference approximations [12]. Then, in section three, we review the finite-difference
scheme that updates the solution at each grid point according to time steps [11]. Next,
we present the boundary conditions imposed on the domain, ensuring compatibility with
the initial conditions. Subsequently, we represent the problem in matrix form to enhance
computational efficiency, focusing on implementation using MATLAB. We provide an
example of a well-known problem where we compare the numerical solution with the
exact solution [13] and [106]. Finally, we evaluate performance by analyzing execution

times and comparing results for different grid sizes and time intervals [14].



Chapter

]- Numerical methods for solv-

ing linear system Gxr = c

1.1 Introduction

In this chapter, we propose to study some methods for solving systems of n equations

with n unknowns of the form:

g11T1 + g1oTo + . . . + G1nTn = C1
go171 + gooo + ... + GonTy, = Co
93171 + G322 + ... + g3p Ty = C3 (1.1)

\ 9n1l1 T gn2%2 + ... + GnnTn = Cp,

let G be a matrix M, (R) (the set of square matrices of order n with elements in R ), ¢ be
the vector with components (cy, ¢, ..., ¢,)T and x be the unknown vector with components
(71,22, ..., 2,)T. Solving the system (1.1) is then equivalent to solving the matrix equation
Gz = c. To solve this type of system, the first idea that comes to mind is to use Cramer’s

formulas, given that we assume G is invertible, then det(G) # 0, therefore

g1 .-+ Gii-1 €1 Gii4+1 --- Gin
1 921 ... Gg2i-1 C2 Q24541 ... G2n
T = ’ ’ i=1...n, 1.2
det(G) (12)
gn1 -+ O9ni-1 Cn YGni+1 --- gnn_

as a result, solving the system (1.1) using these formulas requires a total of T amer =

(n + 1)?n! — 1 elementary operations. For example, for n = 5, Toramer = 4319, and for
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n = 10, Toramer ~ 4.108, in this case, it becomes very slow in terms of execution time (or
computation)as soon as n exceeds 4, another method is to calculate the inverse matrix of
G, that is:

G 'Gz = G '¢ hence z = G 'c.

For this, a total of Tiyperse & n!(n? +n + 1) + 3n? — n elementary operations are used.
For example, for n = 5, Tinperse ~ 3790, and for n = 10, Tiperse ~ 4.108. This method is
not more advantageous than the first. We resort to numerical methods with acceptable

computation times and an operation count of order n®. These methods can be:
e Direct methods: used only if the number of equations is not too high (n < 100).

e Iterative methods: used as soon as the system size is large (n > 100), which does

not prevent them from being useful for small systems as well.

Definition 1.1.1. A direct method for solving the system (1.1) is a method that leads to the
exact solution of the problem after a finite number of arithmetic operations based on the
system’s dimension. We will explore specific cases such as the diagonal matriz, identity

matrix, lower triangular matriz, and upper triangular matrix.

1.2 Specific Cases for Matrix G

1.2.1 Identity Matrix

0o ... 1 Ty, Ch,

e Calculate x; for each 7z from 1 ton : x; =¢; .

Example 1.2.1.
100 6
I=|1 010 |andc= 9 ,
001 12
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we calculate x1 =6 , 9 =9 , x3 = 12.

6
r=19
12
1.2.2 Diagonal Matrix
g1 --- 0 1 c
N (L4)
0 ... 9w Ty Cn

e (Calculate x; for each 7 from 1 ton : z; = g—

Example 1.2.2.

2 00 6
G=]10 3 0 |andc= 9 ,
0 0 4 12
we calculate r1 = g , To :% , T3 = %.
3
r=13
3

1.2.3 Upper Triangular System

If G is upper triangular matrix, the system (1.1) can be expressed in the following form:

gun gi12 -+ .- ... Gin T C1

0 g2 ... ... ... (op i) Co
= , (1.5)

Gii -+ Gin T Ci

since we assume that G is invertible, then det(G) # 0, i.e. g; # 0 foralli =1,...,n. The

solution to the system Gz = c is:



1.2 Specific Cases for Matrix G

Algorithm 1: Upper Triangular System

1 input:G,c

2 output:x

3 for » = n:-1:1 do

4 | x(i) = (c(i) - G(i, i+1m) * x(i+1m)) / G(, 1);

5 end

The complexity of algorithm (1) is of order O(n

1.2.4 Lower Triangular System

2).

If G is lower triangular, the system (1.1) can be expressed in the following form:

gr 0 ... ... ... 0
921 G222
gi1 : e i

. . 0
gn1 Gn2 Gn3 .- ... Gnn

T

T2

Tn

(&1

Ca

Cn

: (1.6)

since we assume that G is invertible, then det(G) # 0, i.e. g; # 0 foralli =1,...,n. The

solution to the system Gz = c is:

Algorithm 2: Lower Triangular System

1 input:G,b

2 output:x

3 for i = n do

4 | x(i) = (c(i) - G, 14-1) * x(1:4-1)) / G(i, 1);

5 end

The complexity of algorithm (2) is of order O(n

2)'

Final Note: In conclusion, it should be noted that if the matrix G does not follow one of

the discussed specific structures (diagonal, identity, upper triangular, or lower triangular),

solving the system of equations Gx = ¢ may become complex. In such cases, it is often

preferable to use advanced numerical methods such as Gauss method, LU decomposition,

or iterative methods like Jacobi or Gauss-Seidel.
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Numerical
methods

|

Iterative
| methods

Cholesky

| I

Figure 1.1: Numerical methods for solving linear system Gx = c.

1.3 Direct Methods for Solving Linear Systems

1.3.1 Gauss Elimination Method

Theorem 1.3.1 (Gauss’s Theorem). For a square matriz G, there exists an invertible ma-
triz M, such that the matriz G' = MG becomes upper triangular. The Gauss method
transforms the system (1.1) into an equivalent triangular system (1.3) using an elimina-

tion algorithm with only three elementary operations:
e Operation (I; — M;): Replaces line i with a multiple of itself.
e Operation (I; — 1;): Intervene line i and line j .
e Operation (I; — l; + Al;): Replace line i the line i plus one multiple of line j.

These three elementary operations are allowed, as they enable us to obtain a triangular

system equivalent to the original system (1.1), meaning they have the same solution.

Note 1. During elimination, it is possible for a pivot to become zero in the natural order
of rows. For stability reasons, it is beneficial at each elimination step to choose the pivot
such that | g,(i)| s as large as possible. This is known as the method of partial pivoting in

Gauss.
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The Gauss elimination method involves eliminating all terms below the diagonal of
matrix G, requiring a total of Tgauss = (4n® — 9n? + 7n)/6 elementary operations. For
example, for n =5 |, Tgauss = 115, and for n = 10 , Treuss = 805. This demonstrates the

significant improvement this method brings compared to other methods.

Note 2. The Gauss method allows the computation of the determinant of matriz G using

the formula
det(@) = (1) [T -
k=1

where p is the number of permutations.

Algorithm 3: Gauss Elimination

1 function x = gauss(G, c)
2 clc; clear all
3 input:G

4 output:s,x

ot

n = length(c);

6 for k = 1:n do

7 for i = k+1:n do

8 c(i) = c(i) - G(i, k)/G(k, k) * c(k);

9 G(i, k) = G(i, kin) - G(i, k)/G(k, k) * G(k, kin);
10 end

11 end

12 X = zeros(n, 1);
13 for 1 = n:-1:1 do
x(i) = (c(i) - G(i, i+1m) * x(i+1m)) / G(i, 1);

15 end

1

~

Example 1.3.1. Perform Gaussian elimination on the following linear systems:

2 4 4\ (= 2
13 1| |a]=]1], (1.7)
15 6) \z3 —6
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10

we write the first system in the form of a table.

2 4 4 2\ L
131 1| I
156 —6/ Ls,

we perform Gaussian elimination. Successively, we have:

2 4 4 2
01 -1 0
03 4 -7

Ly« Ly— 0,51,
L+ Ly —0,5L4,

2 4 4 2
0 1 —1 0| LY« Ly—3L,,
00 7 7

we then obtain the following triangular system:

2$1+4ZE2+4ZL’3:2
1’2—1‘3:0

7.1'3 = —7,

(1.8)

(1.9)

(1.10)

(1.11)

using the back-substitution algorithm (3), we have successively x3 = —1 ; x9 = —1 ;

x1 = 5, the Gaussian elimination above is said to be without permutation.

1.3.2 LU Factorization

These methods involve decomposing the matrix G by expressing it as G = LU, where L

is a lower triangular matrix, and U is an upper triangular matrix. The system (1.1) can

then be written as:

Gr=c< L(Uzx) =c,
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which can be decomposed into two triangular systems:
g Y12 Jin ly O ... ... 0 I up Uln
g1 Go2 - lor 2o 0 1 Usp
: = U3sn
0
gnl 9Gn2 YGn3 Gnn lnl ln2 ln3 lnn 0 0 1
G=LU L U
(1.12)

A necessary and sufficient condition for an invertible matrix G' to be decomposed into the

form G = LU is that det(Gy) # 0 for all k = 1,...,n where G}, = (g;;)F;—, (i.e. all minors

are non-zero).

Note 3. It should be emphasized that the LUdecomposition is not unique, so arbitrary

choices must be made beforehand. The two most popular choices consist of either imposing

that the matriz U has ones on the diagonal (Crout’s decomposition) or that the matriz L

has ones on the diagonal (Doolittle’s decomposition).

The determinant of matriz G can be calculated easily; indeed,

det(G) = det(L) x det(U).
For the Doolittle method, since det(L) = 1, we have
det(G) = det(U) = Hukk
k=1
For the Crout method, since det(U) = 1, we have
det(G) = det(L) = [ ] lun-
k=1

Example 1.3.2. Let’s consider the matrix:

4 8 8
4 5 6
21 3

G = ,det(G) = —12.
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Solving equation (1.12), which results in after substitution:

i1 Uialys U13l11
LU = lor  uralor + log Uislor + uaslao )

31 wialsy 4 ls2  wislsy + ugslsy + I3

then
(1, =4 (1, =14
loy =4 lyy =4
I3 =2 I3 =2
Uil =8 Uy = 2
Uizl = 8 < Uiz =2 )
Uialar + 1l = 5 log = =3
Ualz + 130 =1 l30 = —3
u13la1 + ugzlay =6 U3 = %
| U1sls1 + Unslsz + I35 = 3 [ l33 =3

thus, the LU decomposition of matrix G is:

4 8 8 4 0 0) (12 2
45 6|=[4 -30]]013%
2 1 3 2 =3 3/ \0 01
L Y 7
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Algorithm 4: LU Factorization

1 function factorisation(G,c)

2 input:G,c

3 output:x

4 n=length(c);

5 L=zeros(n);

6 U=eye(n);

7 for k=1:n do

8 for i=k:n do

o || LOX)=C(Lk)-L({,Lk1)*U(1k-1K);
10 end

1 for i=k+1:n do

|| UG)=(G )Lk k1) U (LikLi)) /L (k)
13 end
14 end

15 y=zeros(n,1);

16 for ;=1:n do

| y()=(e(i)-L(i, 11 Fy(L-1) /L (L):
18 end

19 x=zeros(n,1);

20 for i=n:-1:1 do

ot | x(i)=(y()-ULi+Im)*(i+1m)) /U

22 end

1.3.3 Cholesky Decomposition

This method involves factorizing a symmetric positive definite matrix GG into a product of
two matrices, such that G = LLT, where L is a lower triangular real matrix. The system

(1.1) can then be written as:
Gr=ce L(LTr) =c,

which can be decomposed into two triangular systems:
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J11 iz --- oo Gin liy O ... ... 0 i loy oo o0
go1 g2 - : loy lop "o : 0 oo oo i Upo
= Ls
0
Int 9n2 Gn3 - Gnm lni ln luz oo lon 0 ... ... 0 Ul
) G=LLT C L A T .
(1.13)

A necessary and sufficient condition for an invertible matrix G to be decomposed into the

form G = LLT.
Note 4. The Cholesky decomposition indeed offers an advantage for calculating the deter-
minant. Since Lis triangular, we have:
dim L 2
det(G) = det(LTL) = det(L) x det(L”) = det(L)? = ( 1T z) .
Note 5. The Cholesky method utilizes:

%(n?’ +6n? —Tn)  additions and subtractions
n*+3n diwvisions

n square Toots.

Gwen a total of Tcnotesky = %(2713 + 15n2 + n) elementary operationsm, by example for

n = 5, TCholesky =105 and fOT n — 10, TCholesky = 585.

Example 1.3.3. Let’s consider the matrix:

42 2
G=|2 2 1|.det(G) = 16.
2 15
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Solving equation (1.13), which results in after substitution:

13 lo1lyy ls1ly;
LLT = L1191 l%1l§2 I31l01 + l30loo |
Lilsi loglsy + loolze 13, + 13, + 13,

then

( (

h=4 li=2
lilyy =2 lyy =1
lipls; =2 I3 =1

@ )

151132 =2 lyp =1
lo1ls1 + loalze = 1 [30 =10
I3 + 15 +13;,=5 \l33=2

thus, the LLT decomposition of matriz G is:

4 2 2 2 00 2 1 1
2 2 11=1110 010
2 1 5 1 0 2 0 0 2
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Algorithm 5: Cholesky Decomposition

1 function cholesky

2 input:G,c

3 output:x

4 n=length(c);

5 L=zeros(n);

6 for :=1:n do

7 | L(i,i) = sqrt(g(i,i) — sum(L(i,1: i —1).2));
8 for j=i+1:n do

9 L(j,7) = (g(¢,5) — sum(L(i,1:4—1). % L(j,1:4—1)))/L(1,1);
10 end
11 end

12 y=zeros(n,1);

13 for i=1:n do

| y00) = () — L1 i— 1) xy(1 i = 1)/LG, i)
15 end

16 U =1,

17 x = zeros(n, 1);

18 for i=n:-1:1 do

1 | z()=(y@)=U@G,i+1:n)*xz(i+1:n))/U(i,1);

20 end

1.4 Iterative methods for solving linear systems

In this section, we consider the system (1.1), which is a system of linear equations of
order n. We have seen that to numerically solve this system, it suffices to proceed
with Gaussian elimination with or without pivot change, or alternatively, to perform
an LUdecomposition of G (or LLT if G is symmetric positive definite), then solve two
triangular systems. In the case where the matrix G is full, the number of operations re-
quired to implement these algorithms is of the order of n3, which can be enormous when
n is large. Under these conditions, it becomes much more convenient to seek the roots of

this system using approximate numerical methods called iterative methods. The principle
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of these methods is to construct a sequence of vectors z(©, (), . 2" defined by:

2 initial vector

(1.14)
x(n-i—l) _ Bx(n) + b’

where B is an n X n matrix called the iteration matrix and b is a vector in R" such that:

lim ||z —z™| = 0.
n—oo

In this case, we say that the sequence {z(™} converges towards the exact solution of
system (1.1), and we can write: x = Bz +b. Therefore, this equation is of the fixed-point
type. Note that the indices i of 2% are placed above the symbol x to avoid confusion with

the i-th component x;.

e The practical use of these methods requires not only convergence but also that this

convergence is not too slow.

The decomposition methods are a prime example of iterative methods. Let’s assume we
have decomposed G into the difference of two square matrices of order N, K and M, i.e.,

G =K — M. If K is a regular matrix, we can transform equation Gz = ¢ as follows:
(K—M)x=c— Kz=Mzx+ec.
In this case, we can take B = K~'M and b= K 'c. Thus, equation (1.14) becomes:

2 given initial value
(1.15)

x(n+1) — KflMx(n) + Kflc

If K is diagonal or triangular. To achieve this, we write the matrix G in the form:

G=D-E-F, (1.16)
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where D is the diagonal matrix formed by the elements (gi;)1<i<n, —F is the matrix

formed by the sub-diagonal elements of G, so —FE can be represented as follows:

0 0 0 0
g1 0 0 0

—E = g31 g2 0 -+ O] (1'17)
gn1 Ggn2 gn3 - O

—F is the matrix formed by the elements above the diagonal of G, so —F' can be repre-

sented as follows:

0 g2 13 - g
0 0 g3 - 9gon
_F: 0 0 O “e 93n . (118)
0 O 0 0
Schematically, we have:
g1 G912 913 *° Gin
g21 G222 g23 - Gon
G=D-E-F= 931 932 g3z - G3n | - (1-19>
In1 9n2 Gn3 "' YGnn

If we assume that g; # 0 for all i = 1,2,...,n, then D and (D — E) are regular, and we
can choose, for example, K = D (Jacobi method) or K = D — E (Gauss-Seidel method).

1.4.1 Jacobi method

Let’s go back to the relations (1.15) and (1.19). If we define K = D and M = E+ F, we

can express the system (1.1) as follows:

;i T :Ci_zgijxj_zgijl'j; for all i = 1,2,...,71,.

j<t J>i
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So, we can express the relation (1.15) component by component as follows:

n 1 - n .
xE e (cz- — E gijxg. )> ; foralli=1,2,... n. (1.20)
gi =lig#
This relation allows us to explicitly compute the components xEnH) foralli=1,2,...,n

of the vector (™. The matrix .J defined by:
J=K'M=DYE+F), (1.21)
is called the Jacobi matrix. The estimation of the error due to the Jacobi method satisfies:

[EIPR
o = 2] < L 2 = 2O,
=171

where || - || denotes the matrix norm. Returning to the initial system, here is the conver-

gence condition:

Z lgi;] < lgu| Yi=1,...,n.
j=1
i
Theorem 1.4.1. A sufficient condition for convergence is for the matriz G of the system

Gz = c to be strongly diagonally dominant.

Example 1.4.1. Apply the Jacobi method to

4oy + 0.2479 — 0.0875 = 8
0.0921 + 325 — 0.1525 = 9 (1.22)

Let’s first check for convergence. The matriz is diagonally dominant because:
g1 =4>0.24+|—-0.08 =0.32

g2 =3 >0.09+| —0.15] = 0.24

gss =4 > 0.04 + | — 0.08] = 0.12.
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Solution To begin, rewrite the system

Ty = 2 — 0061‘2 — 0021‘3
To = 3 — 0.032;, + 0.0523 (1.23)

We can choose (% = (2,3,5)". The first approzimation is

2 =2-0.06x3—0.02x5=192
2V =3-0.03%x240.05x5=3.19

2 =5-0.01 x 24 0.02 x 3 = 5.04.
Continue iteration, we obtain
2 = (1.91,3.19,5.04)"

z® = (1.91,3.20,5.05),
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Algorithm 6: Jacobi

function jacobi(G,c)

-

2 input:G,c

3 n=length(c);
4 tol=0.001;

5 x0=[0;0;0];

6 nNmax=2;

7 x=zeros(n,1);

8 for i=1:n do

9 Sommel=sum(abs(G(i,1:i-1)))+sum(abs(G(i,i+1m));
w | if abs(G(i,i))>Sommel then

11 ‘ disp("the matrix is diagonally dominant’)

12 else

13 ‘ disp(’the matrix is not diagonally dominant’)

14 end

15 end

16 for niter=1:nmazx do

17 for i=1:n do

18 j=[1l:i-1,i+1:m]; i=1m ;

|| x)=(ci)-GGi)*x0G)) /Gl
20 end

21 if norm(z-z0)<tol then

22 return
23 end

24 x0=x;

25 end

26 disp('no convergence’)

1.4.2 Gauss-Seidel Method

By defining K = D — E and M = F', the system (1, 1) takes the form:

(D — E)z"Y) = ™ 4 ¢, (1.24)
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which is a lower triangular system for the unknown z(*Y. Therefore, we can write:

i—1
i nH ) + Zgu (n+1) Z ng yforalli=1,2,....n
J=1 j=i+1

Consequently, equation (1.15) will be written component by component as follows:

1
=L (- S - Sa) 1icn

Yii 1< >t

Note 6. A priori, the Gauss — Seidel method should be more efficient than the Jacobi

method because it takes into account, as it progresses, the already calculated values of

x§n+1) .

Example 1.4.2. Let’s return to the first system given in equation (1.22), the matriz is
diagonally dominant, check for convergence. Let’s put the system in reduced form, as

shown in (1.23).
We can choose (% = (2,3,5). The first approvimation is:

2V =2-0.06x3-0.02x5=172
2 =3-0.03x1.72+0.05 x 5 = 3.19

2 =5-0.01 x 1.72 + 0.02 x 3.19 = 5.04.

For the second iteration, we get:

2 =2-0.06x3.19—0.02 x 5.04 = 1.70
2 =3-0.03 % 1.70 +0.05 x 5.04 = 3.20

2 =5-10.01 x 1.70 + 0.02 x 3.20 = 5.04.

Continue iteration, we obtain
+® = (0.28,3.24,5.06)7

W = (1.70,3.20,5.04)7

2®) = (1.70,3.20,5.04)7.
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Algorithm 7: Gauss Seidel

1

2

3

10

11

12

13

14

15

16

18

19

20

21

22

23

24

25

26

Gauss seidel(G,c)
input:G,c
output:x
n=length(c);
tol=0.1;
x0=(0;0;0;0];
nmax=100;
x=zeros(n,1);
for i=1:n do
Sommel=sum(abs(G(i,1:i-1)))+sum(abs(G(i,i+1:n)));
if abs(G(1,1))>Sommel then
‘ disp('the matrix is diagonally dominant’) ;
else
‘ disp("the matrix is not diagonally dominant’) ;

end

end
for niter=1:nmax do
for i+=1:n do
‘ x(1)=(c(i)-G(i,i+1m)*x0(i+1:n)-G(i,1:1-1)*x(1:i-1) ) /G(i,1);
end
if norm(z-z0)<tol then

‘ return

end
end
x0=x;

disp('no convergence’)

1.5 Numerical Comparison

In this section we will compare the various Direct and Iterative numerical methods that

we have previously addressed as described:



1.5 Numerical Comparison

24

Table 1.1: Comparison of CPU Times for Different methods for solving Gz = ¢

N CPUGauss C1PUVLU CPUJacobi OPUGauss—Seidel
10 0,0093 0,0083 9.89 x 10~* 8.12 x 107°
50 0,0141 0,0197 0.0019 8.72 x 1074
100 0,1180 0,0709 0.0055 8.59 x 1074
200 0,2753 0,2663 0.0157 0.0034
400 0.4171 0.5756 0.0289 0.0041
600 1.0116 1.2511 0.0579 0.0060
300 2.5920 2.6345 0.0949 0.0112
1000 6,1300 4,6818 0.1549 0.0151

We solved this linear program for various values of N using both Iterative and Direct
Methods in MATLAB 2021b on a PC equipped with a Core i5 processor running at 2.50
GHz and 16 GB of RAM. The CPU execution times for the Gauss elimination algorithm,

LU factorization, as well as Jacobi and Gauss-Seidel methods, depending on the size of

the matrix N, as shown in Table (1.1).

The table results are plotted in Figure (3.4).

Comparison of CPU Times for Different Algorithms
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Figure 1.2: Comparison of CPU times for different methods for solving Gz = c.

Sample Size (N)

From of the figure (3.4), we deduce When N < 100, it is preferable to use direct
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methods because the time difference is very close, while the results of direct methods are
accurate unlike indirect methods. When N > 100, indirect methods are faster than direct

methods. We note that :

e In the case of N > 800, the LU decomposition method is better than the Gauss
method.

e The Gauss-Seidel method converges more closely than Jacobi.
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2 Lyapounouv

Sylvester equation

2.1 Introduction

The Lyapunov-Sylvester equation is fundamental in analyzing and stabilizing dynamic
systems, widely used in PDE and control theory [9]. This chapter aims to explore this
equation and its solution using the Kronecker product, which simplifies operations in high-
dimensional spaces. We will define the Kronecker product, study the Lyapunov-Sylvester
equation, and transform it into a standard linear system using the Kronecker product,
with examples and analysis of computational complexity [¢] and [7]. Finally, we will
discuss the conditions for the existence and uniqueness of solutions, and their importance

in engineering and scientific applications.

2.2 Kronecker product

Definition 2.2.1. Let A = (a;;) 1<i<n and B = (b; j)1<i<p be two matrices of sizes m X n
1<5<m 1<j<q
and p X q respectively. The Kronecker product, or tensor product, of A and B, denoted

A ® B, is the matriz of size mp X nq given by:

CLHB . alnB
AgB=| + .. . (2.1)

amB ... ap.B

26
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Example 2.2.1. Consider the two matrices A and B given by

Their Kronecker product is explicitly given as follows:

2 5 2 5 4 10 2 5
2. 1.

01 0 1 0 2 0 1

2 5 2 5 0 0 4 10

01 0 1 0 0 0 2

2 5 2 5 2 5 6 15
1. 3.

01 0 1 0 1 0 3

Properties 2.2.1. Let A, B, C' be three matrices of the same size, we have the fol-

lowing properties:

o Distributivity: The Kronecker product is distributive with respect to addition.

(@A+BB)®C =a(A® C) +B(B® C),

A® (aB+pC)=a(A® B)+ (A® C).

e Associativity: (A B)@ C =A® (B® ().

e Rank: The rank of the Kronecker product is the product of the ranks of the involved
matrices. In other words, if A is a matriz of rank r1 and B is a matriz of rank ro,

then the Kronecker product A ® B is a matrix of rank ri X rs.
e Transposition: (A® B)T = AT @ BT,

Definition 2.2.2. Let C' be a matrix of size m X n, denoted by cy,...c, representing the
columns of A The vectorization of C' denoted vec(C'), is the column vector of size mn x 1

This is expressed as follows:
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vec(C) =1 *+ |. (2.2)

Cn

2.3 The Sylvester equation

Let K be a commutative field. The Lyapunov-Sylvester equation is defined as follows :

i=1

where A and B are two square matrices of size m x m and n X n respectively, and

X,C € M, »(K).

2.3.0.1 Special Cases

Let A € M,,(K) and B € M, (K) be two square matrices of size m x m and n x n
respectively, and X, C € M,, ,(K).

e The Sylvester equation is the matrix equation of the form

AX + XB=C. (2.3)

e The Lyapunov equation is also defined by (if B = A7)

AX + XAT =C. (2.4)
e The non linear matrix equation of the form
AX - XB" =C + XDX. (2.5)

Is called the Riccati equation. The problem is to determine matrix X that satisfy

the above equations
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2.3.1 Transformation by using the Kronecker Product

In this paragraph, we explain how to transform equation (2.3) through the Kronecker
product into a standard equation of the form Gz = c.

We begin by illustrating an example in My(K): Consider the matrices A,B,C' and X
given by

a, a by b ¢ ¢ T T
. 1 3,B: 137(]: 13andX: 1 T3

o Ay bg b4 Cy C4 Lo T4
Solving equation (2.3), which results in after substitution:

a1 + asro — blxl — bgl’3 a1T3 + asly — bgl'l — 641’3 C1 C3

Aox1 + Q49 — bll’g - b2$4 a923 + asry — bg[EQ — b4ZL‘4 Cy (4

By identification, we obtain the linear system:

4
(a1 — bl>fC1 + asxy — bgl’g =C

a9 + (CL4 — bl)wg — b2$4 = Co

bsx1 + (a1 — by)ws + azxy = c3

bgl’g + ao3 + (CL4 — b4)I4 = (4,
\

what is given in matrix form is:

a; — b1 as —bg 0 T (&1
a9 ay — bl 0 —b2 i) Cy
= Y
—bg 0 ay — b4 as T3 C3
0 bg as aqg — b4 Ty C4
~ s —— N——
G T c

we observe that the matrix of this system can be decomposed as follows:

ay as 10 10
—b —by
Qg Qy 01 0 1
1 0 a; a 1 0
b, 1 as — b,

0 1 Ao Ay 0 1
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This matrix, denoted by G, is expressed using the Kronecker product in the form:

G=(I,® A-B'®1,). (2.6)

Now, we provide a generalization of this transformation. Let A = (a;;)1<i<m and
1<j<m

B = (b;)1<i<n . If we denote vec(X) as the column vector obtained from matrix X

1<j<n

by juxtaposing the column vectors of matrix X, then the equation AX + XB = C' is

transformed into a standard linear system:
Gvec(X) = vec(C). (2.7)

In this case, if the matrix G is invertible, then the equation has a unique solution.

2.3.2  Algorithmic Complexity

We are interested in the complexity of computing the solution to equation (2.3) using the

Kronecker product.
e The two operations I,, @ A and BT ® I,,, require O(n*m?) operations.

Their addition does not affect the complexity, and we have O(n*m?) operations.

Inverting the matrix G requires O((n?*m?)?) operations.

Multiplying G=! by the column vector vec(C) requires O(n*m?) operations.

e Reorganizing the elements to obtain matrix X requires O(n*m?) operations.

Thus, the total complexity of solving the Sylvester equation using the Kronecker product
is generally dominated by O((n?m?)?). For the case of equation (2.4), the system G
reduces to a matrix product G = (I, ® A+ AT @ I,,).

2.4 Existence and Uniqueness of the Solution

Let E be a vector space over a field K, and f : F — E an endomorphism. The spectrum
of f, denoted by spec(f), is the set of eigenvalues of f, or equivalently, the set of A € K
such that f — A - idg is not invertible. Let M be the square matrix of order n associated

with f. The characteristic polynomial of M is denoted by P(X) = det(MX — AI,,).
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Theorem 2.4.1 (Cayley-Hamilton). If M is a square matriz of order n and p(X) is its
characteristic polynomial, then P(M) = pol +piM + ...+ py M1 + p, M™ = 0, where
pi are the coefficients of P(X).

Theorem 2.4.2 (Spectral Theorem). Let M be a matriz over a vector space E of dimension
n over K. Then, the spectrum of the polynomial operator of this matriz, denoted by q(M),
is the image of the spectrum of M under q as follows: spec(q(M)) = q(spec(M)).

Theorem 2.4.3. Let A € M,,(C) and B € M,(C), the equation (2.3) has a unique
solution X € M, ,(C) for any solution C' € M, ,(C) if and only if A and B do not

share any eigenvalues. This can be expressed as:

spec(A) N spec(B) = 2.

2.5 Specific cases for lower and upper matrices

In this section, we aim to find actual solutions to the equation 2.3. First, we will develop

a method to solve the specific case:
LX + XU =C, (2.8)

subsequently, we will integrate this method with the techniques discussed in the previous
chapter to achieve the desired solutions.

To find an algorithm that allows solving the equation (2.8), for L € M,,,, in the form
(1.6) and U € M, ,, in the form (1.5), we will start with matrices of rank three and then

generalize the method for all possible values of n.

lhn 0 0 Ti1 Ti2 13 Tl Ti2 i3 Ui Uiz U3 Ci1 Ci2 Ci3
log lee O To1 Tz o3 | T | Ta1 T T3 0 uge ugz | = | car a2 23
l31 l32 33 xr31 T32 X33 xr31 T32 X33 0 0 us3 C31 C32 Cs33
J/ A J/
WV WV '
LX XU C

solving equation (2.8), which results in after substitution:

forj=1
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(li1 +un)r = cn w11 = c11/(ln +un)
Inn11 + (l22 + u1) w2 = ¢ < 21 = (e21 — lnw11)/(loz + u11)
I31711 + lsao1 + (33 + u11) w31 = e w31 = (31 — l31211 — l32721) / (I33 + u1),
forj =2
12711 + (L1 + u2)T12 = C12 r12 = (C12 — u12Z11)/ (11 + ug2)
In1 712 + U12m21 + (log + Ug2) T2 = €20 < 22 = (C22 — I @12 — ur2w21) / (lo2 + u22)
I31712 + I32T02 + u12731 + (I33 + U20)T32 = 30 r32 = (32 — 51)/(I33 + ),
forj =3
U311 + U312 + (I + us3) 13 = c13 w13 = (c13 — s2)/(l11 + us3)
I21713 + 1321 + UzTan + (log + Us3)T23 = Ca3 < T2z = (C23 — 83)/(l2a + usz3)
I31713 + l32T93 + U13T21 + U23T32 + (I33 + u33)T33 = C33 33 = (C33 — 84/ (l33 + u33),

where 51 = l31212 + [320722 + U12731, S2 = U13T11 + U23T12, S3 = l21013 + U13T21 + U3 T2 and

S4 = 31213 + 3093 + U13T21 + U3 T30.

Note 7. When using expression (2.7) where G (2.6) to solve equation (2.8) , we deduce
that regardless of n, G is a lower triangular matriz. This is a special case that is easy to

solve as shown in algorithm (2).
The different algorithms for solving the problem (2.8) are given:
e Sylvester for LU systems (S-LUS).
e Sylvester—Kronecker Product for LU systems (S-KPLUS).
e Lyap method of MATLAB (LMM).

The first method relies on expanding the equation (2.8) and finding the relationship be-

tween its indices 1 <14,5 < n.



2.5 Specific cases for lower and upper matrices 33

Algorithm 8: S-LUS

-

function lyap

input:L,U,C;

[

w

output:X;
n=length(L);

-

ot

X=zeros(n,n);

(=]

for j=1:n do
7 for i=1:n do
X(1,j)=(C(1,j)-L(1,1:-1)*X(1:1-1,])-X (1:5-1,)) *U (i, 1:-1)) /(L(11) + U (.));

9 end

e}

10 end

1 disp(X)

The second method relies on transforming the equation (2.8) into Gx = ¢ using the
Kronecker product, and then solving it using one of the methods mentioned in the first

chapter.

Algorithm 9: S-KPLUS

1 function Gx=c

2 input:L,U,C;

3 output:X;

4 n=length(L);

5 X=zeros(n,n);

6 [=eye(n,n);

7 G=kron(I,L)+kron(U" I);
8 c=reshape(C,[ |,1);

9 x=inv(G)*c;

10 Z:reShape<X7[ ] ,Il);

Finally, we used the Lyapunov results presented in the requirement.



2.6 Numerical Comparison 34

Algorithm 10: LMM

1 function lyap
2 input:L,U,C;
3 output:X;

4 n=length(L);
5 X=zeros(n,n);

¢ X=lyap(L,U,-C);

2.6 Numerical Comparison

Table 2.1: Comparison of CPU Times for Different methods for solving LX + XU = C.

N CPUs_rys CPUs_kprus CPULMMm
o 0.007 0.009 0.031
10 0.005 0.008 0.031
15 0.014 0.038 0.053
20 0.024 0.015 0.035
40 0.019 0.306 0.038
60 0.033 2.340 0.027
80 0.042 11.605 0.034
100 0.121 42.127 0.054
120 0.114 / 0.034
140 0.148 / 0.035
160 0.222 / 0.035
180 0.250 / 0.036
200 0.299 / 0.037
800 7.683 / 0.269
1000 14.074 / Does not converge
1500 48.919 / Does not converge
2000  119.512 / Does not converge

We solved this linear program for various values of N using different methods in
MATLAB 2021b on a PC equipped with a Core i5 processor running at 2.50 GHz and
16 GB of RAM. The CPU execution times for differents methods S-LUS, S-KPLUS and
LMM, depending on the size of the matrix N, as shown in Table (2.1).

The table results are plotted in Figure (2.1).
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Figure 2.1: Comparison of CPU Times for Different methods for solving LX + XU = C.

From the graph of figure (2.1) and table (2.1), we deduce that:
e Method S-KPLUS is significantly slower compared to methods S-LUS and LMM.

e Method LMM is faster than S-LUS in the range 60 < N < 100, but it becomes

ineffective when N > 100 .

e Method S-LUS is fast and effective for all natural numbers N.
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3 Numerical solution of
PDE using finite-difference
method combined with

Lyapunov equation

3.1 Statment of the problem

We consider the following linear PDE problem

Qu(t,x)=Zu(t,x) + flu), 0<t<T, a<az<b
u(0,7) = p(x) (3:1)

u(t,a) = u(t,b) = 0.

3.2 Discretization

For computational reasons, we restrict our attention to a bounded interval I = [a,b] € R

and, obviously, a < b. We fix uniform partition of I of the form
a=x90<w1 <...<xNy=0b, (3.2)

where N are positive integers, and each of the partitions has a norm given by Az =

(b—a)/N . So we fix again a uniform partition of the interval [0, 7] of the form

0:t0<t1<...<tK:T, (33)

36
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with these conventions, we will approximate numerically the solutions of (3.1) in I x [0, 7.
We will represent the computational approximation of the exact value of u(tx, x.,) by ug .
Clearly, appropriate initial and boundary conditions must be imposed upon the problem
in order to compute new approximations of the solution. In our case, we will consider

discrete initial profiles of the form

Uon = ¢($n)a

where ¢ : I — R is a suitable function which may be, for instance, the expression of
an analytical solution at the time ¢ = 0. Additionally, we consider discrete Dirichlet

boundary conditions of the form

U0 = wa(tk>7
ue, N = Vp(tr),

for practical purposes, we may think of as given by an exact solution of the problem
under investigation at the boundary. The various derivative operators of u with respect
to time and space in the continuous problem will be replaced within the interior of the
grid by approximations, resulting in second-order accuracy. The time derivative will be

substituted by

ou -~ U1, — Uk,j

We approximate the Laplacian operator we obtain

@(t 7) ~ U1+ Uk j—1 — 2Upj
ox27 " h? '
Let a = #, we obtain from utilizing these discrete approximations
U1, = oy i1 + (1 +1—20)uy j + oy j—1,Vj = 1,2, ..., N. (3.4)

3.3 Matrix representation

Throughout, we will follow the nomenclature introduced in the previous section, and let P
denote the positive, integer number (N + 1). For the sake of convenience, we will present

our numerical method in vector form.
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3.3.1 Model 1

For every k = 1,2,..., K, let u; be the P-dimensional, real vector of the approximate

solution at the time t, i.e. let

Uy = (Uk,Oa Uk,1y - - 7uk,N>-

On the other hand, for every k = 1,2, ..., K — 1, let b**! be the P-dimensional, real vector

containing the information of the solutions on the boundary at the time ;1

for all j =1,2,..., N we obtain the following system:

¢

this system is written in the following matrix form :

Uk41.1 (1—2a) a : 0 Uk

Ukt | a (1—-2a) . : Ug,2
B o

Ukt 1N 0 . a (1-2a) Uk, N

Ukt :Auk—i—b, k:O,...,K—l

up = initial condition.

Up11 = ougo + (1 = 20)up + augs

Upt12 =  oupy + (1 = 20)ups + ougs

Ukt13 = Qugo + (1 — 20)ug 3 + aug 4
(Uk+1,N = QUgN-1+ (1 —2a)up,n + aug N1,

Oéuk,o

(3.5)
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3.3.2 Model 2

Let I be the identity matrix of size (N 4+ 1) x (N 4 1), let Iy be the diagonal matrix of
the same size that I given by

0 0 0
0 1 0 0
0 0 1
Iy = ;
0 1 0
0 0 0 0
and define the block matrix B of size P x P by
I 0 0
0O I 0 0
0 0 I
B = (3.8)
0O I 0
0 0 0 I

In this last identity, all the zeros represent null matrices of sizes (N 4 1) x (N + 1).
Let
(1-2a) —a : 0
-« —(1—-2 :
. (1~ 20)

—

0 —a —(1-2a)

For every m=1,2,.. M —1,n=1,2,.., N—land k=1,2,..., K — 1, let

uk+1,N — (1 — 204)uk7N — ozuk,NH — ozuk,N_l = 0, (39)
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let A% be the square matrix of size (N + 1) x (N + 1) defined by

U = (um, Up,2y.-.,U1,N,U21,U22, .. ey Ui 1, Ui 2y oo s UG Ny o ooy U1, U2y - - - ,ukw).
I 0 Uy QU0
T I Us 0
0 T
(3.10)
Ui
0
0 U QUg N4+1
N S N—— ~—_———

u

b

we will assess the convergence rates of the finite difference discretization by comparing
the numerically computed solution to the exact solution. Our goal is to numerically solve

the following problem.

Example 3.3.1. Using several examples, we aim to offer numerical implementations to

validate the theoretical findings previously discussed

( Ou(t,z)  0%u(t,x)
ot 022
u(0,x) = sin(nz), = € I,

+ f(u(t,x)), (t,z) € [0,T] x I,

u(t,a) = u(t,b) =0, t €[0,7],

\

where f(u(t,z)) = u(t, x).

The exact solution of the problem (1)

Uee (t, 7) = exp(— (7 — 1)t) sin(7x).

We developed an implementation with MATLAB that solve the problem 1, with the
function Lyap. This function finds the solution of the system AX + XB = C.
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Exact solution

Murmerical soluticn

Figure 3.1: Comparison between analytical solution and numerical solution for 7" = 1 and
I=1[-1,1].

Exact scluticn Numerical scluticn

50 5 0

Figure 3.2: Comparison between analytical solution and numerical solution for 7" = 1 and
I =1[-5,5].
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Exact solution Mumerical soluticn

Figure 3.3: Comparison between analytical solution and numerical solution for 7" = 2 and
I =[-5,5].

Exact soluticn MNumerical sclution

Figure 3.4: Comparison between analytical solution and numerical solution for 7" =5 and
I =[-10,10].

We fix h = 0.01 and [ = 0.01, we fix T = 1,5,10 and I = [-1,1],[-5,5] and
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[—10,10]. Moreover, when comparing numerical simulations to the exact solution, we
observe that the Lyapunov method developed in our work has proved more efficient in

termes of convergence and precision.



Conclusion

This work focuses on the application of the finite difference method, combined with
the Lyapunov method, to solve linear partial differential equations (PDEs) with homo-
geneous Dirichlet boundary conditions. PDEs are fundamental in the modeling of many
physical and engineering phenomena, but their analytical resolution is often complex, if
not impossible. Thus, numerical methods become essential.

We start with an introduction to the basic concepts of PDEs and homogeneous
Dirichlet boundary conditions. Next, we detail the finite difference method, a technique
that discretizes the continuous domain into a lattice of points and approximates the partial
derivatives by finite differences. This method is known for its simplicity of implementation
and its effectiveness for problems defined on regular domains.

In order to improve the stability and convergence of the finite difference method,
we integrate the Lyapunov method. The Lyapunov method, formulated by the matrix
equation AX4+XB=C, is used to analyze the stability of solutions and optimize numerical
schemes. This approach allows the discrete PDE problem to be reformulated into a Lya-
punov equation, thereby facilitating numerical solution while ensuring desirable properties
such as stability and precision.

We then develop the practical implementation of this combined approach, detailing
the algorithms and steps required to solve linear PDEs. Case studies and numerical
simulations are presented to illustrate the effectiveness of our method. These examples
show how the finite difference method, enhanced by Lyapunov analysis, can efficiently
solve typical problems while respecting the constraints of homogeneous Dirichlet boundary
conditions.

Finally, we discuss the advantages and limitations of this combined approach. The
integration of the finite difference method with the Lyapunov method offers a robust
framework for solving linear PDEs, providing improved stability and accuracy. Future

perspectives include the adaptation of these techniques to nonlinear problems and complex

44
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geometries, which could further extend the applicability and effectiveness of the methods

presented in this dissertation.
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