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Abstract

Cauchy numbers are a special sequence of numbers used in mathematics, especially in analysis and
combinatorics. They are defined using a generating function related to the natural logarithm. These
numbers appear in formulas for approximations, finite differences, and expansions of functions. They
are also linked to other well-known number sequences, such as Bernoulli and Stirling numbers. Be-
cause of these connections, Cauchy numbers are useful in studying relationships between discrete and
continuous mathematics. Their properties make them helpful in areas like numerical methods and
theoretical research.

This thesis generalizes these results by introducing p-Cauchy numbers and Cauchy polyno-
mials of both kinds, establishing their integral representations, hypergeometric generating series,
recurrence relations, as well as their connections with r-Stirling numbers and Bernoulli polynomi-
als. The study highlights the Appell-type nature of these polynomials and opens perspectives toward
g-analogues and multivariate generalizations.

Keywords: Generating function, explicit formula, recurrence relation, Stirling, Bernoulli and Bell
numbers, Cauchy numbers and polynomials, p-Cauchy numbers.
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Résumé

Les nombres de Cauchy constituent une suite particuliere de nombres utilisés en mathématiques,
notamment en analyse et en combinatoire. Ils sont définis a ’aide d’une fonction génératrice liée au
logarithme népérien. Ces nombres interviennent dans les formules d’approximation, de différences
finies et de développements de fonctions. Ils sont également liés & d’autres suites numériques bien
connues, telles que les nombres de Bernoulli et de Stirling. De par ces liens, les nombres de Cauchy
sont utiles pour étudier les relations entre les mathématiques discrétes et continues. Leurs propriétés
les rendent précieux dans des domaines comme les méthodes numériques et la recherche théorique.

Ce mémoire généralise ces résultats en introduisant les nombres p-Cauchy et les polynémes de
Cauchy des deux espeéces, en établissant leurs représentations intégrales, leurs séries génératrices
hypergéométriques, leurs relations de récurrence, ainsi que leurs liens avec les nombres r-Stirling et
les polynémes de Bernoulli. L’étude met en évidence le caractere de type Appell de ces polyndmes et
ouvre des perspectives vers des g-analogues et des généralisations multivariées.

Mots clés : Fonction génératrice, forme explicite, relation de récurrence, nombres de Stirling,
Bernoulli et Bell, nombres et polynémes de Cauchy, nombres p-Cauchy.
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The set of natural numbers

The set of complex numbers

Equality by definition (assignment)

Kronecker symbol equal to 1 if ¢ = j and 0 otherwise

The product z(z +1)---(z +n — 1) for n € N and 2°
The product z(z —1)--- (z —n + 1) for n € N and 2%

The hypergeometric function

The binomial coefficient
The signed Stirling number of the first kind

The Stirling number of the second kind

The r-Stirling number of the second kind

The Kronecker delta

The Bell number

The Bell polynomial

The Bernoulli number

The Bernoulli polynomial

The Cauchy number of the first kind

The Cauchy number of the second kind
The Cauchy polynomial of the first kind
The Cauchy polynomial of the second kind
The p-Cauchy number of the first kind
The p-Cauchy number of the second kind
The p-Cauchy polynomial of the first kind
The p-Cauchy polynomial of the second kind
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Introduction

In this thesis entitled ”On Cauchy Numbers and Their Polynomials,” we gather several methods used
to determine and study these numbers and polynomials, namely explicit formulas, generating functions,
and recurrence relations. The objective of this thesis is to study a generalization of Cauchy numbers
and polynomials through a parameter p, as well as their connections with classical combinatorial
sequences.

This project contains three chapters, where:

Chapter 1: Basic Notions In the first part, we present the elementary objects in enumerative
combinatorics, namely: falling factorials, rising factorials, and binomial coefficients. Next, we intro-
duce classical sequences of numbers and polynomials, namely: signed and unsigned Stirling numbers
of the first kind, Stirling numbers of the second kind, r-Stirling numbers of the second kind, Bell
numbers, Bernoulli numbers, etc. We also recall hypergeometric functions, confluent hypergeometric
functions, generating functions, and Riordan arrays.

Chapter 2: Cauchy Numbers and Their Polynomials The second chapter is devoted to the
study of classical Cauchy numbers of both kinds. We introduce and investigate some properties of these
numbers, including integral representations, generating functions, explicit formulas, and recurrence
relations. We also present Cauchy polynomials of the first and second kind, as well as their connections
with r-Stirling numbers and Bernoulli polynomials.

Chapter 3: Generalization of Cauchy Numbers and Polynomials The generalization from
the second chapter is the subject of the third chapter. We study a new class of Cauchy numbers called
p-Cauchy numbers, introduced by M. Rahmani [20]. We also examine the p-Cauchy polynomials of
both kinds, which are of Appell type, and establish their fundamental properties, including recurrence
relations, explicit formulas, and relations between the two kinds.



Chapter 1

Basic Concepts

In this chapter, we present some basic elements, starting by recalling descending factorials, Stirling
numbers, Cauchy numbers, and confluent hypergeometric functions. The material presented here is
based on standard references in combinatorics and special functions, which were mentioned in detail
in the references [6, 7, 10, 23].

1.1 Falling Factorial

In this section we will discuss the falling factorial, some properties with their proofs, which were
mentioned in detail in the references [11, 23].

Definition 1.1.1. Let x € C and n € N. The Fulling Factorial of x of order n, denoted x™, is defined

by:
n_ )L ifn=20
Nz =Dz =2)---(x—n+1) ifn>0.

If © = n, then n™ = n! (n factorial).

Remark 1.1.1. The notation (z), [Notation Conventions] is historically known as the Pochhammer
symbol, though care must be taken as different authors use it to represent either descending or ascending
factorials. In combinatorics and finite difference calculus, the underline notation x™ (introduced by
Knuth) unambiguously denotes descending factorials, which we adopt in this paper [10)].

Example 1.1.1 (First Few Falling Factorials).

=1,

at =z,

2=x(x—-1)=2% -z,

23 =x(x—1)(z—2) = 2> — 322 + 2z,

=gz —1)(z —2)(x —3) = 2* — 62° + 1122 — 62.

1.
m™ = m) (1.1)
2.
P — ™ (g — )2 (1.2)
3.
= ! r#—-1,-2,-3---—m (1.3)
(33 +m)m7 J Y



1.2 Rising Factorial

In this section we will discuss the rising factorial, some properties with their proofs, which were

mentioned in detail in the references [10, 11, 23].

Definition 1.2.1. Let x € C and n € N. The rising factorial of x of order n, denoted x™, is defined

by
o {1 ifn=0
z(x+1)(z+2)---(z+n—-1) ifn>0.
Example 1.2.1. B
z =1,
ol =z,
xgzm(x+1):x2+x,
23 = z(z +1)(z +2) = 2° + 322 + 2z,
ot = 2(z +1)(z +2)(z + 3) = #* + 62° + 1122 + 62

Property 1.2.1. Let x € R, y € C and m € Z, then

1.
2™ = (=1)" ()™
2.
2™ = (2 + m)".
3.
2" = (r+m—1)™
4
i @tn=1)
(z —1)!
5.
2" = (-1)"(1—n—z)"
6.
(z+1)" = x"(:”;”)
7.
2" = p(x + 1)
8.
(z+n—1)%=(-1)"(-2)"
9.

(1.10)

(1.11)

(1.12)



1.3 Binomial Coefficients

In this section we will discuss the binomial coefficients, some properties with their proofs, which were
mentioned in detail in the references [10, 23].

Definition 1.3.1. Let x € C and n,k € N. The binomial coefficient ( ) is defined by

T
n

<Z> N k:'(nnlk)' (1.13)

In particular, (g) = 1. For positive integers n and k, (Z) is the number of ways to choose a k-element
subset from an n-element set.

Example 1.3.1. In the set [4], there are 6 two-element subsets. Moreover, (3) = 2%—'2, = 6.

Property 1.3.1. 1. For positive integers n and k,

<_k”) - (—1)’f<” “; - 1). (1.14)
(nﬁk> - <Z> (1.15)

3. For all 1 < k < n, binomial coefficients satisfy Pascal’s recurrence:

(Z) N (Z: 1) * (n;) (1.16)
with (5) = () = 1.

4. For x € R and m € Z, then

2 = n (i) (1.17)

(x+y)™ = f: <7Z> whym=k, (1.18)

k=0

From relation (1.16), we can construct Pascal’s triangle

n=20 1

n=1 1 1
n=2 1 2 1
n=3 1 3 3 1

n=4 1 4 6 4 1

Table 1.1: Pascal’s Triangle

Theorem 1.3.1 (Newton’s Binomial Formula). Letn € N, z € R and y € R Then

(z+y)" = Zn: (?) ey, (1.19)

J=0



Proof. For n = 0:

For n = 1:
1

1\ . ; 1 1
(z+y)'=z+y, Z (j,):njyl_J = <0>x0y1+ <1>w1y0 =yt

Jj=0

So the formula (1.19) is true for n = 0,1. Assume that Newton’s Binomial Formula holds for n, then
we show it’s true for n 41

(+y)" T =(@+y)(z+y)"

= (z+y) zn: <?;> aly"

Jj=0

Il
8
[
Y
~—
8
<
<
3
<.
+
<
[
N
~_
8
<
<
3
d

T,
o

Il
3
+
=
/N T C’\ /N @
. | 3 <. 3
p— &_
N~
H_ &m.
< = I
+
—
A d.
+
]
TN
S~
8]
<
<
3
+
=
4

7j=1 7=0
n+1

=3[ 0) < ()]
par S AVAE: J
n+1

— n+ 1> g, n+1—j
=0~ 7

Thus Newton’s Binomial Formula is true for n + 1, so (1.19) is proven. O

1.4 Generating Functions

In this section we will discuss the generating functions, their types, some properties with their proofs,
and the operations on them, which were mentioned in detail in the references [11, 23].

Definition 1.4.1. Generating functions are an algebraic tool that allows reformulating combinatorial
problems to transform them into algebraic manipulation problems. In particular, in combinatorics, it
often involves determining the number of objects of certain types that are of size n; which gives rise to
a sequence (ap)n>0 whose n-th term we seek to determine.

Ordinary Generating Function

Let n in N and (an)n>0 & sequence of complex numbers. The ordinary generating function of the
sequence (an)n>0 is the function

A(z) = Z anz".

n>0

Addition Of Ordinary Generating Series
The addition of two Ordinary series defined by

Z apx" + Z bpa" = Z(an +by)z".

n>0 n>0 n>0



Multiplication Of Ordinary Generating Series

Multiplication of two Ordinary series defined by

Z anT"” Z b | = Z i agb,_px".

n>0 n>0 n>0 k=0

Exponential Generating Function

Let n be a natural number and (a,)n>0 a sequence of complex numbers. The exponential generating
function of the sequence (a,)n>0 is the function

xTL
-
n!

n>0

Addition Of Exponential Generating Series
The addition of two Exponential series defined by

IR IS A Bk

n>0 ! n>0 : n>0

Multiplication Of Exponential Generating Series

Multiplication of two Exponential series defined by

n>0 ’ n>0 ’ n>0 k=0

Double Generating Function

Let n,m be natural numbers and (anm)n,m>0 @ sequence of complex numbers. The ordinary and
exponential double generating functions of the sequence (@ m )n,m>0 are given respectively by

n

Y.

A(z, Z Zanmx

n>0 \m>0

and

n>0 \m>0

as well as the mixed generating function

Bay) =Y Z%m)i'

The Laplace Transform

There are the Laplace transform of a function h is defined by

L(h) = /0+OO e Sth(t)dt.



The Inverse Laplace Transform

The inverse Laplace transform £7!, defined on the algebra of formal series, maps any ordinary gener-
ating function to the corresponding exponential generating function, it defined by

_ 2"
£t Z a2 | = Z Gp—.
n!

n>0 n>0

Proposition 1.4.1. Let m € Z, where m > 0

Proof. Let n,m € Z, where n,m > 0 and with change of variables:

N=n—-m, n=N+m

)20

n>0 n>0
N m!(n —m)! n!
n>0
zn
B Z ml(n —m)!
n>m
ZN+m
a Z m!N!
N>0
2m 2N
T om! N!
N>0
m
_ 22
m)

1.5 Hypergeometric Functions

In this section, we will discuss hypergeometric functions, which appear in two distinct forms: integrals
and power series. This section is dedicated to presenting definitions of some properties of both types
of hypergeometric functions, beginning with the gamma and beta function, which were mentioned in
detail in the references [, 9].

1.6 Gamma Function

Definition 1.6.1. For all x € C such that R(x) > 0, the Gamma function, denoted ', is defined by
+00
[(z) = / t* et at. (1.20)
0

Integrating by parts yields the immediate consequence, for all x € C with R(xz) > 0
Nz +1) =z (z). (1.21)
In particular, since I'(1) = 1, we can deduce Vn € N*

I'(n)=(n—1). (1.22)



Property 1.6.1. Let x € R and m € Z, then

1.
m Iz +1)
e (1.23)
2.
mo_ [(z +m)
x =TT (1.24)

1.6.1 Beta Function

Definition 1.6.2. For all x > 0 and y > 0, the beta function denoted B(x,y), is a type of Euler

integral defined by

1
Bz, y) :/O 11— py-Lgr, (1.25)

The Beta function 3(x,y) is related to the Gamma function by the following relation.
Theorem 1.6.1.

- D)
Proof. we need the following relation, for f(x) >0, ®(y) >0
Bla.y) = LBy + 1) (1:27)
we use (1.25), we obtain
Blz,y+1) = /01 2711 — t)vdt = B(z,y) — Bz + 1,y). (1.28)
on the other hand, by integration by parts
Blz,y +1) = /Olfv—lu —t)dt = %ﬁ(m +1,y). (1.29)

From (1.27) and (1.28), we obtain

Bz,y) = Bla,y+1) + flz + 1,y) = gmx,y +1) + Bla,y+1) = ””";yﬁ(x,w 1),

From this relation, and by recurrence

_ (gl T N N (@) (M £\ vtnl

as n — 0o, we have
n ¢ y+n—1 0o
/ ! <1 — > dt — / t*te~tdt = T'(z).
0 n 0

also,
(z+y)" I'(y)
neym - I(x+y)
hence,
Blx,y) = I%F(x) = W (1.30)

(1.26)



1.6.2 Hypergeometric Function

In this section we will discuss the hypergeometric function, generating function and some properties,
which were mentioned in detail in the reference [1, 23]

Definition 1.6.3. 1. The generalized hypergeometric function ,Fy is defined by
Q1y..., ay---al "

qu( b? 7bp;5’3) = blﬁ_..bﬁﬁ'

soeey by = !

2. The hypergeometric function refers to the special case p =2, ¢ =1

a,b a™b" ™
2F1< c 7x> '_Z v onl

n>0

Example 1.6.1. Forp =2, ¢q =1, and a = b = c = 1, the hypergeometric function reduces to the
geometric series 1 +x 4+ a2+ ..., i.e.:

1,1 o n 1
QF]_ ( 1 ,I’) —Z.’E —m, |JU‘ < 1.
n>0

Theorem 1.6.2. (Euler’s Integral Representation) If R(c) > R(b) > 0, then

aab o F(C) ! b—1 _ p\c—b—1 —x —a
2F1( 7 >_r(b)r(c—b)/o 711 — 1)1 — 2t) " dt. (1.31)
Proof.
I'(c) ! b=1(] _ e b=1(1 _ o) gt — I'(c) ! b—17q _ ;ye—b—1 (a)" (xt)"

F(b)F(c—b)/O 1 —¢) (1—at) dt_F(b)I‘(c—b)/O 1 —¢) nzz:o Tt
_ I'(c) (a)"z" [ ntb—171 _ 1\e—b—1
_F(b)l“(c—b); ! /0 AT
_ T(9 (a)"z"
r(b)r(c—b)g o Bn+be—b)
B ING) (@)"2" T'(n+b)T(c—10)
_r(b)r(c—b); nl T(n+c)

(@7 ()7 2"

O
Theorem 1.6.3. (Pfaff’s Transformation)
a,b - —a a,c—b
2F1< . ,:13)—(1 x) 2F1< . ’x—l)' (1.32)
Proof. Using the formula (1.31), we have
a,b I'(c) /1 b-1 b1 -
F B = t 1—-1t)° 1 —xt) %t
2 (% 50) = w0



let t=1—s, then dt = —ds, whent =0, s=1; whent=1,s=0

c 0
ﬂ“<ibw):r@?8—m/kl—ﬁ”fb1ﬂ—xu—@>%ﬂm

1

1
-\ Scfbfl — s b—1 — s —a s
= r(b)r(c—b)/o (L=s)™ (1 —z+ws)™"d

_ F(b)rr((i_b)/ol b1 (1 — gy [(1 _ ) (1 + 1”fx>]ads

- _x)_aI‘(b)II“((cc)—b)/ol seb=1(1 — g)b-1 <1 - <—1fx> s) s
:(1_x)a2F1<a,c—b; . )

Theorem 1.6.4. (Euler’s Transformation)

o Fy < “’cb ;93) =(1—2) "R ( - “’CC -0 ;x) . (1.33)
Proof. Using the formula (1.32)

2F1<a’b ;CU) :(1—$)_Q2F1<a’c_b; & >
c c rz—1

2(1—%‘)“25(6_6’&; . >

c r—1

— (1 71,)—0, 1— €T —(e=b) P c—b,c—a . xfl

- x—1 2 c ]
o [r—1—x ~(e=b) c—bc—a

= (1—1') (m-l) 2F1< c ,ZL‘>

—(1-a) " (1-2)" R ( c=be-a ;a:)

C

=(1—2) "R < c—a,cc—b ;:L’).

Theorem 1.6.5. (Gauss’s Formula) If R(c —a —b) > 0, then

a,b N\ _ T(c)T(c—a—b)
2F1( ’ ’1>F(c—a)r(c—b)‘ (1.34)

Proof. Using the formula (1.31) for = 1, we have

CL,b‘ _ F(C) ! b—1/1 _ p\e—b—1/1 _ 1\—a
2F1< ’ ’1>_F(b)F( _b)/ot (1— 1)1 — )@ at

_ & ! b—1 _ p\c—a—b—1

~ e, ¢
_ T

= T (e = b)B(b,c— a—b)

10



1.7 Confluent Hypergeometric Function

In this section we will discuss the confluent hypergeometric function, gemerating function and some

properties, which were mentioned in detail in the reference [1, 9]

Definition 1.7.1. For ¢ # 0, the confluent hypergeometric function is defined by

o -
a ax
1F1<C,a;>—§ il —00 < x < 400.
n—

Theorem 1.7.1. Let the following formula

lim o F} ( a,b ;:U) =1F ( ¢ ;x).
b—oo C b c

Proof. We have

(1.35)

b—o0 c'n! b—o00 c'n!
n=0 =0

b—o0 b

Theorem 1.7.2. (Differential representation) For ¢ # 0, we have

Proof.

In general

dr a ak a+k
dx"‘lF1< . ,ﬂc) —ck1F1< etk 7l’>-

(its proof by recurrence)

[e%¢) ﬁbﬁgn (o) ﬁbl 1 1 2y
lim2F1<a’b‘x>:]jm w:]im a (( +b)( +b)

(1.38)

O

Theorem 1.7.3. (Integral representation) [1] Based on Euler’s integral representation for the 1F}
hypergeometric function, one might expect that the confluent hypergeometric function satisfies, we

have ¢ > a > 0

a x| = F(C) lezt a—1/1 _ 4\c—a—1
1F1< " )_F(a)F(c—a)/o $a=1(1 — ) lgy, (1.39)
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Proof.

/1 ezttafl(l - t)cfafldt _ /1 Z (xt)ntafl(l - t)cfafldt
0 0 n!

n>0
" 1
_ Z i ta-l—n—l(l - t)c—a—ldt

n!
n>0 0

xn
= ;mﬁ(a+n,c—a)
2" T'(a+n)l'(c—a)
n! T(c+n)

2" a"T'(a
- (c_a)znlc”FEc))
n>0
_ I'(c—a)l'(a) Z fm"

I'(c) = ol

thus

a I'(c) /1 tra—1 —a—1
F ; = T 1 — ) dt.
! 1< c ,a:> F(a)'(c—a) Jo ‘ ( )
Theorem 1.7.4. For 0 < a < b, we have

1F1 ( a ;l‘) = €w1F1 ( c—a ;—ZL‘) . (140)
c c
Proof. For 0 < a < b, we have

a F(C) /1 tra—1 —a—1
F )= [ el pyema—lgy 1
! ( c ”””) Tate—a) J, ¢ 0 470 :”)) / o -Dgat(_ppe-atgy L
0

I'(a)l'(c—a I'(a)l
O
Lemma 1.7.1. We have
1 z 1 z 1
F; ; =1+ — | 1F ; - — F ; . 1.41
' 1<P+2’Z> ( +p+2>1 1<P+3’Z> p+3 1<P+4’Z> )
Proof. Using the confluent hypergeometric function
X m,.n
a ax
1F1<c;x>—zcnn!, —o0o < T < 400
n=0
We get

z 1 z 1
1 F Y LA :
( +p+2>1 1<p+3 ’Z> p+3' 1<p+4’z>

1 z 1 z 1
T . F . _ F .
11<p+372>+p+21 1<p_|_3,z> p—|—31 1<p+4,z>

N Z 1ﬁzn+1 io: 1ﬁzn+1
(p+3)"n! = (p+2)(p+3)"n! (p+3)(p+4)™n!

n=0

and we have B
(p+3)"=@+3)(p+4) - (p+n+2)

12



(p+2)(p+3)"

=(p+2)"
p+n+2 (p+2)
and _
P+2)(p+3)p+4)" _ (p+2)7
(p+n+2)(p+tn+3)
So we get
z 1 z 1
1 F )= F :
< +p+2>1 1<p+3 ’Z> p+3' 1<p+4’z>
[ee] - o0 - o0 -
177 1nzn+l 1nzn+1
=2 (p + 3)™n! 2 (p+2)(p+3)n! 2 (p + 4)™n!
n=0 n=0 n=0
(p+n+2) 172" > 172+ (p+n+2)(p+n+3) 17zt
_Z ( 9 3ﬁ|+z(p+n+2) 9 3ﬁ|_z 9 4)p)
— (p+2) (p+3)"n! (p+2)(p+3)"n!  —~ p+ (p+4)"n!
B i 17 n N i lﬁszrl i lﬁszrl
_n=0 (p+2)"n! = (p+2)"n! = (p+2)"n!

n

= 17 (p+n+1)n — 11z (p+n+1n = 177+
S . 5 . >

(pn — 1) npl
= n = (p+2)"(n—1)! n = (p +2)"n!
i 1mzn < 1 )
= o 1 32
= (p+2)"n! p+2

1.7.1 Recurrence Relations

1.
(c—a—11F < ’ ;x) ik ( o ;x) — (c—1)1F, < o x> (1.42)

a a—1 a
1F1<C,x>—C1F1< ‘ ,x>_a?1F1<c+1,a:>. (1.43)

Proof. 1. The proof of (1.42)
a a+1 \ az" (a+1)"z"
(c—a—-1)1F ( - 7x) + a1 Fy ( . ,x) = (c—a—l)z Tl —i—az,i'.

We have (a + 1)" = ’ﬁ(‘Z‘F”)’ and ¢ — (C—l)i(_icl—l‘m)

a a+1 a™ c—1 2"
(ca1)1F1< c ,CC> JrCllFl( c am) _(Cal)rg(c—l)”c—l—{—nn!

a“(a+n 1 c—1 za"
—i—az a (c—1)ic—1+nn!

a® c—1 x™




2. The proof of (1.43)

a a—1 az™ (a—1)"z"
a:chl(C;$>—ch1< . ;az):czcnn!—czcnn!

n>0 n>0
We have
ﬁ_(c+1)”c
 c+n
So,
oz—cz a” c—i—nﬁ_c (a—l)ﬁc—knﬁ
n20(0+1)ﬁ c nl = (c+1)" ¢ nl

e (e a (@ Vet n) 2
_Z(c—i—l)ﬁ n! n%% (c+1)" n!’

n>0

Note that (¢ — 1)” = =% we have

a+n—1’

a(c+n) ™ a®  (c+mn) "

a=) (c+1)ﬁﬁ—za+n—1(c+1)ﬂﬁ

n>0 >0 )
_Zaﬁ(c—i-n) (1 1 )x" Zaﬁ(c—i-n) n a"
Tl ex ) " axn—1)n n “1nl
= (c+1)m a+n—1) n! = (c+1)" a+n—1n!
_Z G;ﬁ c+n J;‘Z n c+n x"fl
o — — o — —1)!
= (c+1)"a+n—1(n—1)! n>1 (c+1D)"a+n—1(n-—1)!

I
8

antt c+n+1x” ala+1)" c+n+1a"
|:xZ( o

(c+1) a+n n! = c+1)(c+2)" a+n nl

a(a+n) c+n+1la™ Z az" P a
(c+1) (c+n+1) a+n n! n>0(c—|—1)”n! P e+1

I
8

W™ A -

1.8 Classical Sequences

In this section, we will study the Stirling numbers that appear in many combinatorics problems; there
are two named types: (signed and unsigned Stirling numbers of the first kind, and Stirling numbers of
the second kind), which were mentioned in detail in the references [7, 10, 11].

1.8.1 Stirling Numbers Of The First Kind
Stirling Numbers Of The First Kind Unsigned

Definition 1.8.1. Stirling numbers of the first kind (unsigned), denoted { " ], are defined as the

k
number of permutations of the set [n| having exactly k cycles. They appear as coefficients of the
polynomials 2™ written in the canonical basis 2"

=Y [ Z ] *, (1.44)

Remark 1.8.1. We have

14



Generating Function
The generating function of Stirling Numbers of the First Kind unsigned given by

HEEE

n>k

Explicit Formula
The Explicit Formula of Stirling Numbers of the First Kind unsigned given by
n n! (—1)k—n
R M=

1 1
itistagip=n L1k

Recurrence Relation

Let n, k € N, the recurrence relation is given by

L)
wn [$]on (2] [2]o0 w (2]

Table 1.2: First values for unsigned Stirling numbers of the first kind

n\k | 0 1 2 3 4 S 6 7 8
9

0 |1

1 |0 1

2 10 1 1

3 10 2 3 1

4 |0 6 11 6 1

5 |0 24 50 35 10 1

6 [0 120 274 225 85 15 1

7 10 720 1764 1624 735 175 21 1

8 |0 5040 13068 13132 6769 1960 322 28 1
9 |0 40320 109584 118124 67284 22449 4536 546 36
1

Stirling Numbers Of The First Kind Signed

Definition 1.8.2. The signed Stirling numbers of the first kind, denoted s(n,k), are the coefficients
of the development of the falling factorial z*

2t = Z s(n, k)2~ (1.45)
k=0
Generating Function
Theorem 1.8.1.
Z s(n, k)z—'a:k = (1+2)". (1.46)
n,k>0 "
2" (In(1+2))*
> s(n, b) = (1.47)

n>0

15



Proof. Using Newton’s binomial to prove the formula (1.46)

(1+z)"=>" (Z)ﬂ

n>0
nzn
= Z xr——
n!
n>0
_ 3 k) 2"
= Z (Z s(n, k)x ) p
n>0 \k=0
_ 2"k
= Z s(n,k)n!x .
n,k>0
O
Proof. Using the formula (1.45) to prove (1.47)
z" k x
Z s(n,k)—x" = (1+ z)
n,k>0 n
_ 6gvln(l—i—z)
B zF(In(1 + 2))k
B e
k>0
O
Explicit Formula
=" 3 ! (1.48)
SULR) =1 g :

. 1
i1+io+Fip=n

Recurrence Relation

Forn,k>1,
s(nyk)=s(n—1,k—1)— (n—1)s(n — 1,k),

With s(n,0) = s(0,k) = 0 except s(0,0) = 1.

Table 1.3: First values for signed Stirling numbers of the first kind

n\k | 0 1 2 3 4 5 6 7 8 9
0 |1

1 ]0 1

2 10 -1 1

3 |0 2 -3 1

4 |0 -6 11 -6 1

5 |0 24 -50 35 -10 1

6 |0 -120 274 -225 85 -15 1

7 |0 720 -1764 1624 -735 175 -21 1

8§ |0 -5040 13068 -13132 6769 -1960 322 -28 1

9 |0 40320 -109584 118124 -67284 22449 -4536 546 -36 1
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1.8.2 Stirling Numbers Of The Second Kind

Definition 1.8.3. Stirling numbers of the second kind, denoted {Z}, count the number of partitions
of a set with n elements into k blocks; in other words, into k pairwise disjoint nonempty subsets of [n].
They appear as coefficients of the monomial ™ in the basis 2%, that is:

o= znj {Z}zk (1.49)

Generating Function

The generating function of the Stirling number of the second kind is given by
1. The exponential generating function of the Stirling numbers of second kind

n) 2" (e —1)F
—_ = > 0. 1.
I L (150
n>k
2. The ordinary generating function for Stirling number is given by

n\| ., P
Z{k}z T (-2 -22)...(1—k2) (1.51)

n>k

3. Double generating function

n|z" k _ oy(e®—1) 1.52
Z {k}n!y e . (1.52)

n,k>0

Explicit Formula

Theorem 1.8.2. The explicit formula of the Stirling numbers of second kind given by

k
n 1 k ;
== -1 (k—7)". 1.53
(i =aX (5 e (1.53)
J=0
Proof. Using the exponential generating function (1.50), we have

> -t

n>k

Then using Newton’s binomial to get

k
(—1)F 1 <k> .
= — _ 1) (k=)=
k! klz_% J (=1)
]_
k
1 k ; n?"
—a X (e su-ars
7=0 n>0
1A /k "
S (X (§)eva-ar)Z
n>0 T j=0 J ’
- {" z
N kJ n!
n>k
By identification of coefficients 4, we find

n

17



Recurrence Relation

Forn >1 and k > 1, the Stirling numbers of the second kind satisfy the following recurrence relation

T o
op {0 fof-

With

The first values of {}} are:

k|0 1 2 3 4 5 6 7 8 9
0 |1

10 1

2 10 1 1

3 (o1 3 1

4 1o 1 7 1

5 10 1 15 25 10 1

6 [0 1 31 9 6 15 1

7 |0 1 63 301 350 140 21 1

8 |0 1 127 966 1701 1050 266 28 1
9 |0 1 255 3025 7770 6951 2646 462 36 1

Table 1.4: First values of Stirling numbers of the second kind {Z}

1.9 r-Stirling Numbers

In this section, we will study one of the generalizations of Stirling numbers that appears in many
combinatoric problems; namely r-Stirling Numbers, and also there are two kinds of these Numbers:
r-Stirling numbers of the first and second kind [/, 11].

1.9.1 r-Stirling Numbers Of The First Kind
r-Stirling Numbers Of The First Kind (Unsigned)

n+r
k+r |,
number of partitions of set n into k non-empty subsets such that the first r elements are in distinct
subsets with r < k < n.

Definition 1.9.1. The (unsigned) r-Stirling numbers of the first kind, denoted { ] , count the

(z—i—r)"zzn:[?;i:]rz". (1.55)

k=0

Generating Function

The exponential generating function of the first kind r-Stirling number is given by :

n4r] 2" (—In(l-—2))*
g[k%ﬂ“kn!_ MI—2)r (1.56)

18



r-Stirling Numbers Of The First Kind (Signed)

Definition 1.9.2. The (signed) r-Stirling numbers of the first kind, denoted s(n+r,k+1), count the
number of partitions of set n into k non-empty subsets such that the first r elements are in distinct
subsets with r < k < n.

(z+m)™ Zs n+rk+r)z". (1.57)
k=0

Generating Function

The exponential generating function of the first kind (signed) r-Stirling number is given by :

o (In(1 + 2))*

z
i 1.
%s(n—l—r,k—l—r)n! AR (1.58)
Explicit Formula
The explicit formula of these numbers given by
Theorem 1.9.1.
stn+rk+r)= <”,>s(j, o) (—1)"dpnd (1.59)
i=o
Proof. Using the generating function to prove the explicit formula
(In(1+2))* _ (n(L+2))"
A R T S
= | Xstmb || e
n>0 ’ n>0
=S (4)stamer ) 2
n>0 \j=0 \J
ZTL
= Zs(n+r,k+r)—.
et n!
By identification of coefficients %, we find
s(n+rk+r)= (”) s(j, k) (—1)" I
=0
O

1.9.2 r-Stirling Numbers Of The Second Kind

n-+r
kE+r
of partitions of set n into k non-empty subsets such that the first r elements are in distinct subsets.

Definition 1.9.3. The r-Stirling numbers of the second kind, denoted { } , count the number

crr={pir )

k=0

19



Generating Function And Explicit Formula
The exponential generating function of the second kind r-Stirling number is given by
n-+r z" _ 1 rZ( % k
I
n>k T

The ordinary generating functions of the second kind r-Stirling number is given by

k

n>k

The double generating function given by

n+r 2" kE _ y(ef=1)+rz
S e

n,k>0

Theorem 1.9.2. The explicit formula given by

(i} e (oo

Proof. Using the generating function to prove the explicit formula

1 er® k k o
Her,Z(ez - 1)k — ﬁ Z < > (_1)]67]6]2

— l i <k.>(_1)k—jez(r+j)
k! — \J
J_
k
1 k . 2"(r+ )"
== 1)k=d
w2 ()
J n>
k
1 k _ n| 2"
X ()]
n>0 T j=0 J
_ Z n+r | 2"
o =t k+r . n!
By identification of coefficients 2, we find
n+r 1~k —j n
e | = ()T
r §=0

Recurrence Relation

These numbers verify the following recurrence relation for k>0 andn > r

e L=

. n+r - .
Wlth{k—&—r }T—O if n<r

n+4r n 5 | T
Z{ k+r }TZ (1l =r2) A= (r+1)2)--- (1= (k+7)2)’ k>r>0.

(1.60)

(1.61)

(1.62)

(1.63)



where Oy is the Kronecker delta.

19 9 1
6 65 55 14 1
32 211 285 215 20 1
64 655 1351 910 245 27 1
128 2059 6069 5901 2380 434 35 1

o0 = DN =
—

N OOk W N RO
—_

Table 1.5: First values for 2-Stirling numbers of the second kind

1.10 Bernoulli Numbers And Polynomials

In this section, we will study the Bernoulli numbers and their polynomials, their properties, generating
function, explicit formula and recurrence relation, which were mentioned in detail in the references

[2 10, 23].

1.10.1 Bernoulli Numbers

Definition 1.10.1. Bernoulli numbers, denoted by By, form a sequence of rational numbers that can
be defined by the following recurrence relation

By=1
-1
By = —5i7 2o ("1) Br-

Generating Function

The generating function of the Bernoulli numbers is defined by

2" z
n>0

Explicit Formula

Theorem 1.10.1. The explicit formula for Bernoulli numbers is defined by

n
k' (n
B, =) (-1)* : 1.64
= U (160
Proof. Using the exponential generating function we have
2" z
ZBnﬁ:ez—l; |z| < 2m.
n>0 )
and:
" (n L Gl 1)k
k] n! k!
k=0
assume y = e — 1, we have :
z=In(e*) =In((e* —1)+1)
=In(y +1)
1y
=Yyt
n>1 n
B (ez _ 1)n
DS
n>1 n



assume N =n—1,n=N+1.

z 1)N+1
_ 1 (e
§ NZ>0( B
we have
3 B, Z_
n! ez—l
n>0
1 (6 _1)k+1
T e 12(_ )* k+1
e >0 +
:Z(_l)kw
= k+1
_Z k‘ k' 6 —1)k
|
k>0 !
Y ,mz{k}
—z( Ak
n>0
By identification of coefficients 27, we find
" k' (n
B, =) (-1)* :
Seutli)

Recurrence Relation

The recurrence relation of Bernoulli numbers is given by

n
1
Z<nz )Bk:n+1, n>0

k=0

n|0 1 2 3 4 5 6 7 8 9 10
B, |1 1/2 1/6 0 -1/30 0 1/42 0 -1/30 0 5/66

Table 1.6: The first values of Bernoulli numbers with By = =

1.10.2 Bernoulli Polynomials

Definition 1.10.2. For n € N, the Bernoulli polynomials denoted B, (x), are defined by generating
function and explicit formula, given by :

Generating Function

Theorem 1.10.2. The exponential generating function of Bernoulli polynomials is defined by

zZr

Z" ze
;)Bn(a;)n! =——7  ll<om (1.65)
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Explicit Formula

Theorem 1.10.3. The explicit formula for Bernoulli polynomials is defined by

By(z) = Zn: <Z> Ba™*

k=0

Proof. Using the exponential generating function we have

z" ze*”
n>0
we have
ze*® 2" (zz)"
e il DOECN il B DDk
n>0 n>0
2" ™"
= |28 |22
n>0 n>0
_ ( B a ) .
| — |
n>0 \k=0 Kt (n — k)
n—k z"
- Z kl(n — n!
n>0
n
=S (2 (s )Bw 4
n>0
By identification of coefficients 27, we find

- Zn: <Z> B

k=0

Properties The sequence of Bernoulli polynomials denoted by (

(1.66)

O

By (z))nen, is defined such that

its first term Bo(x) = 1, and the subsequent terms are determined recursively according to certain

formulas involving Bernoulli numbers and derivatives, for (n > 1)
1.

Proof. 1. The proof of (1.67), we have

1 2T
/§ Bl —/ A
0 62—1

n>0

23
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This gives the identity ), -, fol B, (z)dzZ; = 1. On the other hand, we have

n:

/01 ZBn(x)%T dz = /01 By(z)dz + </01 Bn(x)d:c> %7:

n>0 n>1
=14+0=1.
Thus fol B, (x)dx =0 for n > 1.
2. From (1.68), we have
d 2" d ze**
el B -2
dzx Z n(x)n' dre*—1
n>0
ZQsz
et —1
ZTL
=2) _ Bnln) !
n>0
Zn+1
= ZB"(@ l
n>0
Zn
- ZBn*l(m) (n—1)!
n>1

On the other hand

d 2" dBp(z)\ 2" ;2" Bl (z) =z
ar | 2By :Z< i )MZZBNM:Z e

n>0 n>0 n>0 n>1
So,
2" Bl (x) 2"
B, = 2 .

2 ) = 2 (n—1)!

n>1 n>1
By identification of the coefficients of (nzfnl),

B/
n(®) = By_1(x) = B.(x)=nB,_1(x).
n

The First Bernoulli Polynomials Values

Bo(ai) = 1,
1
Bi(z) =z — 2’
2 1
By(z) == —x—l—g,
3 1
Bs(x) = 23 — 51‘2 + 3%
1
By(z) = 2t — 223 + 2% — 30
Bs(z) = 2° — Sat 4+ Sa® — lx
2 3 6
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1.11 Bell Numbers And Polynomials

In this section, we will study the Bell numbers and their polynomials, their properties, generating
function, explicit formula and recurrence relation, which were mentioned in detail in the references

[2 30, 7].

1.11.1 Bell Numbers

Definition 1.11.1. Forn > 1, the Bell numbers, denoted ¢, are the total number of partitions of an
n-element set. They are defined as the sum of Stirling numbers of the second kind

on :i{Z} (1.69)

k=0

Example 1.11.1. For n =4 we have ¢4 = {411} + {g} + {g} + {i} =14+74+64+1=15.

Table 1.7: The first values of Bell numbers

3 4 5 6 7 8 9 10 11 12
5 15 52 203 877 4140 21147 115975 678570 4213597

Generating Function
Theorem 1.11.1. The exponential generating functions of Bell numbers are given by
zn
Z(;Sn—' =exp(e® —1). (1.70)
=
Proof. Using the exponential generating (1.70), we have

(e = 1)F

exp (e —1) = Z 1
k>0 ’

1 k L m )
e j>(‘1)’;m( —J)

1 k L ) ) ﬁ

— 2 (k'JZO (]) (_1) (k‘ _,7) n'
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Proposition 1.11.1. We have the following Dobinski formula, for n > 0,
1 n
bn = EZE‘ (1.71)
k>0

Proof. Let f a function be defined on R by: f(z) = e* ~!. According to formula (1.69) since the
function f is derivable on this interval, we have

f,(Z) — 6zeez—l

n>0 = >0k
e Zk: ank

= Z ¢k*, = f(z)e*
— k! = (n—k)!

2 (e*) e (nz)* P nk
€ — - _
= T T T T T T 2 2
n>0 n>0 n>0 k>0 k>0 n>0
So,
k k
or_1 2" 1 n
‘ e 2l
£>0 n>0
Secondly we have
Zk e*—1
> kg =e
k>0
So,
k k k
z z¥1 n
DO = e 2T
k>0 k>0 n>0
Equating the coefficients of %, we get the result. O
Recurrence Relation
e
Go=1, Gny1=) <k> Pk- (1.72)
k=0

1.11.2 Bell Polynomials
Definition 1.11.2. For n € N, the Bell polynomials ¢, (x) are defined by the explicit formula

dn(z) = zn: {Z}x’“ (1.73)



Generating Function

The exponential generating function of Bell polynomials is given by

> ¢n(x)%7; =, (1.74)

n>0

Explicit Formula

Theorem 1.11.2. The explicit formula of Bell polynomials defined by

Pn(x) = En: {Z}x’“ (1.75)

k=0

Proof. Using the exponential generating function, we have

ﬁ _ x(e*—1)
Zgbn(fc) =¢ .

n>0
We have ( v
z(e*—1) _ k e -1
‘ =27y
k>0
Lk
- % (k> (—1)e=(k=d)
k>0 " =0 M
Lk
x k ; z n
IO WIS DERTEY
k>0 7 j=0 J n>0
n k K n
x k n
- = (S eviw-ar) 5
n>0 \k=0  j=0 J
" (n) )\ 2"
= x JR—
n>0 ko{k n!
Z’I’L

k=0
O
Dobinski’s Formula For Polynomials
—x k" k
on(x) =¢ Z e (1.76)
k>0

Proof. Let f a function be defined on R by: f(z) = e*(¢*~1). According to formula (1.74) since the

27



function f is derivable on this interval, we have

f/(Z) xezem(e 1)

—o | S [

n>0 n>0

[y z(z(’;)¢k<x>);
n>0 n>0 \k=0

% (G )

_xz(zk, ) n:xzi(nz"_%k

n>0
= quSk(m)% Z ﬁ =zxf(z)e’.
k=0 " n>k ’

so we have f(z) = e %, Then for z € C,

n,nz
I
n! k'n' k'
n>0 n>0 k>0 E>0 " n>0
SO
NE 2k 1 z"nk
V=) HE T
k>0 n>0
Second we have:
Z¢k _ prle=1)
k>0
SO
)zk 2k 1 x"nk
D n@) = e
k>0 k>0 n>0
By identification of coefficients Z;, we get the result.

Recurrence Relation

First Bell Polynomials

x+x2
x+ 322 + 23
x4+ 722 + 623 + 2*

=W N = O3S

Table 1.8: Bell polynomials ¢, (x)
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Chapter 2

Cauchy Numbers And Their
Polynomials

Cauchy numbers, also known as Bernoulli numbers of the second kind, are a sequence of numbers that
appear in various contexts in mathematical analysis and combinatorics. They are defined through their
generating function and have deep connections with Stirling numbers, harmonic numbers, and other
combinatorial objects, which were mentioned in detail in the references [7, 12, 18, 20, 25].

2.1 The Cauchy Numbers Of The First Kind
Definition 2.1.1. The Cauchy numbers of the first kind are defined by the definite integrals
1 1
C’n:/ z(z—1)(2—2)---(z—n+1)dz:/ 2dz. (2.1)
0 0

Property 2.1.1. Note that we can rewrite the definition of the Cauchy numbers in a shorter form if
we take the binomial coefficients into account

Cp = nl /01 (;) dz. (2.2)

Proof. We have

O
Generating Function And Explicit Formula
Theorem 2.1.1. The generating function of the Cauchy numbers of first kind given by :
> " z
-z 2.
ZC n! In(1+2) (2:3)

n=0

29



Proof.

Z/ < >dzz
/01;)<Z>z"dz

:/0 (1+2)%dz

2
In(1+42)

O

Theorem 2.1.2. These numbers are connected to the Stirling numbers of the first kind, and are
defined by

. 1
Cn=)_s(n, BT (2.4)
k=0
Proof. We have
2t = s(n, k)"
k=0

So,

k=0
n
1
=> s(n,k) .
P k+1
O

n|0 1 2 3 4 5 6 7
Co|1 1/2 -1/6 1/4 -19/30 9/4 -863/84 1375/24

Table 2.1: Cauchy numbers of the first kind

Recurrence Relation

For the Cauchy numbers of the first kind [17], we have

— C nk—l—l
— >1).
STy

Theorem 2.1.3. The following identity [17], defined by

" (n 1
Z{k}ck: 1+n

k=0

Remark 2.1.1. There is a relation between Cauchy numbers of the first kind and the Bernoulli

numbers, defined by

b G
n!

They are also called the Bernoulli numbers of the first kind b,,.
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2.2 The Cauchy Numbers Of The Second Kind

Definition 2.2.1. The Cauchy numbers of the second kind are defined by the definite integrals

—

1 1
C’n:/ z(z+1)(z+2)-~(z+n—1)dz:/ 2"dz. (2.5)
0 0
They are also called Norlund numbers denoted by BT(Ln) when

C, = B,

Property 2.2.1. Note that we can rewrite the definition of the Cauchy numbers in a shorter form if
we take the binomial coefficients into account

C, = (—1)"n! /01 <_nz> dz. (2.6)

Proof. We have

So

O

Property 2.2.2. Note that we can rewrite the definition of the Cauchy numbers in a shorter form if
we take the binomial coefficients into account

1 _

c = n!/ <Z+" 1)dz, (2.7)
0 n
AN
n) nl

Proof. We have

1 1 1 — 1)
n'/ (z—i—n )dZ:n!/ wdz
0 n 0 n'

:/1(z+n—1)(z—|—n—2)---(z—|—n—1—n—|—1)dz
0

:/lz(z+1)---(z—|—n—1)dz
0

1
= / 2"dz
0
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Generating Function And Explicit Formula
Theorem 2.2.1.

Proof. N 1
RSN <‘:>dw“
- [ ()
:/0 7;)(_”2>(—z)”dz
::A%l—zr%n

T 1-2)h(-z2)

O

Theorem 2.2.2. These numbers are connected to the unsigned Stirling numbers of the first kind [2/],
and are defined by

1 n

—~ _ n 1

C,= [ "dz= . 2.9
/oz ’ Z[’f]kﬂ 29

Proof. We have

So,

n |0 1 2 3 4 5 6 7
Co|1 -1/2 5/6 -9/4 251/30 -475/12 19087/84 -36799/24

Table 2.2: Cauchy numbers of the second kind

Recurrence Relation
For the Cauchy numbers of the second kind [17], we have

)nk;

= IZ PICETESE (n>1).
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Theorem 2.2.3. The following identity [11], defined by

> {ia- Lk

k=0

2.3 Cauchy Polynomials

In this section, we will study the Cauchy polynomials, which were mentioned in detail in the references

[5, 12, 22].

2.3.1 Cauchy polynomials Of The First Kind
Definition 2.3.1. In 2007 Cheon, Hwang and Lee introduced the Cauchy polynomials of the first kind

by the definite integral
1 fe—
Cyo(z) = n! / (Z ””)dz, (2.10)
0 n

and when we take x = 0 we get Cy,(0) = C), the classical Cauchy numbers of the first kind.

Remark 2.3.1. The polynomials b,(x) = C’;l(!m) are sometimes called Bernoulli polynomials of the
second kind, it means

Zb n(l+2)(1+ 2)*

Generating Function

Theorem 2.3.1. The generating function of the first kind is defined by

7;)0 nl 1+ z;(l +2)e (2.11)
Proof. 3 o
Zz</ ()9

:/ (14 2)*""dz
0
z

T+ )1 +2)r

Proposition 2.3.1. Komatsu proved that the Cauchy polynomials of the first kind satisfy

i{Z}Ck(x) -y (n>n(__w)+1 (2.12)

k=0 =0

Explicit Formula

Forn,m € N from (2.12) we have the ezplicit formula defined by

n

e (05

k=0
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Recurrence Relation
The recurrence relation is given by:

n

Z <n>Ck(az)Cn_k(y) =-nlz+y+n—2)Ch_1(x+y)— (n—1)Ch(z+y), n >0 (2.13)

k
k=0
n Chp(x)
0 1
1
1 — —x
2
2 1+ + 22
——4+x+zx
6
1 1 3 5 3
3 4—2x+2x +x
—-19
4 §+x—x2+2x3+x4
9 19 5 5 5
5 1—€x+§x2—§x3+§$4+$5

Table 2.3: Cauchy polynomials of the first kind C,,(x) for n =0,1,...,5

2.3.2 Cauchy Polynomials Of The Second Kind
Definition 2.3.2. In [16] defined the Cauchy polynomials of the Second kind by the definite integral

o (x) :n!/o1 <Z+x>dz, (2.14)

n

And when we take x = 0 we get 6’;(0) = 6’; are the classical Cauchy numbers of the second kind.

Generating Function

Theorem 2.3.2. The generating function of the second kind is defined by

R 2(1+ 2z)*
T;C”(x)m - <1+(z) ln(l)—i—z)' (2.15)

Yo =% <n!/01 (Z;:x>dz> o

n>0 ’ n>0

:/Olz<z:“">.z”dz

n>0

:/OIZ<ZZQJ>Z"dz

Proof.

n>0

—/ (14 2)*t*dz

' 2(1+ 2)*
(1+2)In(1+2)
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Explicit Formula

Forn,m € N from (2.12) we have the ezplicit formula defined by

o -2 [} ]y ()

Proposition 2.3.2. We have

So,

Recurrence Relation

The recurrence relation is given by

Co(z) = ni (20— 1)Cos(@) + (o1~ 1)Crale))

—~ —~ 1
Example 2.3.1. For example with Co(z) =1 and Cyi(z) = —3 +x.

n Chp(x)
0 1
1 1+
5+
5
2 6—$+IE2
9 5 3
3 —1—1—533—59024-373
251
4 %—93)4—51‘ — 23 4+ 24
475 951 45, 25, 5, .
T S LR T G

Table 2.4: Cauchy polynomials of the second kind 6;(37) forn=0,1,...

Proposition 2.3.3. We have the relation 6’;(3:) = Cp(—2)

1
Cn(z) = n!/ (z + a:) dz,
0 n

Proof. We have
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So

O

2.4 Relation Between The Cauchy Numbers And r-Stirling Num-
bers

In this section, we will discuss the relation between the Cauchy numbers of both kinds and r-Stirling
numbers, which were mentioned in detail in the reference [10].
2.4.1 Relation With The Cauchy Numbers Of First Kind

For an integer r, Cauchy polynomials of the first kind Cy,(r) can be expressed in terms of the r-Stirling

. n+r
numbers of the first kind [ P } .

Theorem 2.4.1. For nonnegative integers n and r, we have

[ n+r —1)nk
-5 [111] 5
k=0 T
Proof. We put
u n-+r
G r(z) = Z [ P } zk. (2.17)
k=0 T

Using (1.56) the generating function of the r-Stirling numbers of the first kind we have

2" [ ntr 2"
%Gn,r(l')m:;(kzo |: kot :|T33k> E
n—+r z"
=3 Z[W] 5

= n>0
k' 1—2

= L (—In(1—2))*
B 1
(A=) =a)

By (2.11), and by integrating with respect to z from [—1,0] we find

-1 1 z
/0 0= %" G2 =2

n

- -3 cn(r)(q)”%.

n>0
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And also we integrating (2.17), with respect to = from [—1, 0] on both sides, we have

/ S Gopl2) 'dazzz<zn:[213:]rj;>/o_lxkda:

n>0 ’ n>0 \k=0
S (Sl ] )
= k+r | k+1 nl)
Comparing the coefficients of both sides, we get the identity (2.16) O

Remark 2.4.1. Ifr =0, the identity (2.16) is reduced to

" s(n, k)
k41

Cp =
k=0

This gives the Cauchy numbers of the second kind (see [7], Ch. VII, [1/], Theorem 1, [15], p.1908).

Generating Function

The generating function of these kind of numbers is defined by

2 Cn(r) Ty = In(1+2)(1+2)""

n>0

2.4.2 Relation With The Cauchy Numbers Of Second Kind

For an integer r[7, 10], Cauchy polynomials of the second kind 6’;(7”) can also be expressed in terms
n+r ]

of the r-Stirling numbers of the first kind [ ko

Theorem 2.4.2. For nonnegative integers n and r, we have
—~ [ n+4r 1
—r)=(-1)" g —_—

(2.18)

Proof. From (1.56) the generating function of the r-Stirling numbers of the first kind, we have

1 xT
5 Gny(-2) = (-1 = 2)
(-
T—2)

By integrating with respect to = from [—1,0] on both sides, we have

/ o gd_ n[n—kr]z”/_l_kd
; nr(=2) m_;)kz_o ktr | ar ), (RN
__Zz[n—i—r] 1 2"
=i k+r ], k+1n!

And by (2.15) we have

/‘1 (1-— z)xdx _ z2(1—2)"
o (=2 (1—-2)In(1-2)



Comparing the coefficients of both sides, we get the identity (2.18)

Ga(—r) = <—1>"§0 L ]kil

Remark 2.4.2. If r =0, the identity (2.6) is reduced to

Go=cry|r] i

k=0

This gives the Cauchy numbers of the second kind (see [7], Ch. VII, [1/], Theorem 4, [15]).

Generating Function

The generating function of these kind of numbers is defined by

S S KA ek

= n! (1—2)In(l—2)
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Chapter 3

Generalization Of Cauchy Numbers
And Polynomials

In this section, we introduce one of the generalizations of Cauchy Numbers is called the p-Cauchy
numbers and polynomials, which generalize the classical Cauchy numbers through a parameter p. We
examine their fundamental properties, including recurrence relations and explicit representations [

.

3.1 The p-Cauchy Numbers

3.1.1 The p-Cauchy Numbers Of The First Kind

Definition 3.1.1. We define the p-Cauchy numbers of the first kind denoted Cy, ,(n > 0), for every
integer p > —1 by

Y e s =m(  mata). (3.1)
P p+27

n>0
b )
Remark 3.1.1. For p = —1, we have

> Cn, ,1 1F1<1 ln(1+z)>:1+z.

n>0

where 1 F} < “ z) denotes the Kummer confluent hypergeometric function [1].

It is because for p = —1 we find

> C, _1 = i 1(1+z)>

n>0
17 (In( 1—|—z)
PERLREL
k>0

= exp(In(1 + 2))
=1+ z.

and for p =0, we find Cy, the classical Cauchy numbers of the first kind.

Explicit Formula

Theorem 3.1.1. For p > —1, these numbers can be written explicitly as

n

Cn,p_zs(n,k)<k+z+1 )1. (3.2)

k=0
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Proof. Using (1.47) the generating function of Stirling numbers of the first kind (signed), we have

n

ZZ( l<:+p+1 > 15(%@,:::2( k+1]2+1 )‘128(7%@2‘

n>0 k=0 ’ k>0 n>k

B (p+ 1)k! (In(1 + 2))*
_Z (k+p+1) k!

k>0
1 (In(1 + 2))*
= +2)F K

ZTL
=> Cnpy

n>0
Comparing the coefficients of 27 on both sides, we arrive at the result. O

Remark 3.1.2. If we take p =0 in (3.2) we find the classical Cauchy numbers of the first kind C,,.

The First Few Exponential Generating Functions For C,, ,
For p=1,2,3 we have

2" =2(In(1+z) —2)
Z Cna (In(1 +2))2

n>0

2" =3((n(1+42))? + 2In(1 + 2) — 2z)
;C”Qn! B (In(1 + z))3 '

2" —4((In(1+2))* + 3(In(1 + 2))* 4+ 61In(1 + z) — 62)
;C"f’m - (In(1 + 2))4 '

Example 3.1.1. For p =1 we have

ZCM Z((lw(ln(uz))

= E+1+1)!
= Z ln 14 2)).
k>0
With t = In(1 + 2z) we find
zZ" tk
OHEES e
) |
= n! = (k+2)!
92 th+2
== '
= (k+2)!
2t
T2kl
k>2
2
= ﬁ(et —-1- t)
So we get
Z o2 2(e(1+2) — 1 —In(1 + 2))
n,dl——y —
= n! (In(1 + 2))?

—2(In(1+2) — 2)
(In(1 +2))%2
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Corollary 3.1.1. For r > 0 we have

n n —1
ntr B nt+k+p+1
Z{k+7‘ }TCT-Fk,p_ZS(Tak)( n4+k ) )

k=0 k=0

where { Z_—::: } is r-Stirling numbers of the second kind [/]. In particular for m = 0 we find

n

Z{ }ckp_300)<”+5“)_1

_ nlp+1)!
C (n4p+ 1)

Proof. We have in [19][Theorem 1, 2 and Corollary 1] the Stirling transform

Z{ Z::__: } ik :Zs(r,k)bn_,_k.

k=0 k=0
-1
n+k+p+1
If we take a4 = Crypp, We get byyp = < "4k > . L]
Theorem 3.1.2. we have
1
o(2) = (0 + 1)/ (1+ 2)'(1 — t)Pdt. (3.3)
0

Proof. Let the integral representation of the confluent hypergeometric function [1] defined by (1.31)
SO

= 1 F(p—|—2) ! n(1l+z 11—
fp(Z) - 1F1 < +9 ,1 (1+ )> F(}H—]_)F(l)/(; etl (1+ )to(]_ _t)p+2 1 ldt

(p+1I(p+1) /1 In(142)*
= T2 — ¢)Pdt
L(p+1) 0 ‘ ( )

1
—(p+ 1)/0 (1+ 2) (1 — t)Pdt.

O

Theorem 3.1.3. The p-Cauchy numbers of the first kind satisfy the following three-term recurrence
relation

+1
Crt1p=(1—n)Crp— L

B p+ 2Cn7p+17 (3'4)

with n = 0 we get Cy,, = 1.

Proof. by differentiation of (3.3) with respect to z; we obtain
d 1
(142552 = 0+ 1) [ 142/t
0
1
-+ 1)/ (1—t—1)(1+2){(1 — t)Pde
0

-+ 1)/01(1+z)t(1 — 0P+ (p+ 1) /01(1 +2)H(1 — bt

p+1

D f() + f(2)
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or equivalently

Zn—l p_|_ 1 P P
(142 2 Onpn = = = 55 2 Gy + 2 Oy
n>0 n>0 n>0

by change of variables n — 1= N, and n = N 4+ 1 we find

(1493 CurinTp = 25 3 Cupa 5 + 3Gy

n>0 n>0 n>0

ZCnJrl,p +ch+1,p o :—iiiz ,p+1 +ZC’,p

n>0 n>0 n>0 n>0

by change of variables n+1= N, and n = N — 1 we find

e DOTIE A S

n>0 n>0 n>0 n>0
2" 2" p+1 2"
> Crtrp y +(n—1) > Crp 7 = ) > Crpt1 7
n>0 n>0 n>0
z" p+1 2"
> Cnt1p 7 = > [(1 —n)Cnyp — Mcn,p+1:| o
n>0 n>0

By identification we find (3.4).

List Of The p-Cauchy Numbers Of The First Kind C,,

For0<n<6and0<p<3.

1 1 1 1 o Cop
1/2 1/3 1/4 1/5 o Oy
~1/6 ~1/6 ~3/20 —2/15 -+ Cyy
1/4 4/15 1/4 8/35 Oy

~19/30  —7/10  —47/70  —131/210 --- Cy,

9/4 107/42 139/56 1496/630  ---  Cs,

—863/84 —995/84 —9809/840 —2323/210 --- Ce,
Cn,O Cn,l Cn,2 Cn,S Cn,p

Theorem 3.1.4. The p-Cauchy numbers of the first kind satisfy the following recurrence relation

n+1
) Cn,p—i—l + mcnm—&-l

Cripr1 = (1 =n)Cpp — < o

with the initial sequence Cojp = 1, and the final sequence Cpo = Cp.

Proof. By (1.41) with z := In(1 + z), we have
1 1 z 1
F : 1+ —— 1R ) - F :
(e te) = (i) (s ) e ()
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c z"_ 1 z C 2" z c z
Z np = +p7—|—2 Z n,p+la_p+32 np+2 7

n>0 n>0 n>0
1 Zn-‘rl 1 Zn+1
Zcp =3 Cupn S Crpti = = = D Cnpra™—.
) 2 ‘ P ] n,p |
n>0 n n>0 P+ p+2 n>0 w p+3 n>0 v
by change of variables n +1 = N, son = N — 1, we have
C C - C = C =
nz>0 np oy 7;) np+1 nl +2§TL n—l,p—l—la p+3§)n n—1,p4+2 ol
z" 1 1 z"
Chnp— = C C ——nCp— —.
7;) np T;) ( np+1 T ot " Cn—1pi1 — T 37Cn 1,p+2> ]
equating the coefficients of = cai ; and using (3.4), we get the result.
n n+1
Cntipr = (1 =n)Chp — <p+2 + 1) Cnpt1+ m(}n,pw-
O
Lemma 3.1.1. We have
p+1 » d\" 1
11 49 ;tIn(l+2) | = (£1)P(p+1) (1+z)£ 1F1 5 ;£1In(l + 2) (3.5)

Proof. The verification of (3.5) follows by induction on p. It follows from induction hypothesis that

p+1 p+2 B d p+1
:|:p+21F1< +3,:|:ln(1—|—z)>—(1—|—z)dz 1 Fy +2,:tln( )

= (£1)P(p+1) <(1 + z);i)p+1 1F1 ( ; ;EIn(l+ )) :
O

Theorem 3.1.5. The exponential generating function for p-Cauchy numbers of the first kind is given

n>0

Proof. According to the Kummer transformation [1], we can write

z" 1
Zcmpm:lFl( +2,1 (1+Z)>

n>0

. In(1 +z)>,

and by (3.5) we get

S Cny = e+ (91 ) (reass )

n>0

O

Theorem 3.1.6. The exponential generating function for p-Cauchy numbers of the first kind is given
by

L Dl s (D
v < p+2 ’ln(”z)) T (n(1+2)ptt kzzl (In(1+ 2))F"
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Proof. Using integration by parts in the formula (3.3) with v = (1 — ¢)?, dv = (1 + 2)'dt, we get

T g
0 0

fp(z) = (p+ 1) 111(]. + Z) Il(]. + Z)

b )/01(1—1—z)t(1 —t)P—ldt]

1+z 1u+z

i
pﬂ(fw L)

1+2) In(1+2)

p+1 p+1

T In(1+ )f” 1(2) = In(1+z)

we have
o plz =
T3 = G ap - 2 (In(1 + 2))F
so, bl bt
W)= par o " i)
_ p+1 plz = i p+1
T In(1+2) \ (In(Q+2)P ; (n(l+2))F )  W(l+2)

_ (pt+1) 5 p+1pE  p+1
~ (In(1 + 2))pHt - (In(1+4 2))*+1  In(l1+2)

we have (p + 1)pE = (p + 1)E£L; by change of variables K = k + 1 we find

() ~ (+DE et
fo(z) = W N 22 (In(1 4 2))& B In(1+ z)

() ~ (p+ 1)k

~ (In(1 + 2))pt1 > (In(1 + 2))*

k=1

3.1.2 The p-Cauchy Numbers Of The Second Kind

Definition 3.1.2. We define the p-Cauchy Numbers of the second kind denoted an,p(n > 0), for every
integer p > —1 by

~ 2" 1
ZC"»Z’H =1F < b2 ;—1In(1+ z)) . (3.6)

n>0

Here 1 Fy ( b ) denotes the Kummer confluent hypergeometric function.

Explicit Formula

Theorem 3.1.7. These numbers can be written explicitly as for p > —1

n -1
Cop = S (~1)Es(n, k) ( "’*Z“ ) . (3.7)

k=0
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Proof. Using (1.47) the generating function of Stirling numbers of the first kind (signed), we have

ZZ <k:+p+1> 18(”»’f)szz<k+z+l>_1Z(_1>k8(”’k)i

n>0 k=0 k>0 n>k
Z p+1 'k" 1 k(ln(1+2))k
= —
k>0 (k+p+1)! k!
Z (p+ DK (—In(1+ 2))*
o |
k>0 (k+p+1)! k!
B 1% (=In(1 + 2))*
iz (P 2)F w
=1F L In(1+ 2)
— 141 p+ 9’
~ "
= Cn,p*,
n>0
Comparing the coefficients of 27 on both sides, we arrive at the result. O

Remark 3.1.3. If we take p =0 in (3.7) we find the classical Cauchy numbers of the second kind én

The First Few Exponential Generating Functions For (/Z\’n,p
For p=1,2 we have

~ 2" 2(1+2)In(142) —=2)
2 Cniy = In(1 +

= (1+2)(In(1 + 2))2
=3((1+2)In(1 + 2))%2 = 2(1 + 2) In(1 + 2) + 22)
1;0"2 (1+2)(In(1 +2))3 '

Example 3.1.2. For p =1 we have

~ " 2
> Coay = kzzo m(_ In(1+ z))*.

n>0
Fort =In(1+ z) we get

2 2 ()2 2 (-t 2
2 G = (—t)2kz>0(k+2)! —E2 T e T

k>0

-t _ 1
we have e = = S0,

Theorem 3.1.8. We have integral representation given by

1
fp(z) =(p+1) /0 (14 2)74(1 — t)Pdt. (3.8)
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Proof.

o~

1
fp(z) =11 ( D2 ;—In(1+ z)>
I(p+2) /1 t(—In(1+2))40 2-1-1
= n(1+2))401 — )Pt dt
o+ DT Jo -9

(p+Dr'(p+1) /1 —tIn(1+2)
= nlTE (1 — )Pt
ot D) o © =1

1
—(p+ 1)/0 (1+2)t(1 — t)Pdt.
0

Theorem 3.1.9. The p-Cauchy numbers of the second kind satisfy the following three-term recurrence
relation

~ D+ 1~ ~
Cn+1,p = mcn7p+]_ - (n + ]-)Cn,p‘ (39)

and for n =0 we get R
Cop=1.

Proof. By differentiation of (3.8) with respect to z; we obtain

~

1
(4 Z0G) =0+ 1) [ (o020 -ora
=(p+1) /1(1 —t—1)(1+2)7"(1 —t)Pdt
0
~p+) [ 2 - () / Wkt ot
0 0

= o alr(2) ~ f(2)

or equivalently

(1+2) Zd (14 2) ZC,pn o

n>0 n>0
_p+t1 1 2 ~ 2"
n>0 n>0

by change of variables n — 1 = N and n = N 4+ 1 we find

~ Z" _p+1 1 z" ~ 2"
(1 +Z)ZCn+Lp nl T pt2 ZCMJ-H ol chvpﬁ
n>0 n>0 n>0

n+1 n "
ptiga 2 oz
ch-i-l,p + ZCTH-LP ol mZCn,Pﬂ‘lﬁ - ch,pﬁ.

n>0 n! n>0 n>0 T n>0
by change of variables n +1 = N and n = N — 1 we find
Z" p+1 Z" P
> Corivyy +nZCm D1 = 52 2 Cratigg =2 Cony
n>0 n>0 n>0 n>0
TL n
p+1 ~ z
Z Cn+17p (n+1 Z Cnp ) m Z Cn,erla
n>0 n>0 n>0
~ Zn p + 1 ~ ~ Zn
Z Cn—H’pH = Z |:p—+—20n7p+1 - (n + 1)Cn7p:| ﬁ
n>0 n>0
By identification we find (3.9). O
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List Of The p-Cauchy Numbers Of The Second Kind én’p

For0<n<6and0<p<3.

1 1 1 1 o Cop
~-1/2  -1/3 —1/4 ~1/5 o Cip
1/6 1/6 3/20 2/15 o Oy
—-1/4 —4/15 —1/4 —8/35 o Oz
19/30 7/10 47/70 131/210 o Cyy
-9/4 —107/42 —139/56 —1496/630 --- Cs,
863/84 995/84 9809/840 2323/210 o Ceyp
6%& 6%@ 6&2 6%3 6%@
Theorem 3.1.10. . N
~ 2" p+ z
np _y — 1 '
gc’pn! 1—|—Z<( * )dz) <ln(1+z))

G VR i (—D*(p +
(14 2)(In(1 + 2))r+t (In(1 + 2))k -~

k=1
Proof. As in the previous proof of (3.8) by u = (1 — )P, dv = (1 + z)~'dt, we get

L—tPa+2)1" poty (L4 2)7
[ (1 + z) ]0_/0(79(1_’5) )ln(l—l—z)dt]

~

fo(2)=(p+1)

p ! —t p—
(1+2) ln(1+z)/0(1+z) (1-19) 1dt]

p+1{
p+1< fpl())

In(1+2) In(l+2)
p+1 p+1 =
= ln(l —|—Z) — ln(l +Z)fp—1(2>.
We find finally
(—1)p(p L)l ~ (=DF(p+ 1),
> Our = (T3 (1 5 2 2= ({15 2)F

n>0 k=1

O

3.2 Relation Between The First And Second Kind Of p-Cauchy Num-
bers

We have a relation between both kinds of Cauchy numbers [20], given by
C%::€Lf¥n6%_y
So we get the following theorem for p-Cauchy numbers

Theorem 3.2.1. For nonnegative integers n and p, we have

Cnp = (=1)P(p+ l)kz: <z> ’il <k j 1> <j> 1C s (3.10)

=0
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Proof. We have

n>0 n>0 e
and ,
d p P i k
k=0
So we get
n p P dk: ~ 2
ch,p | (_1)p(p+1)z k (1—|—Z)kw ch TL‘
n>0 k=0 n>0
P p . n
= (=P +1)) i (142" [ D Copi—
k=0 n>0

By identification of coefficients 27, we find (3.10).

Theorem 3.2.2. For nonnegative integers n and p, we have

p k
. . k '
Crp+nCn1p=(p+1)) (Z) > (j) (?)g!Cnﬁk.

k=0 §=0

Proof. we have

n n
-~ zZ z
> Cray > Cray

= ! 1+ 2 =
~
<1+z>20w=20
n>0 n>0
Y G+ Yt = Y Gy
n>0 nl n>0 ! n>0
Z + Z Cn— 17P Z Ch np oy
n>0 nl n>0 n>0
chp +Z”C" LP Zcm
n>0 nt n>0 n>0
Z(Cnp—i—n(}’n 1p> ZCM,
n>0 nl n>0
By identification of coefficients %, we find

C’n’p + nCn_lzp = anp'
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3.3 The p-Cauchy Polynomials

We now introduce the p-Cauchy polynomials of both kinds. These are Appell polynomials, a family that
has attracted attention from many perspectives [S, 20, 21]. As a reminder, a sequence of polynomials
(An(2))n>0 is referred to as being of Appell type whenever it fulfills the relation

d
%An(x) =nA,_1(x), n>1.
3.3.1 The p-Cauchy Polynomials Of The First Kind
Generating Function And Explicit Formula

Theorem 3.3.1. Forp > 0, let us consider the p-Cauchy polynomials of the first kind Cy, ,(x) defined
by means of the following generating function

z" 1 .
ZC’W(%)H =1F ( b2 ;In(1 + z)> ez, (3.11)
n>0
Theorem 3.3.2. Let n, k,j € N. The explicit formula is defined by
C Y - (p+ DK s(k, j) | 2" 3.12
=3 () | gl et [+ (3.12)
k=0 j=
Proof. According to (3.11) we have

z" 1
Zcmpm:lFl( +2,1 (1+Z>>

n>0

1" (In(142))"
=2
(p

|
o lpt 2)m n!
Z (p+1)n! (In(1+2))"
N (p+n+1)! n!

Z iy k)

— 7’L .
l M

S tnt+1)s I

Suppose that
(p+1)n!
— 5

n
= k).
Anp kz_o(p+n+1)!(’)
So,
1F1< +27 1+Z> Zan,p
n>0
Thus,

ZC’ ($)£ =1F L ;In(l+2) ) e**
PP ! p+27

zZ" z
= (D omp | [ D22

n>0 ) n>0
= Qe T — .
k P n!
n>0 \k=0
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By identification we find

I
3
[en}
Ry
> 3
N~
1
[]~-
Sl
T+
aﬂ»ﬁ
+ =
—|=
—~
L
IS
i
ES

Theorem 3.3.3. Forn >0 and p > 0, we have

1.
(e
k=0
2.
d
%Cn,p(x) = nCn—l,p(l‘)u
3.
e _ Chgrp(®) = Chpayp
/0 Crop(t)dt = | :
4.
1 " /n +1
/0 Chp(t)dt - > < )C,w,,
k=0
5.
- n n—=k
Cn,p(x + y) = k Ck,p(x)y s
k=0
6.
n—1 n
ol +1) = Cogla) = 3 () Cuglo),
k=0
7.
n n e
Crp(mz) = <k> Cp()(m — 1) Fgn=F

Proof. For n > 0 and p > 0.
1. The proof of formula (3.13), according to (3.11), we have

n

ch,p(x)% :1F1< Jlr2 :In (1—|—z)>

n>0
2" n2"
= ZCMDH > )
n>0 n>0

_Z Ckp o 2"
(n— k)
n>0 \k=0

n>0

By identification of coefficients 2y, we find (3.13).
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N o E

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)



2. The proof of formula (3.14), according to (3.11), we have

n

d z" d z
=0 Cnpla)—p =D~ Cupla)

n>0 n>0

d 1 oz
_dl'<1F1(p+2’ln(1+Z)>€ >
1 xrz

ZTL
=z Z C’n,p(as)a

n>0
+1

= cn,p(x)i.

n!
n>0

By change of variablesn +1= N, n= N — 1 we find

n

d 2" z
Z %Cn,p(x)m = Z Cn—l,p(x) ("I’L — 1)'
n>0 n>0
S L ) = S nC @)
de Pl n=Lpr

n>0 n>0
By identification of coefficients 27, we find (3.14).
3. The proof of formula (3.15), according to (3.14), we have

d
T Copl) = (1 1Cope).
By integration we find
X d xX
| Ciaf@yis = (n+1) [ Coyfaldo
0 dl‘

0

Cuttpfa) = Corpf0) = (n+1) [ Coplao

* Cns1 p(x) — Chyip
Cn d — ). ) ,
/0 ,P(m) &z (n+ 1)

where Cy41,,(0) = Crp1p.
4. The proof of formula (3.16), according to (3.13), we have

By integration, we find

; Cn,p(x)da;:kzo(;;L;)Ckp/ol 2" F gy
! " (n 1
0 Cnpla)de = rar (k) |
We have
<n) 1 B n! B n! 1 (n+1)! 1
E)n—k+1 kl(n—k)!n—-k+1) kl(n—k+1)! 14+nklln—-k+1) 14n

o1

(

n+1
k

)



So

1 1 —/n+1
/Ocn,p(g;)d:c:HnZ( N >ck,p.

k=0

5. The proof of formula (3.17), according to (3.11), we have

2" 1
S Cugle+ ) =1} sl ) 0.
n>0

By integration we find

ZC”P (x+y) Z—' = Cnp(@)— | €

n
n>0 n>0

[geon) (g

:Z<§: (Z)ck,p( )y %T

n>0 \k=0

v

4

By identification of coefficients Z7, we find (3.17).
6. The proof of formula (3.18), according to (3.17) by y = 1, we have

Cop(z+1) = f: (Z) Chopl@).

k=0

For k£ = n we find

Thus

Crpla + 1) — Cpp(z) = :2;1 <Z> Cop().

7. The proof of formula (3.19), according to (3.17) by y = (m — 1)z, we have

)
Chplx+ (m—1)x) = Cyp(me)

- kZO () Chatodlm = oy
N kio (Z) Crpla)(m —1)" gk

Example 3.3.1. For n =0, according to (3.12)

(p +1)!x0:

Copl) = 015(0,0) P,

Forn=1

. 1 k 'k' o - 1
o) =2 () | S g R |« =
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The First Few p-Cauchy Polynomials Of The First Kind

Cop(x) =1,
Crp(x) =z + pi2,
Coplr) ="+ p2f2 O +pzipl+ 3)’
Coplw) =2+ p3f2 - (p?iz;;r(pl )f3) (p i(g)j(;ll 1)’
4 6(p+1)a? 8(p+1)x  2(p+1)(3p® +22p + 38)

Cup(x) = zt +

p+2 (@+2)(p+3) (@+2)p+4) @@+2)@P+3)+4)P+5)
Lemma 3.3.1.

Z k< >Ck,px = :Z: %:(—1)n_k (z 1 ;Ck,p+1(x) - Ck,p($)> :

Proof. Let us denote Y j_ k(7)) Crpa™ " by pn(z), since k(}) = n(}~ 1) and using (3.9), we have

k=0
-1
- 1
=n Z ( k > Ck+17p$
k=0
n—1
n—1 +1 ke
=n (1 =k)Chyp — z Ck,pH A
k p+2
k=0
p+1
= nCn—l,p(x) - p+2nCn 1,p+1( ) — npp-1(z)
n—1 k
-1 +1
=n Ch Cn—l—k,p($) P n—l—k,p—&—l(x) — (=1)".npp—1-n(x)
— k! p+2
n—1
(1) (p +1
=n! Crpi1(z) — Cg p(x)
| ’p+1 k7p
= k! p+2
n—1
n! p+1
=3 B0 (P o) - Cuo)).
] P P
— k! p+2
Applying this recursively we get the desired result. O

Theorem 3.3.4. The p-Cauchy polynomials of the first kind Cy, p(z) satisfy the following recurrence
relation

" p+1
Crrpla) = 2y p(a) ! Z (B3 - Cua)) (3.20)
With the initial sequence Cp,(x) = 1.
Proof. We have
d n
x?C”’p(x) =nChpp(x) — Z k:<:> Cypr" "

And by (3.14)



For n = n+1,

So,

U (20 0) — i) ).

3.3.2 The p-Cauchy Polynomials Of The Second Kind
Generating Function And Explicit Formula

Theorem 3.3.5. For p > 0, let us consider the p-Cauchy polynomials of the second kind C,, p(x)
defined by means of the following generating function

A Zn 1 Tz
ch,p(l’)a =11 < b2 ;—In(1 + Z)) e’ (3.21)
n>0
Theorem 3.3.6. Let n, k,j € N. The explicit formula is defined by
n k
O p + D! k Nk
Chp(z) = Z ( > iR —1)%s(k,j) | =" ". (3.22)

k=0 j=

Proof. According to (3.21), we have

Z (p+ 1)In! (-1) (In(1+ 2))
N +mn+1)! n!
= (p )
(p+1)In! - P
= (=)™ > s(n,k)
= (p+n+1)! kzo k!
Suppose that
- - (p+ 1)In!
np = (=1)"s(n, k)
P — (p+n+1)!
So
~ 2"
1F1 ( +9 ; ln(l +Z)> = n>0an1)ﬁ
Thus



By identification of coefficients 27, we find

1.
~ n n\ ~
n,p(x) = <k> Ckpwn ka
k=0
2.
d ~ .
%Cnp(m)—ncn 1p(7)
3.
"3 _ Cogip(@) = Cogryp
/0 Crp(t)dt = . ,
4.
LN 1 < /n+1\4
[t 5 (7
k=0
.
x—i—y :Z( )Ck,p —k:7
=0
6.
n—1 n
Cugla +1) = o) = 3 (1) Cuo)
k=0
7.

Proof. For n > 0 and p > 0.
1. The proof of formula (3.23), according to (3.21), we have

n

Z an,p(x)%

n>0

~ 2" z
Chp— g " —
Z p n' n'

n>0 ’ n>0
n A _
-y Crp «"* 1 4
k! (n— k)!
n>0 \k=0

n>0

By identification of coefficients %L, we find (3.23).
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S0 [ o]

=1F ( p—|1-2 ;ln(1+z)> e*®

N R E

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)

(3.29)



2. The proof of formula (3.24), according to (3.21), we have

d ~ 2" d 1 s
%ZCMD(J})H = (1F1 < D2 ;ln(1+z)) e )

n>0
Z —Ch (:v)ﬁ =z (1 1 ;—In(l+2) ) e™
= da PRl p+27
> g (x)ﬁ =z|).C (x)f

dr "V pl P )
n>0 n>0

R N R Zn+1

> o Cnpl@)—r =D Cnpla)—
n>0 n>0

By change of variablesn+1= N, n= N — 1, we find

n

d s 2" 3 :
Z %Cmp(x)ﬁ = Z Cnil’p(x) (n - 1)'

n>0 n>0
d ~ z" ~ z"
Z %Cn,p@)ﬁ = ZnC’npr(x)H.
n>0 n>0

By identification of coefficients %, we find (3.24).
3. The proof of formula (3.25), according to (3.24), we have

d
Gt p(x) = (n+1)Crp(a).

By integration we find
€T

émp(x)dx

T

Chp(x)dz

X d e
/0 %le,p(x)dff =(n+1)

~

Crut1(@) — Cue1(0) = (n+ 1)

S— —

~ ~

RPN Chs1 p(l') — Chp1 D
Cn d — ). ) ,
/0 ,P(m) X (TL+ 1)

where 6’n+17p(0) = @nﬂ,p.
4. The proof of formula (3.26), according to (3.23), we have

By integration we find

We have

n 1 B n! B n! 1 (n+1)! 1 (n+1
kE)n—k+1 kl(n—k)ln—k+1) Kn—-k+1)! 1+nkn—k+1)! 1+n\ k /)
So,

n

LIPS 1 n+1\ ~
/OCn,p(:B)dx—l_i_nkZ:O( f )Ck,p'

o6




5. The proof of formula (3.27), according to (3.21), we have

ch,p(l“wLy)H =1 ( D42 ;ln(1+z)> e*(@+y).

n>0

By integration, we find

By identification of coefficients %, we find (3.27).
6. The proof of formula (3.28), according to (3.27) by y = 1, we have

o 0= 3 (1) Guote)

k=0

For &k = n we find

Thus

Coplz +1) = Coplz) = :Z_l <Z> Crp(2).

7. The proof of formula (3.29), according to (3.27) by y = (m — 1)z, we have

~

Chp(z + (m —1)z) = Cpp(maz)

Example 3.3.2. For n =0, according to (3.21)

Cop(x) = 01(=1)°5(0,0) (]IZJ“ DI

Forn=1

k=0

1 k
p+1 'k:' i . -k _ 1

o7



The First Few p-Cauchy Polynomials Of The Second Kind

~

CO,p(x) =1,
al,p(iv) =T — pi27
Cap(x) = 2 — ijjQ + (p +p2;Epl+ 3)’
R 2
Cipl) = 2° = pg—f 27" (p?iz;;r(pl )f3) @ —QF(];)J(FPIJ)r 4)’
) @9 6(p+1)a®  S(p+lr | 2Ap+1)(3 +22p+38)

p+2 (p+2)(p+3) (+2)p+4)  (+2)p+3)p+4)(p+5)

o8



Conclusion

In this work, we were able to enter the field of enumerative combinatorics by recognizing many Sse-
quences of numbers and polynomials and their combinatorial and analytical properties, particularly the
generalization of Cauchy numbers and polynomials through a parameter p, as well as their connections

with Stirling numbers, Bernoulli numbers, and r-Stirling numbers.
We hope in the future to be able to continue deepening our knowledge in this very enjoyable field.
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