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ABSTRACT

This thesis presents a numerical investigation of natural convection in a tiltable square porous
enclosure subjected to an external magnetic field and saturated with a non-Newtonian nanofluid. The
vertical walls of the cavity have two different and constant temperatures, while the horizontal walls are
considered thermally insulated and impermeable. The fluid flow within the porous medium is modeled
using the Dupuit—Darcy formulation coupled with the Boussinesq approximation, whereas the Carreau—
Yasuda model is employed to capture the rheological behavior of the non-Newtonian nanofluids under
consideration. The governing partial differential equations, along with the corresponding boundary
conditions, are numerically solved using the finite difference method (FDM) for enhanced computational
accuracy.

Two types of nanofluids are examined: two simple nanofluids—SWCNT—-water and Al.Os>—water—
and one hybrid nanofluid, (Al.Os+Cu)-water. The study explores the flow field, heat transfer
performance, and apparent viscosity variations within the cavity across a wide range of parameters,
including the four Carreau—Yasuda parameters, the Darcy—Rayleigh number, the nanoparticle volume
fraction, the Hartmann number, the inertial effect parameter, and the inclination angle of the cavity.

The results reveal that the Carreau—Y asuda rheological parameters significantly influence both flow
dynamics and heat transfer rates. As the fluid becomes more shear-thinning, the flow circulation
intensifies, resulting in enhanced convective heat transfer. Conversely, higher values of the Hartmann
number and the inertial parameter suppress fluid motion and diminish heat transfer, with thermal
conduction becoming dominant at elevated values.

While the shear-thinning behavior improves heat transport, a strong magnetic field counteracts this
enhancement by stabilizing the flow. The 30° inclination angle is identified as the optimal configuration
for maximizing natural convection. Among the tested fluids, the SWCNT—water nanofluid demonstrates
superior thermal performance due to its combination of high thermal conductivity and low apparent
viscosity, whereas the hybrid nanofluid (Al.Os+Cu)—water exhibits weaker thermal efficiency owing to

its higher viscosity and stronger inertial interactions despite its improved conductivity

Keywords: porous medium, non-Newtonian fluid, square cavity, Inertial effect parameter, Magnetic

field, Dupuit-Darcy model, Carreau—Yasuda model
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RESUME

Cette these présente une étude numérique de la convection naturelle dans une cavité carrée poreuse
inclinée, soumise a un champ magnétique externe et saturée par un nanofluide non newtonien. Les parois
verticales de la cavité sont maintenues a deux températures constantes et distinctes, tandis que les parois
horizontales sont considérées adiabatiques et imperméables.

L’écoulement du fluide a travers le milieu poreux est modélisé a 1’aide de la formulation de Dupuit—
Darcy, couplée a I’approximation de Boussinesq, tandis que le modele de Carreau—Yasuda est employé
pour décrire le comportement rhéologique des nanofluides non newtoniens étudiés. Le systeme des
¢quations différentielles partielles gouvernantes, ainsi que les conditions aux limites associées, est résolu
numériquement a 1’aide de la méthode des différences finies (MDF) afin d’assurer une meilleure
précision de calcul.

Deux types de nanofluides sont examinés : deux nanofluides simples — SWCNT—eau et Al.Os—eau
— ainsi qu’un nanofluide hybride, (Al.Os+Cu)—eau. L’étude analyse le champ d’écoulement, la
performance du transfert de chaleur et les variations de la viscosité apparente dans la cavité pour un
large éventail de paramétres, incluant les quatre parameétres du modeéle de Carreau—Yasuda

le nombre de Darcy—Rayleigh, la fraction volumique des nanoparticules, le nombre de Hartmann , le

parametre d’inertie et I’angle d’inclinaison de la cavité.

Les résultats montrent que les parametres rhéologiques du modéle de Carreau—Yasuda exercent une
influence significative sur la dynamique de I’écoulement et le taux de transfert de chaleur. Lorsque le
fluide présente un comportement plus amincissant par cisaillement, la circulation s’intensifie, ce qui
entraine une amélioration du transfert thermique par convection. A ’inverse, des valeurs élevées du
nombre de Hartmann et du paramétre d’inertie réduisent la mobilit¢ du fluide et affaiblissent la
convection naturelle, la conduction thermique devenant prédominante a des valeurs importantes de ces
parametres.

Bien que le comportement d’amincissement par cisaillement favorise le transport de chaleur, un
champ magnétique intense atténue cet effet en stabilisant I’écoulement. L angle d’inclinaison de 30° a
¢été identifi¢ comme la configuration optimale pour maximiser la convection naturelle. Parmi les fluides
testés, le nanofluide SWCNT—eau présente la meilleure performance thermique grice a sa forte
conductivité thermique et a sa faible viscosité apparente, tandis que le nanofluide hybride (ALOs+Cu)—
eau affiche une efficacité thermique moindre en raison de sa viscosité plus élevée et de ses interactions
inertielles plus marquées, malgré une conductivité améliorée.

Mots-clés : milieu poreux, fluide non-Newtonien, cavité carrée, Parametre d'effet inertiel, Champ

magnétique, Mod¢le de Dupuit-Darcy, Mod¢le de Carreau-Yasuda
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GENERAL INTRODUCTION

Natural convection heat transfer is a fundamental physical phenomenon resulting from density
variations in a fluid caused by temperature differences. When a fluid experiences a temperature gradient,
the more heated, less dense fluid ascends while the colder, denser fluid descends, establishing a
continuous circulation pattern along with a convective current (Incropera et al., 1996). This process is
essential in numerous natural and artificial systems, including atmospheric and oceanic circulations as
well as diverse industrial uses. Comprehending and regulating convective heat transport is crucial for
researchers and engineers aiming to improve thermal performance and devise effective heat management
solutions.

The search of enhanced heat transfer efficiency in recent decades has pushed the investigation of
innovative working fluids beyond conventional coolants such as mineral oils, water, and ethylene glycol.
The revolutionary research by (Choi & Eastman, 1995), who established the nanofluids concept—
suspensions of solid particles at the nanoscale (usually < 100 nm) scattered throughout base fluids.—
made a huge progress in this medium. Recently, nanofluids have become a promising alternative to
traditional heat transfer fluids primarily due to their superior thermophysical features, such as increased
thermal conductivity, improved convective coefficients, and consistent dispersion behavior. Various
types of nanofluids have been developed, including metallic, metal oxide, and carbon-based
nanofluids(Das et al., 2006). Recently, hybrid nanofluids— consisting of two or more distinct
nanoparticles— have attracted significant attention due to their capacity to enhance both thermal and
rheological properties synergistically(Suresh et al., 2011).

Concurrently with investigations on nanofluid, porous media have also been recognized for their
significant role in heat transfer processes. Engineering applications widely use porous materials, such as
catalytic reactors, filtration devices, and geothermal systems. The existence of a porous matrix enhances
heat transmission primarily by increasing the effective contact surface area between the solid matrix and
the liquid phase, thereby facilitating increased energy exchange(Nield & Bejan, 2006). Furthermore, the
integration of porous media with nanofluids has demonstrated utility in enhancing thermal efficiency in
heat exchange systems.(Bianco et al., 2015)

Another major class of fluids that has received important attention in both academia and industry is
non-Newtonian fluids. In contrast to Newtonian fluids, whose viscosity remains constant, non-
Newtonian fluids display diverse rheological behaviors—such as shear-thinning, shear-thickening, and

viscoelasticity —depending on the imposed shear rate. (Bird et al., 1987)These fluids are ubiquitous in
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numerous industrial applications and consumer products, such as polymeric melts, coatings, and
lubricants, biological fluids, ketchup, and fruit juices. The sophisticated flow behavior of this type of
fluid has motivated scientists to construct a variety of rheological models, such as the Power-Law,
Carreau—Yasuda, and Bingham models, aimed at improving understanding and prediction of their

behavior under distinct flow and thermal conditions(Chhabra & Richardson, 2011).

The main objective of this thesis is to numerically investigate natural convection heat transfer in a
square porous enclosure filled with non-Newtonian nanofluids, accounting for the combined effects of
magnetic field, porous medium, and complex rheological behavior. The fluids considered in this study
include the single-walled carbon nanotube—water (SWCNT—water) nanofluid, the aluminum oxide—
water (Al:Os—water) nanofluid, and the hybrid nanofluid (Al2Os + Cu—water).

The enclosure is subjected to a horizontal temperature gradient, with the left vertical wall maintained
at a constant hot temperature (Th) and the right vertical wall at a constant cold temperature (T¢), while
the horizontal walls are thermally insulated. The flow within the porous medium is modeled using the
Dupuit-Darcy formulation under the Boussinesq approximation, while the non-Newtonian behavior of
the working fluids is described using the Carreau—Yasuda model. The resulting governing equations are
solved numerically using the finite difference method (FDM), implemented in a FORTRAN
computational code.

This study aims to analyze the influence of the governing dimensionless parameters, including the
Rayleigh number, Hartmann number, inertial parameter, Carreau—Yasuda parameters, nanoparticle
volume fraction , and cavity inclination angle, on flow intensity, heat transfer rate, and apparent viscosity
distribution. In addition, a comparative analysis is conducted to evaluate the thermal performance of
mono and hybrid nanofluids under identical operating conditions.

This thesis is organized into five chapters. The first chapter introduces the research context and
reviews the relevant literature. The second chapter presents the mathematical formulation of the
problem, including the governing equations and boundary conditions. The third chapter describes the
numerical methodology and computational procedure. The fourth chapter discusses the results obtained
and provides a detailed analysis. Finally, the fifth chapter summarizes the main findings and suggests

perspectives for future work.
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1. CHAPTER I : Fundamentals and Current State of Research.

1.1. Generality on porous media
1.1.1. Definition of Porous Media

Porous media are solid materials containing a network of interconnected voids or pores, which allow
for the transport of one or more fluid phases (Bear, 1972). Porous structures are encountered in various

natural and engineered systems, as presented in Figure 1.1
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Figure 1.1:Top: Examples of natural porous materials: A) beach sand, B) sandstone, C) limestone,
D) rye bread, E) wood, and F) human lung . Bottom: Granular porous materials used in the

construction industry, 0.5-cm-diameter spheres (left), and 1-cm-size crushed limestone (right) (Nield
& Bejan, 2006)

1.1.2. R.E.V. and properties of porous media

To describe the macroscopic behavior of transport processes in porous media, it is essential to define
a Representative Elementary Volume (REV). The REV is the smallest volume over which physical
properties such as porosity, permeability, and thermal conductivity can be averaged to yield values

representative of the bulk medium, independent of further volume increases. Below this scale, local
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heterogeneities cause significant fluctuations in measured properties. However, once the REV threshold

is reached, these fluctuations tend to average out, allowing for reliable continuum-level modeling (Bear,
1972)).

Representative
elementary
volume (r.e.v.)

Flow domain

-u’_"r“'
Figure 1.2: The concept of the Representative Elementary Volume (REV) illustrates its
intermediate scale in relation to the dimensions of the flow domain and pore structures.)
(Nield & Bejan, 2006)

Once the REV is established, it becomes meaningful to define and quantify the key transport

properties of porous media, namely porosity, permeability, and tortuosity

1.1.2.1 Porosity ()

Porosity, a macroscopic porous medium property, is the simplest geometrical descriptor of a porous

medium. It is defined as the ratio of the void volume to the total volume of the medium:

V
o volumeof pore space :1_£:7p (1.1)

t

total samplevolume 4

where ¢ represents the porosity of the medium, while Vs and Vt denote the volume of the solid phase
and the total volume of the medium, respectively.
Two types of porosity are commonly distinguished:
e Total porosity includes all types of pores, whether they are connected or not, encompassing
both effective and isolated pore spaces.

e Effective porosity, ¢, which considers only the interconnected pores that contribute to fluid

flow and storage (Dullien, 1992; Heinemann & Mittermeir, 2013)
The porosity of a material varies significantly depending on its microstructure. For instance, dense
metals may have porosities close to zero, while fibrous materials and thermal insulators may exhibit

porosities approaching unity
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1.1.2.2 Permeability (K)

Permeability is a measure of a porous medium’s ability to allow fluid flow through its pore network.
It is an intrinsic property that depends solely on the geometry, size, and connectivity of the pores within
the medium, and is therefore independent of the physical properties of the fluid flowing through it.

For granular porous media, the Carman—Kozeny theory, originally derived for packed beds, provides
an estimate for permeability (Nield & Bejan, 2006)

__cd, (1.2)
180 (1 - 5)

where:
K : the permeability
¢ : the porosity,
d, is the mean particle diameter.
This equation assumes laminar flow and uniform particle packing and is widely used in chemical and

petroleum engineering
1.1.2.3 Tortuosity (1)
Another key attribute of a porous material is its tortuosity (Figure 1.3), which quantifies the
complexity of flow paths through a porous medium. It is defined as the ratio between the actual
(effective) length of the fluid path and the straight-line length of the porous sample (Dullien, 1992):

e effective length _ L,
sample length L

(1.3)

where:

7 : the tortuosity,

L, : the effective path length,

L : the geometric (straight-line) length.

Higher tortuosity implies more convoluted pathways, resulting in increased resistance to transport

processes and convection
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Figure 1.3 : 2D Sketch for the tortuosity concept (Fu et al., 2021)

1.1.3. Classification of Porous Media

Porous media can be classified according to various criteria, including their origin, physical form,

structure, and material composition of the media. These classifications are important in comprehending

and simulating fluid flow, heat conduction, and mechanical behavior in the porous structures. According

to (Lofrano et al., 2020) the key classification schemes can be outlined in the following:

1.1.3.1 Based on the Origin

Natural porous media: They occur in nature and include soil, rocks, organs (kidneys and
lungs), and other biological tissues.

Synthetic porous media: are comprised of a diverse range of engineered materials, including
polymer foams, ceramics, cementitious composites, and biomaterials. These materials are

frequently designed for thermal, hydraulic, or mechanical performance specifications.

1.1.3.2 Based on location

In situ porous media: These are not disturbed in their natural or functional location, e.g., soil
beds, charcoal beds, or zeolite beds.
Ex situ porous media: These are extracted or intentionally inserted in technical systems, e.g.,

in filters or packed columns in separators and reactors.

1.1.3.3 Based on the scale of solid matrix

Macrostructured media: are composed of big particles or pieces of rocks, e.g., fragmented
rocks, boulders, and karst.
Micro- or nano-structured materials: are made up of very small particles, including

adsorbents, biological tissues, and specially prepared porous membranes



CHAPTER I : Fundamentals and Current State of Research 7

1.1.3.4 Based on the consolidation of constituents
e Consolidated porous media: The solid matrix is well bonded, e.g., cementitious materials,
catalysts, or compacted clays.
¢ Unconsolidated porous media are uncompacted particles, for example, loose sediments or
soils
1.1.3.5 Depending on the Nature of the Components
e (Granular media: Composed of approximately spherical or irregular particles, e.g., activated

charcoal.

e Fibrous media are distinguished by the inclusion of elongated or filamentous material, like

geotextiles and root systems.

1.1.4. Momentum Equation Models

The momentum equation governs the fluid motion within the porous medium. Several models have
been developed depending on the fluid type, flow regime, and the assumptions regarding the medium’s
structure. The most common formulations are summarized below

1.1.4.1 Darcy’s Law

The earliest model for flow through porous media was developed by (Darcy, 1856) based on

experiments using loosely packed, uniform granular media. His empirical relation describes the linear

relationship between pressure gradient and fluid velocity under low Reynolds number conditions

dp _ u
_ap _ 1.4
d K'P (1.4)

where:

p: fluid pressure

u: dynamic viscosity

K: permeability of the porous medium

up: Darcy velocity

Darcy’s law is valid for slow, viscous, steady, and incompressible flows, typically in the creeping
flow regime

1.1.4.2 Brinkman Model
To account for viscous shear effects and boundary-layer behavior near solid walls, (Brinkman,

1949)extended Darcy’s law by including a Laplacian term:

dp Hu 2
o TPE =ty (1.5)
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This model bridges the gap between Darcy flow and the Navier—Stokes equations. The effective
viscosity perr may differ from the fluid viscosity u, Depending on the porosity and microstructure of

the medium (Nield & Bejan, 2006)

1.1.4.3 Forchheimer Model

(Forchheimer, 1901) introduced a nonlinear correction to Darcy’s law to include inertial effects at

higher Reynolds numbers:

_dp ﬂu+pr|”|”

dx+pg:E T (1.6)
where:
p, - fluid density
F : Forchheimer coefficient, an empirical parameter depending on the medium
This model is more accurate for transitional and inertial-dominated flows
1.1.4.4 Darcy-Brinkman—Forchheimer Model (Generalized Model)

The most general formulation combines all previous effects—viscous diffusion, permeability

resistance, and inertial drag:
p(%+u.Vuj:—Vp+pg+,uV2u—%u—ﬂP|u|u (1.7)

This equation is suitable for modeling a wide range of flow regimes in porous media, from creeping

to moderately turbulent flow

1.2. Generality on nanofluids

Nanofluid refers to a colloidal suspension of nanoparticles, typically with diameters less than 100
nm, uniformly dispersed in a base fluid. Dr. Choi (Choi & Eastman, 1995) first introduced this term,
marking the relatively recent emergence of this field. Incorporating these nano-sized particles into the
base fluid significantly enhances thermal conductivity and other properties such as viscosity and heat
transfer capabilities. Consequently, nanofluids present promising applications in various engineering

and industrial processes, offering potential improvements in efficiency and performance

1.2.1. Classification of nanofluids

The classification of nanofluids can be approached from multiple perspectives, depending on specific
characteristics and influencing factors. The subsequent sections delineate the principal criteria utilized

for the categorization of nanofluids
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1.2.1.1 Classification Based on the Type of Nanomaterial
Nanofluids can be categorized by the type of nanomaterials dispersed within the base fluid, with
researchers having explored many types of nanomaterials, each with distinct properties influencing the
nanofluid's behavior. The choice of nanomaterials depends on several factors, including the application,
toxicity, cost, and availability. The most commonly used types of nanoparticles are listed in Table 1-1

Table 1-1:The most used type of nanoparticles and base fluid

Material (Symbol) Thermal Conductivity W/(m-K)
Pure Metal-Based
Aluminum (Al) 247 (Chung, 2001)
Copper (Cu) 398 (Chung, 2001)
Gold (Au) 315 (Chung, 2001)
Silver (Ag) 429 (Bobkov et al., 2008)
Silicon (Si) 148 (Sarkar, 2011)
Carbon-Based
Carbon Nanotubes (CNTs) 2000 (Kwon & Kim, 2006)
Diamond (C) 3300 (Sarkar, 2011)
Graphite 2000 (Balandin, 2011)
Metal Oxide-Based
Aluminum Oxide (Al20s) 40 (Shackelford & Alexander, 2000)
Copper Oxide (CuO) 33 (Sarkar, 2011)
Silicon Dioxide (SiO2) 1.4 (Vajjha et al., 2010)
Titanium Dioxide (TiO2) 8.4 (Kim et al., 2007)
Base Fluids
Water 0.608 (Handbook, 2005)

0.257 (Perry, 1950)

. 0
Ethylene Glycol (EG/W) 40:60% 0.404 (Sundar ot al 2014)

1.2.1.2 Classification Based on the Nanomaterial Composition

Nanofluids are engineered suspensions in which the dispersed phase may consist of a single type of
nanoparticle, a combination of different nanoparticles, or a composite material integrating two or more
distinct components. The classification of nanofluids is based on the composition of the dispersed
nanomaterials, and they are generally divided into two categories: conventional (mononanofluids) and
hybrid nanofluids

a) Conventional (mononanofluids)

mononanofluids are nanofluids that consist of a single type of nanoparticle uniformly dispersed

within a base fluid. These systems can be formulated using any of the nanomaterials discussed

previously, with particle size and concentration adjustable to meet specific requirements. Due to the
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presence of only one nanoparticulate component, the overall behavior and performance of the nanofluid
are directly dictated by the intrinsic properties of that single component, thereby simplifying both
synthesis and characterization processes Table 1-2 presents a non-exhaustive list of nanoparticle-based
fluid combinations synthesized by various research groups.(Ribeiro & Gruss, 2009)

Table 1-2 non-exhaustive list of nanoparticle-based fluid combinations

Ethylene

Acetone Water Oil Toluene Decene Ethanol
Glycol
Ag X X
AIN X
Au X X
A170CU,30 x
Al203 X X X
Bi2Tes
Diamond(C) X
Graphite(C) X X
CNTs X X X
Fullerene(C) X x
Cu X X X X
CuO X X
Fe X
SiC X
Si0: X X
Ti0> X X
WOs X
710> X

b) Hybrid nanofluids

Hybrid nanofluids represent a progressive innovation in nanofluid technology, achieved by
dispersing two or more distinct types of nanoparticles into a single base fluid. This combination
leads to the formation of a nanocomposite structure that significantly enhances the
thermophysical properties of the fluid beyond what is attainable with conventional nanofluids
containing a single nanoparticle type. These improvements are largely attributed to synergistic
interactions between the different nanoparticles, contributing to superior thermal conductivity
characteristics. Depending on the synthesis method, hybrid nanofluids are generally classified

into two categories, as detailed by (Bhanvase & Barai, 2021)

¢ Nanomaterial mixture-based hybrid nanofluids :
These nanofluids are formulated by physically mixing two or more distinct nanoparticles within a
base fluid. The objective is to combine the unique properties of each nanoparticle type to achieve an
improved overall thermal performance. Such mixtures, often referred to as binary or ternary systems,

aim to enhance the heat transfer characteristics by exploiting the combined effects of their constituents
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¢ :Nanocomposite-based hybrid nanofluids :

In contrast, nanocomposite-based hybrid nanofluids refer to materials composed of two or more
constituents, with at least one dimension residing within the nanoscale. This method not only targets
enhanced thermal conductivity but also aims to address common challenges such as nanoparticle
agglomeration and sheet restacking, especially in carbon-based systems like graphene. By anchoring
secondary particles on the surface of primary nanoparticles, the stability and dispersion uniformity of

the nanofluid are significantly improved

1.2.2. Preparation of nanofluids

To date, numerous laboratory investigations have been undertaken regarding nanofluids, which have
enabled the identification of their production methodologies, fundamentally categorized into two distinct

approaches: the one-step method and the two-step method

1.2.2.1 One-step method
The one-step method involves the synthesis of nanoparticles directly within the base fluid, enabling
immediate utilization without the necessity of drying or separating the nanomaterials from the fluid.
Several techniques have been developed to prepare nanofluids in a single step, which can be broadly
categorized into physical and chemical methods. However, it appears that the one-step preparation
techniques are predominantly based on physical processes, likely to minimize the risk of contamination

from unreacted substances that may arise when employing chemical methods

1.2.2.2 Two-step method

The two-step synthesis method for nanofluids involves the synthesis of the nanomaterial in one step,
followed by its dispersion in the required base fluid in another. The synthesis of nanomaterials can be
achieved through a variety of processes, encompassing both top-down and bottom-up methodologies.
The two-step method is the most common for the preparation of nanofluids due to its ease of production.
The advent of a plethora of production methodologies has engendered a substantial array of
nanomaterials that can be dispersed in diverse fluids. A comparison of the advantages and disadvantages
of the two methods is provided in Table 1-3 (Yilmaz Aydin & Giirii, 2021)

Table 1-3:Comparison of the advantages and disadvantages of one-step and two-step methods
Method Advantages Disadvantages

- Prone to particle agglomeration

- Well-suited for large-scale s "
- Offers limited precision over

Two-step - Cost-effective . L
. . particle characteristics
method - applicable to oxide-based
. - Elevated surface energy may lead
nanoparticles . .
to instability
One-step - Ensures high dispersion

method stability - Inappropriate for mass production
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- Minimizes particle - Associated with higher
aggregation production costs
- Eliminates the need for post- - Restricted to base fluids with low
synthesis storage, drying, and vapor pressure

oxidation steps

- Provides enhanced control
over particle formation

1.2.3. Modeling heat transfer in nanofluids:

Modeling heat transfer in nanofluids is essential for comprehending their behavior and is a
prerequisite for their application. Currently, we outline two primary approaches to heat transfer
modeling:

1.2.3.1 Single-phase approach

Although nanofluids are, by nature, multiphase mixtures composed of a solid nanoparticle phase and
a liquid base phase, most numerical and analytical investigations of natural convection consider
nanofluids as single-phase (homogeneous) fluids. This assumption is justified by the extremely small
size and low concentration of nanoparticles, which are believed to flow at the same velocity as the base
fluid. By invoking the local thermal equilibrium hypothesis, the nanoparticle—fluid suspension can be
represented as a standard single-phase medium with effective thermophysical properties determined
from those of its constituents. Various single-phase modeling approaches have been presented, including

the homogeneous model, the Buongiorno model , and the thermal dispersion model.

1.2.3.2 Two-phase approach:

In contrast to the single-phase approach, the two-phase modeling framework considers the base fluid
and nanoparticles as distinct phases that interact dynamically. In practice, nanoparticles are not always
uniformly dispersed within the base fluid, since various interfacial and body forces—such as Brownian
motion, thermophoresis, and drag—can induce nonuniform particle distributions. Consequently, the two
phases may exhibit differences in both velocity and temperature, giving rise to a slip velocity that
represents the relative motion between nanoparticles and the surrounding fluid.

Accounting for these interphase effects allows two-phase models to capture more realistic transport
mechanisms and provide improved predictive accuracy compared to single-phase formulations, albeit at
the cost of increased mathematical and computational complexity. Two main classifications of two-
phase models are commonly employed: the Eulerian—Eulerian model, ; and the Eulerian—Lagrangian
model.(Bhanvase & Barai, 2021; Sheikholeslami & Ganji, 2016)

Nevertheless, in the present study, the low nanoparticle concentration and nanoscale particle size

ensure that interphase slip, and temperature differences are negligible. Therefore, the single-phase
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homogeneous model described previously is considered sufficiently accurate and is adopted for the
numerical investigation

1.2.4. Thermophysical Properties of Nanofluids

The incorporation of nanoparticles into a base fluid alters its thermophysical properties, including
thermal conductivity, viscosity, and specific heat capacity, which directly influence convective heat
transfer. Key factors affecting these properties include nanoparticle concentration, purity level, shape,

and size, all of which significantly impact the overall thermal performance of the nanofluid
1.2.4.1 Volume Fraction
The volume fraction of nanoparticles, denoted by ¢, is a quantitative measure indicating the

proportion of nanoparticle volume relative to the combined volume of the system, encompassing both

the fluid and solid components. Mathematically, this can be expressed as follows:

V V
p=r= (1.8)
t f+Vp

where:

@ : Volume fraction
V,: Volume of the nanoparticles

Vf : Volume of the base fluid

V. the total volume (nanoparticles + base fluid).

1.2.4.2 The Density:

To determine the density of a nanofluid, it is assumed that the suspension is fully homogeneous and
that the nanoparticles are uniformly dispersed within the base fluid. Under these assumptions, the density

of the nanofluid can be expressed as a function of the nanoparticle volume fraction as follows (Einstein,
1906; Xuan & Roetzel, 2000) :

P :(ﬂJ _mytm, :,Ofo'F,Opr (1.9)
nf :
Vi ViV, VitV,

Where :
e p, - The density of the nanofluid
e p,: The density of the base fluid
p, : The density of the nanoparticles

* my: The mass of the base fluid
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e m, the mass of the nanoparticles

From Eqgs (1.8) - (1.9), the density of the nanofluid at a given temperature can be derived as(Pak &
Cho, 1998):

Py =(1-9)p, +dp, (1.10)

1.2.4.3 Specific Heat Capacity
The specific heat capacity of a nanofluid can be calculated using various empirical correlations. A
widely adopted formulation was proposed by (Pak & Cho, 1998), who introduced the following

equation:
(Cp)nf :(1—¢)(Cp)f+¢(Cp)p (1.11)

where ¢ is the nanoparticle volume fraction, (Cp)n ; is the specific heat capacity of the nanofluid,

(Cp), is that of the base fluid, and (Cp) is that of the nanoparticles. However, as demonstrated by
A P

(Zhou et al., 2010) this model provides satisfactory results only at low nanoparticle concentrations,
limiting its applicability for broader practical scenarios

To overcome this limitation, (Xuan & Roetzel, 2000) proposed a different approach that explicitly
incorporates the nanofluid density into the formulation. This leads to what is often referred to as
“Mixture Mode”. This model has been extensively employed in nanofluid research due to its

effectiveness across a wide range of volume concentrations. It is given by:
(PCp),, =(1=¢)(Cp), +4(pCp), (1.12)

This model assumes thermal equilibrium between the two phases and ensures a more physically
consistent representation by considering the density value. A further simplification of this model leads

to an alternative formulation based on weight fraction ®, as suggested by (Teng & Hung, 2014)
(Cp), =(1-w)(Cp), +o(Cp), (1.13)
1.2.4.4 thermal expansion coefficient
The thermal expansion coefficient § represents the rate at which a fluid’s density changes with
temperature at constant pressure. For a base fluid, it is mathematically defined as(Incropera et al., 1996)

__ (%
B, = ,of[@T j (1.14)

To estimate the thermal expansion coefficient of nanofluids S, Many authors adopt a simplified

linear mixing approach that assumes thermal equilibrium and uniform nanoparticle dispersion. The

relationship is given by
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where ¢ is the nanoparticle volume fraction, S, is the thermal expansion coefficient of the
nanoparticles, and /3, corresponds to that of the base fluid.

Following the same analytical approach used for determining nanofluid density and specific heat, the

thermal expansion coefficient can alternatively be evaluated by expressing the product ( pﬁ) as a linear

combination of the properties of the base fluid and the dispersed particles(Khanafer et al., 2003)
(pB),, =(1=0)(pB), +4(pB), (1.16)

1.2.4.5 Thermal Conductivity of Nanofluids
Numerous theoretical models have been developed to estimate the thermal conductivity of nanofluids,
and extensive experimental studies have been conducted to compare the predictions of these models
with measured data. These models, which typically assume regular nanoparticle geometries (e.g.,
spherical shapes), are fundamental for understanding and predicting heat transfer behavior in nanofluids.
This section outlines the most commonly used analytical models for estimating nanofluid thermal

conductivity

a) Maxwell Model (1873)
(Maxwell, 1873) was among the first to analytically investigate the thermal conductivity of mixtures
consisting of a fluid matrix with suspended solid spherical particles, while neglecting interactions

between the particles. The resulting equation is
. +2k, +2(k,—k, )¢
Y ko+2k,—(k—k,)g

s f s f

(1.17)
b) Hamiton—Crosser Model (1962)

To overcome the limitations of the Maxwell model, which assumes spherical particles, (Hamilton &
Crosser, 1962) extended the analysis to account for non-spherical particles. They introduced a shape-

dependent empirical factor known as sphericity (i ), which modifies the thermal conductivity relation
as follows

k +(n=1)k, =(n=1)(k, k)¢

ko (n-1)k, (k- k) (1.18)

where n is the shape factor is defined as: .For spherical particles (z,// = 1),n =3, and for cylindrical

particles, n=6. Notably, when y =1, The Hamilton—Crosser model reduces to Maxwell’s expression.

These classical models are widely accepted for providing initial approximations, although they do not
fully capture complex interfacial phenomena
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¢) Yu—Choi Model (2003)
To address particle—fluid interface effects, (Yu et al., 2003)introduced a more sophisticated model.
This formulation incorporates the effect of an interfacial nanolayer between the particle and the fluid,
which can alter thermal transport characteristics. However, its application is limited to spherical

nanoparticles. The model is expressed as

. ko+2k,+2(k,—k,)(1+ B) ¢ (1.19)
Tk 2k~ (k k) (14 B) ¢ '

where [ represents the ratio of the nanolayer thickness to the core particle radius, which accounts
for the interfacial resistance effects

1.2.4.6 Dynamic Viscosity of Nanofluids

Understanding the dynamic viscosity of nanofluids is crucial for optimizing their application in
thermal systems, as viscosity directly influences flow characteristics and heat transfer efficiency. Several
theoretical and semi-empirical models have been developed to estimate the viscosity of nanofluids,
particularly for suspensions containing spherical nanoparticles, with the volume fraction of nanoparticles
being the principal variable

a) Einstein’s Model (1905)

(Einstein, 1905) derived a foundational expression for the dynamic viscosity of dilute suspensions of

fine, rigid, spherical particles in a Newtonian base fluid. The model assumes negligible interactions

between particles and is valid for volume fractions typically below 1%. The expression is given by

w, =, (142.50) (1.20)

This formulation has been experimentally validated and is considered reliable for very dilute

suspensions. However, it does not account for particle size or interparticle interactions

b) Brinkman’s Model (1952)
To extend Einstein's model for moderately higher volume concentrations (up to approximately 4%),

(Brinkman, 1952) proposed the following relation:

ty = (1.21)
(1-¢)
For low volume fractions, this equation reduces to Einstein’s model. Nonetheless, like Einstein's, it
does not incorporate the effects of particle dimensions or Brownian motion
¢) Batchelor’s Model (1977)
(Batchelor, 1977) introduced a refinement that incorporates hydrodynamic interactions between

particles. This leads to a nonlinear dependence of viscosity on the volume fraction, expressed as
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;Llr;f:ﬂf(l+77¢+kH¢2) (1.22)

where 7 is the intrinsic viscosity and kj is the Huggins coefficient. For spherical particles, these

parameters are typically n = 2.5 and ky = 6.5. This model is more accurate for suspensions with higher

particle concentrations and accounts for two-particle interactions

1.3. Non-Newtonian Fluids
1.3.1. Basic Rheological Concepts

Comprehending the fundamental rheological characteristics of fluids is crucial for the examination
and simulation of fluid dynamics, especially within intricate frameworks like porous media. This
segment elucidates the key principles associated with fluid rheology, encompassing parameters such as
viscosity, shear rate, strain rate tensor, and the categorization of fluids based on their rheological
properties.

1.3.1.1 Viscosity and Shear Rate

Viscosity () is a fundamental characteristic that quantifies a fluid’s internal resistance to flow. In a
simple shear flow context, consider a fluid layer confined between two parallel plates, with the bottom
plate fixed. The top plate moves with a constant velocity (Figure 1.4). When the system reaches steady
state, the fluid experiences a linear velocity gradient between the plates, leading to the development of

shear stress.

Surface A

Figure 1.4 Schematic representation of a unidirectional sheared flow

The relationship between shear stress (7 ) and the velocity gradient (du / dy ) is defined as:

du .
T=ﬂd—;j=ﬂ7 (1.23)

Where:
e 7 : F/ AThe shear stress (Pa)
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e y:du/dy shearrate (s

e 4 :the dynamic viscosity (Pa-s).

In the realm of Newtonian fluids, viscosity is constant and depends only on temperature and pressure,

not on the shear rate. Consequently, the flow curve (7 vs. ¥ ) is a linear relationship (Figure 1.5), with

the slope representing the viscosity (Bird et al., 2002)

&
T

tan”' u

>
4

Figure 1.5 :The shear stress—shear rate curve for incompressible
Newtonian fluids

1.3.1.2 Strain Rate Tensor :

In practical applications requiring intricate geometries or multidirectional flows, shear rate y cannot
be adequately represented by a singular derivative like du /dy . The strain rate tensor D is employed to
depict the deformation of a fluid element in all orientations. The tensor formulation is expressed as:

D, =1(%+%J (1.24)
2{ox; Ox

Where u and x represent velocity and spatial coordinates, respectively. The strain rate tensor's
magnitude determines the effective shear rate encountered by a fluid element. In a Newtonian fluid, the
Viscous Stress Tensor (7) is directly proportional to the rate of deformation (D)(White & Majdalani,
20006):

T =2uD (1.25)

1.3.2. Non-Newtonian Fluids

Unlike Newtonian fluids, whose viscosity remains constant under fixed temperature and pressure,
non-Newtonian fluids exhibit a viscosity that varies as a function of other parameters such as shear rate,
time, the flow apparatus, or the fluid’s deformation history. These fluids represent a wide spectrum of

rheological behaviors that cannot be described by the linear Newtonian relation Eq(1.23). Instead, they
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often follow more complex constitutive laws that link stress and strain rate nonlinearly. The
classification of such fluids, for which the flow is not linear, may be divided into three distinct types:
1.3.2.1 Time-Independent Non-Newtonian Fluids
Time-independent non-Newtonian fluids are characterized by a steady-state relation between shear

stress and shear rate(Figure 1.6), independent of time. Three common models are:

Shear stress, ©

Shearrate, y

Figure 1.6: types of non-Newtonian time independent fluids

a) Viscoplastic Fluids
Viscoplastic fluids represent a class of non-Newtonian materials defined by a yield stress t,, Under
this stress, they behave as solids, whereas surpassing it, they exhibit fluid-like flow (Balmforth et al.,
2014). When the shear stress 7 is below 7, , the material does not experience continuous deformation
and either exhibits elastic behavior or acts as a rigid solid. Material begins to flow only when the stress
exceeds this critical threshold, often defined by a shear-dependent viscosity relationship. The Bingham

model Eq(1.27) is the most common paradigm for conceiving a viscoplastic fluid.

b) Pseudoplastic (Shear-Thinning) Fluids
The pseudoplastic flow phenomenon is characterized by an increase in shear stress that occurs at a
decreasing rate as the shear rate increases. In a shear stress—shear rate diagram(Figure 1.6), the flow
behavior curve assumes a convex form, characterized by a decrease in tangential slope with increasing
shear rate. This behavior demonstrates that viscosity decreases in accordance with an increase in shear
rate. This phenomenon is referred to as "shear-thinning" behavior .(Figura & Teixeira, 2007).The
commonly employed power-law model(1.24)-(1.25) describes such behavior
¢) Dilatant (Shear-Thickening) Fluids
Dilatant fluids exhibit an increase in apparent viscosity with increasing shear rate. This is also
captured by the power-law model, but with n>1. Such behavior is less common and is often seen in
concentrated suspensions like starch pastes or wet sand. The mechanism involves dilation—an increase

in particle spacing—Ileading to increased resistance to flow (Barnes et al., 1989)
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1.3.2.2 Time-Dependent Non-Newtonian Fluids
Time-dependent non-Newtonian fluids exhibit a dynamic viscosity that varies as a function of the
applied shear duration even when the shear rate is held constant. This phenomenon is linked to internal
structural alterations that transpire during flow. Two typical manifestations of time-dependent behavior
(Figure 1.7) are .Thixotropy, marked by a reduction in viscosity over time under consistent shear, and

rheopexy, characterized by an increase in viscosity during prolonged shearing(Chhabra & Richardson,
2011)

Shear _
stress Rheopectic
T
Common
fluids
Constant Thixotropic

strain rate

0 Time —

Figure 1.7:types of non-Newtonian time dependent
fluids(Frank, 2011)

1.3.2.3 Viscoelastic Fluids
These fluids exhibit properties of both liquids and solids. When subjected to deformation, they show
partial recovery of their original shape, indicating the presence of elastic memory. Their behavior is

often modeled using combinations of springs and dashpots in linear viscoelastic models, such as the

Maxwell and Kelvin—Voigt models (Barnes, 2000)

1.3.3. Constitutive Models for Non-Newtonian Fluids

In fluid mechanics, constitutive models are mathematical expressions that define the relationship
between stress (1) and strain rate (y") to describe a fluid's deformation. Non-Newtonian fluids exhibit
nonlinear behavior in these relations, incorporating elasticity, or structural factors. Choosing a suitable
constitutive model is crucial for precise flow prediction .The following are the common models for time-

independent non-Newtonian fluids.
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1.3.3.1 Power-Law (Ostwald—de Waele) Model
The power-law model stands out as a fundamental and frequently employed framework for
characterizing the rheological behavior of shear-thinning and shear-thickening fluids. The equation for

this model is given as:

r=ky" (1.26)
where £ is the consistency index and 0 < <1 is the flow behavior index. The apparent viscosity is:
n=tly=ky"" (1.27)

While the power-law model is simple and useful for many practical applications, it fails to capture
the Newtonian plateau at low and high shear rates and cannot represent yield stress behavior. Hence,

more advanced models are often required (Chhabra & Richardson, 2011)

1.3.3.2 Sisko Model
The Sisko model (Sisko, 1958) is an extension of the power-law model that includes a high shear-
rate viscosity asymptote, enabling it to accurately describe fluids that exhibit shear-thinning behavior at

intermediate shear rates while approaching Newtonian behavior at high shear rate(Barnes et al., 1989)

) (1.28)

T

T= —y(uw +K,

Where

e 4 :infinite-shear-rate viscosity
e K_ consistency index

e 7 :flow behavior index
it simplifies to the conventional power-law model when the infinite-shear-rate viscosity
(Ko )approaches zero .Furthermore,
1.3.3.3 The Bingham plastic model

Bingham plastics exhibit a yield stress 7y, below which no flow occurs. Once this threshold is

exceeded, the fluid behaves in a linear (Newtonian) fashion. The constitutive equation is given by

T=Ty + L) ; |Z'|>TY
. 1.29
y=0 |T| <7, (1.29)
where £, is the plastic viscosity. Typical examples include toothpaste, slurries, drilling muds, and

certain food products. The yield stress represents the rigidity of a three-dimensional internal structure,

which must be broken down before flow initiates .
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1.3.3.4 Herschel-Bulkley Model
The (Herschel & Bulkley, 1926) model combines features of the Bingham plastic and power-law

models:

{r:ryjtK}'/” , r|>rY} (1.30)

y=0 |T|STY

This model can represent both yield stress and shear-thinning or shear-thickening behavior. It is
widely used for complex fluids such as drilling muds, food emulsions, and polymer gels
1.3.3.5 Carreau model
The Carreau model (Carreau, 1968) is widely employed to describe the rheological behavior that
showing significant deviate from the idealized power-law model at both very low and high shear rate
viscosities(Chhabra & Richardson, 2011). Unlike previous models, the Carreau model incorporates
limiting viscosities, i.e. the zero and infinite-shear rate ,allowing for a more accurate representation over

a wide range of shear rates. The general form of this model is:

n—1

u(7)= .+ (o=, ) 1+(29) | (1.31)
where:

o () the apparent viscosity
e 4, and p  are the zero and infinite shear rate viscosities, respectively,

e ] is atime constant (relaxation time).
e 1 is the flow behavior index (with n < 1 for shear-thinning fluids),

e 7 isthe shear rate.

1.3.3.6 Cross Model
The Cross model is due to (Cross, 1965) is an empirical formulation that also describes a smooth

transition between the two viscosity limits:

ﬂo_ﬂoo
. Tl 1.32
'Lleff ‘u 1+k(7/)n ( )

1.3.3.7 Carreau—Yasuda Model
This model effectively describes how viscosity varies smoothly with shear rate. As an extension of
the classical Carreau model, the Carreau—Yasuda formulation introduces additional flexibility by
remaining continuous across the entire shear-rate spectrum (y > 0) (Bird et al., 1987). The model is

mathematically formulated as:
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n-1

() = u, +(uo—uw){1+[wj“} ” (1.33)

Thereby providing a more accurate fit to experimental data. Unlike the simpler models, the Carreau—

Yasuda model incorporates five parameters:

logn A Position of break on y
scale is determined by A

]?U

Curvature here —-_/

is determined by a

Slope is determined by n

log v

Figure 1.8: Viscosity behaviour as modelled by the Carreau—Yasuda model(Morrison,
2001)

e 1, (n,)and u, (7n,)represent the viscosities at zero and infinite shear rates, respectively

e ] is the relaxation time parameter that governs the onset of the shear-thinning regime.
e g controls the sharpness of the transition between the Newtonian plateau and the power-law
region.
e 1 defines the slope of the shear-thinning region.
This structure enables the model to fit a wide range of experimentally observed u(y) curves with
high fidelity. While analytical solutions using the Carreau—Yasuda model are often challenging due to

its complexity, the model is well-suited for implementation in numerical simulations. (Morrison, 2001)

1.4. magnetohydrodynamics (MHD)
1.4.1. Definition

Magnetohydrodynamics (MHD) is an interdisciplinary field that integrates the principles of fluid
dynamics and electromagnetism to study the behavior of electrically conducting fluids under the
influence of magnetic fields. Such fluids include liquid metals, electrolytes, and various types of
plasmas. MHD examines the coupled interactions between fluid motion and electromagnetic forces,
wherein the magnetic field can alter the fluid flow, and conversely, the movement of the fluid can induce

or modify the magnetic field.
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The theoretical foundation of MHD was established by the Swedish physicist (Alfvén, 1942), who
demonstrated the existence of magnetohydrodynamic waves—now known as Alfvén waves. His
pioneering contributions significantly advanced the understanding of plasma behavior in both laboratory
and astrophysical environments, earning him the Nobel Prize in Physics in 1970..

The interaction between a magnetic field, B, and a velocity field, v, is influenced by Faraday's and
Ampere's laws, as well as the Lorentz force acting on a current-carrying entity. This coupling can be
divided into three parts.(Davidson, 2017)

e The relative motion of a fluid v with electrical conductivity ¢ in a magnetic field B (Figure
1.9) creates an electromotive force (EMF) within the fluid, described by the emergence of a
current density in the fluid of order o(v x B)

e These currents that are induced must, following Ampére’s rule, give birth to a second, induced
magnetic field. This adds to the first magnetic field, and the change is typically such that the
fluid seemingly ‘drag’ the magnetic field lines alongside it

e The two types of magnetic field (imposed along with induced) interacts with the induced

current density, J, thereby giving rise to a Lorentz force (per unit volume) oj X B. This force
acts upon the conductor and typically exerts a restraining effect on the relative motion between

the magnetic field and the fluid.

i\- ‘]’ F=jxB

N ) ’ﬁ‘\!g_/ﬁ
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(a) (b)
Figure 1.9: Interaction of a magnetic field and a moving conductor

1.4.2. The MHD Equations and Essential Dimensionless Parameters

1.4.2.1 Maxwell’s Equations:

To characterize an electromagnetic field, we use various variables:

e B: Formally referred to as magnetic flux density, we shall designate it as the magnetic field.

T

: the magnetic field strength

i

: the electric field

=1

: the electric displacement

-

: the electric current density

[}
-~
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e p.: the electric charge density
These are interconnected by Maxwell's equations, which dictate the dynamics of electric and

magnetic fields:

V.D=p,
w:::_aa_’f,
G0, (1.34)
Ixii=j+ D
ot

In an isotropic medium, which we shall presume.
D=c B=uP (1.35)
where (1, is the medium's magnetic permeability and &, is the permittivity, also known as the

dielectric constant.

1.4.2.2 The Lorentz force law :
The Lorentz force law underpins the MHD model. A charged particle moving in an electromagnetic
field experiences a force, as described by the Lorentz force equation . This force can be characterized

as:
F=q(ixB) (1.36)

where F represents the force exerted on a charged particle, g denotes the particle's charge i indicates
the particle's velocity, and B signifies the magnetic induction

1.4.2.3 Ohm’s Law

Ohm’s law states that the electric current density within an electrically conducting medium is directly
proportional to the applied electric field. In addition to the electric field E acting on a stationary fluid, a
fluid in motion with velocity 1 within a magnetic field B experiences an extra electric field represented

by % X B. Ohm's law subsequently provides

J:a(E+L7xE’) (1.37)

1.4.2.4 Navier—Stokes and the induction equation
Equations (1.32) to (1.35) collectively yield the induction equation:
aB 2 -1
a—:Vx(uxB)+/1V B, A=(po) (1.38)
4

or, equivalently, considering that B and u are both solenoidal,
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%:(B.V)u+ﬂsz (1.39)

Otherwise, Newton's second law yields the Navier—Stokes equation—the governing equation for fluid
flow—which, when the Lorentz force is included, has the following form

Du

th

=—Vp+pg+pWu+JxB (1.40)

where v is the kinematic viscosity, p is the pressure, u is the fluid velocity, and p is the fluid density.

1.4.2.5 Some dimensionless groups in MHD.
There are a number of dimensionless groups which commonly arise in the MHD literature, and we

shall cover some of these in table1-4 (Sheikholeslami & Ganji, 2016)

Table 1-4:List of Nondimensional Parameters

Nondimensional Parameter Definition

_ Inertia forces UL

Reynolds number Re=—
Viscous forces 1%

M ‘R 1d b Re - Convection of B Induced field U, L
agnetic Reynolds number m Diffusion of B Applied ficld "

1/2
Electromagnetic forces o
Hartmann number Ha = : g =B,L, |—
Viscous forces Vp

= yoU,L

_ Magnetic fieldenergy N B

Alfvén number Al

Kinetic energy Re, u,pU?
Stuart number W = gt _ Plectromagnetic forces _ Ha’ oB,L
(interaction parameter) B Inertia forces Re pU,
R
Batchel(?r number Bt=Pr = Cn _ 1,0V = v
(magnetic Prandtl number) Re v,
Where :

e U,: Characteristic velocity

e L: Characteristic length

e v: Kinematic viscosity

® v,,: Magnetic viscosity (or magnetic diffusivity)
e Uo: Permeability of free space

e 0: Electrical conductivity

e Bj: Applied magnetic field strength

e p: Density

1.5. Current State of Research

The use of nanofluids to enhance convective heat transfer in porous media has attracted substantial

attention in both academic research and industrial practice in recent decades. This is mostly due to the
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many engineering applications that this technique offers. As a result of their improved thermal
characteristics, nanofluids are rapidly being used in a variety of applications, including thermal energy
storage, electronic cooling, geothermal energy, and solar thermal collectors. Within the body of
published work, this subject is discussed in a wide range of comprehensive reviews and resources.
Particularly noteworthy are the chapters 11 and 12 of Heat Transfer Enhancement with Nanofluids
(Bianco et al., 2015), and Chapter 4 of Convective Heat Transfer in Porous Media(Mahmoudi, 2019)
.section 4 of the Handbook of Porous Media (Vafai, 2015)

The term “nanofluid” was first introduced by (Choi & Eastman, 1995) to describe the suspension of
solid nanoparticles within a base fluid. In essence, nanofluids are fluids in which nanoparticles, typically
less than 100 nm in diameter, are dispersed to enhance thermal conductivity and heat transfer
capabilities. Since their introduction, extensive research has focused on nanofluid behavior in
enclosures. demonstrating notable improvements in heat transfer performance under various
conditions.(Khanafer & Vafai, 2019), conducted a detailed review of nanofluid thermophysical
properties and their integration with porous media in applications such as solar energy systems, building
insulation, and biomedical devices. Despite highlighting the enhanced heat transfer potential of
nanofluids, they also emphasized discrepancies between theoretical predictions and experimental
observations, indicating the need for continued investigation. Several numerical studies have addressed
natural convection of nanofluids in porous or partially porous cavities (Boualit et al., 2017) examined
free convection of a Cu—water nanofluid in a square cavity using a thermal dispersion model and reported
that increasing the nanoparticle volume fraction significantly enhances heat transfer, particularly at high
Rayleigh numbers. They also found that the influence of nanoparticle size depends on the dispersion
intensity. (Faraz, Nisar, et al., 2023) analyzed natural convection of Cu—water nanofluid in a hexagonal
cavity with a central square opening using the Galerkin finite element method. The study demonstrated
that both the Rayleigh number and the nanoparticle volume fraction exert a positive influence on thermal
performance, leading to an increase in the average Nusselt number. Additionally, the spatial distribution
of heat transfer was found to be strongly dependent on the location of the heated wall. Using the LTNE
model (Kumar et al., 2021) studied natural convection of silver nanofluid in a porous cavity and
demonstrated that higher Rayleigh numbers promote stronger vortex development and improve heat
transfer. Similarly, (Benygzer et al., 2023) applied Buongiorno’s model to analyze natural convection in
a square cavity partially filled with porous medium, showing that increasing the Rayleigh number and
reducing the porous-layer thickness enhances convective heat transfer. (Manaa et al., 2024) investigated
thermo-solutal natural convection of a Cu—water micropolar nanofluid in a cubic porous enclosure using
the Brinkman—Darcy model and the finite volume method. Their results indicated that the micropolar

effects reduce heat and mass transfer, whereas the addition of nanoparticles enhances convective
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transport, with the Nusselt number increasing by 57.57% as the Darcy number rises from 1073 to 1072,
(Zhang et al., 2021), employed the Galerkin method to analyze Cu-based nanofluid convection in an
annular porous region, demonstrating that smaller nanoparticle sizes and higher porosity lead to more
efficient heat transfer. More recently,(Faisal et al., 2025)studied thermal convection enhancement in
engine oil-based MoS4 nanofluid within a porous square cavity using a Galerkin finite element scheme.
Their findings revealed that increasing both the nanoparticle concentration and Rayleigh number
significantly improves convective heat transfer, while larger Darcy numbers promote greater fluid
mobility.. Other studies have focused on the influence of porous media properties and inertial effects,
(Alilat, Alliche, Rebhi, & Borjini, 2020) used a Cu—water nanofluid to analyze natural convection in a
Dupuit-Darcy porous medium and concluded that high inertial forces lead to conduction-dominated
regimes, whereas increased porosity or nanoparticle concentration tends to reduce heat
transfer.(Venkatadri et al., 2023 ) working with the same nanofluid in a trapezoidal porous cavity, found
that heat transfer increases with Rayleigh number but decreases with higher nanoparticle volume
fractions, indicating that nanoparticle loading does not always guarantee performance enhancement.
Additionally, (Muthtamilselvan & Sureshkumar, 2017) demonstrated that the influence of nanoparticles
on heat transfer depends strongly on the enclosure aspect ratio and flow regime, where enhancement
may occur under some conditions but may be suppressed in others..

Recent developments in nanofluid research have increasingly focused on the use of multi-component
nanoparticle suspensions, referred to as hybrid nanofluids. The central motivation behind employing
hybrid nanofluids is to achieve a synergistic enhancement of thermophysical properties—particularly
thermal conductivity—beyond what can be attained using conventional base fluids or single-
nanoparticle nanofluids alone. For instance,. (Nabwey et al., 2025). statistically examined the MHD
natural convection of an Al.Os—Cu/water hybrid nanofluid within a porous square cavity containing a
cross-shaped barrier and heated corners. Based on Darcy’s law and the LTNE formulation, the governing
equations were solved using the finite difference method. Their results showed that increasing the
Hartmann number or applying negative heat sources (Q = —15) suppresses fluid motion and promotes
conduction-dominated heat transfer, while increasing the Rayleigh number or employing positive heat
sources (Q = 5) enhances convective heat transport. Furthermore, increasing the nanoparticle volume
fraction improved heat transfer, with Cu-based hybrid nanoparticles outperforming Al.Os-based ones..in
another investigation, (Mirza et al., 2025) proposed an intelligent computational framework for
analyzing the two-phase motion of a dusty trihybrid nanofluid (THNF) in a Darcy—Forchheimer porous
medium using Levenberg—Marquardt neural networks. Their formulation incorporated Marangoni
convection and Cattaneo—Christov heat flux effects. The results demonstrated that higher Marangoni

numbers increase velocity, while activation energy significantly influences flow structure and thermal
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distribution. Similarly,. (Bani-Fwaz et al., 2025) numerically explored Fe:Os/MnZnFe;Os—ethylene
glycol hybrid nanofluid behavior over a tilted stretching surface under Cattaneo—Christov heat
conduction. Using a shooting method with a Runge—Kutta solver, they reported that nanoparticle
incorporation increases thermal conductivity, and optimal radiation and heating parameters enhance heat
transfer.(Rajenderan & Prasad, 2024) examined MHD thermo-convection of an Ag—-GO hybrid
nanofluid in a square enclosure with internal heat generation. Their findings showed that increasing the
Hartmann number suppresses convection due to magnetic damping, while increasing the Richardson and
Reynolds numbers enhances heat transfer.(Mehryan et al., 2019) explores the impact of Cu—Al.Os/water
hybrid nanofluid in conjunction with Al.Os/water nanofluid on heat transmission and fluid flow within
a square cavity including an oscillating hot cylinder. The Galerkin finite element method is used to solve
the governing equations on a moving grid. The results reveal that nanoparticles increase the average
Nusselt number and heat trensfer at low Rayleigh numbers. However, for large Rayleigh numbers, only
the Al:Os/water nanofluid exhibits an increase in heat transfer, whereas the (Cu—Al=Os)/water hybrid
nanofluid reduce the values of Nu. (Revnic et al., 2024)provide a numerical analysis of natural
convection within a porous square cavity filled with a ternary hybrid nanofluid composed of titania
(Ti0Oz), copper (Cu), and alumina (Al2O3). Numerically solving the governing equations employing a
Galerkin-based finite element model. Research indicates that, compared to classical fluids, nanofluids,
and hybrid nanofluids, ternary hybrid nanofluids have superior heat transport propertie .In addition to
hybrid and ferrofluid studies, micropolar nanofluid systems have also been explored. For example,.
(Mishra et al., 2025) analyzed the micropolar flow of AA7072 alloy-based nanofluids in a two-
dimensional channel with expanding and contracting walls. By solving a modified Navier—Stokes model
with a shooting method and Runge—Kutta scheme, they found that increasing the Reynolds number
enhanced flow velocity, whereas increasing microrotation reduced it. Thermal radiation effects were
also shown to play a significant role, particularly near the lower wall.

Research on non-Newtonian nanofluid flow in porous media has grown substantially due to the
industrial relevance of fluids exhibiting complex rheology. (Barnoon & Toghraie, 2018) used the finite
volume method to study laminar flow and heat transfer of a pseudoplastic (Al.Os + CMC) nanofluid in
a porous medium, showing that thickening the porous layer greatly increased the convection rate, despite
the Reynolds number having limited effect.(Khechiba et al., 2017) examined convection in a porous
enclosure using the Carreau—Yasuda and Darcy—Brinkman—Forchheimer formulations and found that
stronger shear-thinning behavior enhances convective performance.. Similar results were reported by
(Alloui & Vasseur, 2015) who demonstrated that lower power-law indices strengthen circulation and
heat transfer, and that the Carreau—Yasuda model provides more accurate predictions than the power-

law model. Furthermore,(Javaherdeh et al., 2021) found that non-Newtonian nanofluids exhibit a 12.8%
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improvement in heat transfer compared to Newtonian nanofluids in porous channels modeled using a
modified Brinkman—Forchheimer approach..

The influence of magnetic fields introduces an additional dimension to heat transfer control.
(Mahmood et al., 2022)studied entropy generation and ferrofluid flow in a wavy porous cavity under
magnetic fields, demonstrating that increasing the Hartmann number reduces thermal and viscous
irreversibility while increasing the Bejan number. It's noteworthy to observe that as surface waviness
expanded, the average Nusselt number declined. Similarly, (Mirzaei et al., 2024) investigated partial
magnetic field impacts on free convection in a porous wavy cavity Use the enlarged Brinkman-
Forchheimer-Darcy model to analyze fluid flow. and found that magnetic fields suppress fluid motion
by compressing the primary vortex, reducing heat transfer efficiency, while increasing the Rayleigh
number helps restore convective strength.. (Khan et al., 2022) numerically examined natural convection
in a square cavity containing a central solid obstruction subjected to an inclined magnetic field,
considering both uniform and non-uniform heating on the lower wall while maintaining an adiabatic
moving upper boundary. Using the Boussinesq approximation and the finite element method, they
demonstrated that increasing the Hartmann number reduces kinetic energy due to the Lorentz force,
whereas increasing the Reynolds number enhances heat transfer, as reflected by higher Nusselt numbers
. In another contribution,(Abderrahmane et al., 2022) analyzed free convection of a non-Newtonian
nanofluid in a tilted half-annulus porous enclosure using FEM. Their results showed that larger
Hartmann numbers weaken convective heat transfer due to magnetic damping, while higher Rayleigh
numbers strengthen convective circulation. Moreover, an increase in the power-law index adversely
affected local Nusselt numbers and overall heat transfer efficiency. (Faraz, Majeed, et al., 2023)
investigated the influence of gap spacing and flow behavior index on hydrodynamic forces acting on
cylinders placed in a power-law fluid within a confined channel using the Galerkin finite element
method. They reported that both lift and drag forces increase with the power-law index. Additionally,
(Adnan et al., 2024) employed the Koo—Kleinstreuer—Li model to analyze hydrocarbon-based Cu—
kerosene nanofluid flow in non-Darcy porous media, concluding that higher porous media permeability
adversely affects fluid motion and heat transfer. Furthermore, (Reddy et al., 2023) observed reduced
heat transfer when studying MHD buoyant convection in an inclined porous annulus using the
Brinkman—Forchheimer extended model, with higher Hartmann numbers leading to slower flow and
diminished convective effectiveness. (Vahedi et al., 2019) studied the effects of heater geometry,
magnetic fields , and sidewall thickness on the augmentation of natural convection in a square enclosure
containing Al203-water nanofluid using the finite volume technique. The research indicated that as the
intensity of the heat source grew, so did the Nusselt number. However, the inclusion of a magnetic field

lowered Nusselt numbers because it inhibited fluid circulation, particularly at higher Hartmann numbers.
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Moreover,(Alilat, Alliche, Rebhi, & Chamkha, 2020) used the Dupuit—-Darcy model to investigate
SWCNT-water nanofluid convection in an inclined porous domain under magnetic influence, showing
that increasing nanoparticle concentration improves convection up to a viscosity threshold, while higher
Hartmann numbers and inertial effects eventually shift heat transfer toward conduction. (Rasool et al.,
2020) also emphasized the role of Lorentz forces by examining nanofluid flow between two parallel
plates under a compressed Darcy—Forchheimer-MHD formulation, demonstrating that increased
magnetic and Forchheimer parameters reduce velocity. The effects of MHD and quadratic natural
convection on the porous square cavity containing Cu-water nanofluid were further studied by (Jino &
Kumar, 2021) investigated quadratic natural convection of Cu—water nanofluid in a porous cavity and
reported suppressed convection and reduced heat transfer under magnetic fields—consistent with the
finding of . (Zafar et al., 2023) when MHD was applied to TiO: nanoparticles distributed in engine oil.
(Geridonmez & Oztop, 2019) used the Brinkman—Forchheimer-extended model to study the effects of a
partial magnetic field on natural convection in a square porous cavity. Their findings demonstrated that
fluctuations in the intensity of the flow's center vortex caused convective heat transfer to decrease as the
magnetic field length increased. (Rebhi et al., 2021) confirmed these findings by utilizing the Dupuit-
Darcy model to investigate the effects of a slanted magnetic field on double-diffusive convection in a
tilted porous enclosure. The results demonstrate that convective flow is obstructed by increasing
magnetic and inertial forces, resulting in a transition from convective to conductive heat transfer. A
separate investigation , (Kareem & Abdulhadi, 2019) analyzed the synergistic impacts of porous media
,;magnetic f, and nanoparticles on thermal transfer and fluid dynamics. Research indicated that whereas
nanoparticles augment heat transfer, magnetic fields and porous media diminish fluid velocity
.(Vigneshwari et al., 2025) employed the Darcy—Forchheimer method to explore the impact of
magnetohydrodynamic (MHD) flow on the heat transfer properties of Jeffrey fluids in a square porous
cavity. The Galerkin finite element method (GFEM) is utilized to solve the governing equations.
Important results reveal that an increase in the Hartmann number causes the average Nusselt number to
decrease at higher Rayleigh numbers (Ra = 10°). On the other hand, despite variations in the Hartmann
number, the Nusselt number stays comparably stable for lower Rayleigh numbers (Ra = 10%). (Giwa et
al., 2021) provided a comprehensive computational and experimental review showing that magnetic
fields strongly modify convection patterns in nanofluid-filled cavities, with implications for thermal
management in renewable energy, electronics, and cooling technologies.

In contrast to the extensive literature on Newtonian and power-law nanofluids, studies specifically
examining the influence of magnetic fields on heat transfer in Carreau—Yasuda fluids remain relatively
limited. Some recent works have addressed this topic in fluid enclosures, while others considered porous

media through the Darcy-type formulation. For example,. (Qayyum et al., 2023) investigated the
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transient behavior of Carreau—Yasuda nanofluid under a variable magnetic field, taking into account
chemical reactions and viscous dissipation effects.. In another sudy, (Algahtani et al., 2023) .examined
heat transfer characteristics of a hybrid Carreau—Yasuda nanofluid exposed to a magnetic field in a fluid-
filled cavity. Similarly, (Bilal et al., 2023) explored magnetohydrodynamic effects on thermal transport
in a tri-hybrid Carreau—Y asuda nanofluid system. A study by (Salahuddin et al., 2024) further analyzed
heat transfer and flow patterns of a Carreau—Yasuda nanofluid over a sinusoidal surface within a fluid
medium. With respect to porous media (Akram et al., 2023) assessed mixed convection of a Carreau—
Yasuda nanofluid saturated within a porous region under magnetic field influence.. (Abbas et al., 2024)
extended this investigation to an enclosure with ciliated walls saturated by a Carreau—Yasuda fluid,
highlighting the role of wall microstructure in modifying heat transfer . Additionally, (Igbal et al.,
2025)explored the enhancement of thermal performance using a magnetically influenced Carreau—
Yasuda nanofluid for solar aircraft thermal regulation applications. A related study by (Djamel et al.,
2023) numerically evaluated heat transfer enhancement in a porous medium saturated with Carreau—
Yasuda nanofluid using the Dupuit—Darcy model. However, the influence of magnetic fields was not
considered in their analysis, leaving an important aspect of magneto-convective transport unaddressed.

A review of the existing literature reveals that no prior study has simultaneously examined the
influence of a magnetic field on free convection of shear-thinning nanofluids within a porous square
cavity using both the Dupuit—-Darcy model to describe flow through porous media and the Carreau—
Yasuda model to represent the effective non-Newtonian viscosity. In response to this gap, the present
work investigates the effects of several key parameters on natural convection within the enclosure,
including the magnetic field strength, inertial effects,Carreau—Yasuda rheological parameters,
nanoparticle volume fraction, and the inclination angle of the cavity. The configuration considered is
subjected to a temperature difference imposed across the vertical walls, while the horizontal boundaries

are maintained as adiabatic, enabling detailed analysis of heat and fluid transport in the system.
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2. CHAPTER II :PHYSICAL MODELING AND GOVERNING
MATHEMATICAL FORMULATION

2.1. Problem description

This section presents a study on natural convection in a porous media saturated with a non-Newtonian
nanofluid. The cavity is subjected to an external magnetic field, considering the inertial effects on fluid
dynamics and thermal transport. The study examines the natural convection characteristics of two
categories of nanofluids: conventional nanofluids, specifically (SWCNT-water) and (Al.Os-water), and
hybrid nanofluids, namely (Al.Os+Cu-Water.)

The physical configuration of the problem is illustrated in Figure 2.1, with x and y representing the
Cartesian coordinates. The dimensions of the cavity are specified by L, for the length, and H, for the

height.

Figure 2.1: Schematic representation of the problem
The left vertical wall is maintained at a uniform hot temperature T}, whereas the right vertical wall
is kept at a constant cold temperature T, . The top and bottom horizontal walls are assumed to be

adiabatic, implying no heat flux across them. The cavity is inclined at an angle y with respect to the

horizontal plane.

2.2. Model Simplifications and Assumptions

To simplify the mathematical modeling and reduce computational complexity, several standard
assumptions are adopted (Rashad et al., 2017)
e The cavity is assumed to be subjected to a uniform and constant gravitational field.

e The fluid flow is laminar and incompressible
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e The porous medium is treated as isotropic, homogeneous, and permeable.

e No chemical reactions or internal sources of heat or mass are present within the domain, and
the effects of thermal radiation are neglected.

e The work done by pressure forces is assumed negligible .

e The suspended nanoparticles are assumed to be spherical.

e Thermal equilibrium between the base fluid and nanoparticles is assumed, allowing the use
of a single-phase nanofluid model.

e The thermal effects due to viscous dissipation and Joule heating are neglected

e The thermophysical properties of the nanofluid are constant, except for its density
(temperature-dependent in the buoyancy term using Boussinesq approximation) and viscosity
(shear-rate dependent).

e The nanofluid is assumed to exhibit non-Newtonian behavior, and its apparent viscosity is
modelled using Carreau—Yasuda model.

e The influence of the induced magnetic field is neglected (Rm<«1).

2.3. Mathematical formulation

Based on the assumptions outlined previously, the governing equations of the system include the
continuity equation, the momentum equation, and the energy equation. The movement of the nanofluid
in the porous media is articulated by the Dupuit—Darcy model, wherein the porous matrix is assumed
to be completely saturated with a non-Newtonian nanofluid characterized by the Carreau—Yasuda
rheology. In addition, the formulation accounts for the effects of a magnetic field, which introduces a
Lorentz force acting against fluid motion. The nonlinear inertial term is incorporated into the
momentum equation to represent deviations from purely viscous Darcy flow:. Ahmed and Mahdy
(2016); (Alilat, Alliche, Rebhi, & Borjini, 2020; Alilat, Alliche, Rebhi, & Chamkha, 2020; Cheng,
2006; Djamel et al., 2023; Hossain & Rees, 1997; Kumari et al., 2019; Mahdy, 2009; Poulikakos &
Bejan, 1985; Rebhi et al., 2021; Rebhi et al., 2020 ;Rebhi et al., 2014; Rebhi et al., 2016; Rees, 1996;
Rees & Pop, 1995; Riley & Rees, 1985; Rosca et al., 2012; Saeid & Pop, 2005(:

2.3.1. Continuity equation

The conservation of mass for an incompressible nanofluid is expressed as::

VvV =0 (2.1)
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2.3.2. Momentum equation

The local momentum conservation for flow in a porous medium is described using the Dupuit—Darcy

model, incorporating magnetic and inertial effects::

K a K
Vx|1+—p V| |=——(Vp - —-IxB 2.2
X[ +ﬂa pnf‘ U ﬂnf( PromETr ) 22

2.3.3. Energy equation

Applying the first law of thermodynamics and neglecting viscous dissipation yields the energy

transport equation:

Z—T+ (Vv)T =a,,V'T (2.3)
-

In these equations, V(u,v) is the velocity vector, B (Bx ,By) denotes the magnetic induction vector,
I represents the electric current. p is the pressure. g is the gravitational acceleration vector.and «,,,
is the thermal diffusivity of the nanofluid. The parameter x, refers to the apparent viscosity. While ¢
denotes time. The quantities K and represent the permeability of the porous medium and the inertial
coefficient, respectively. It is noted that when the inertial term is negligible(l% =0) Equation (2.2)

reduces to the classical Darcy law.

The permeability and the inertial parameter K are evaluated using the (Ergun, 1952) correlation:.

)
d°e ,IZ: 1.75d

AT T o

Where ¢ and d represents the porosity and the particle diameter
The relationship between the electric current density / and the fluid velocity V7 is governed by Ohm's

law:

I=0(-VO+V xB) 2.5)

V.I=0 (2.6)
Where :

e o :electrical conductivity

e @ : electric potential

e VO : the associated electric field.
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According to (Garandet et al., 1992), Eq(2.5) and Eq(2.6) reduce to the Laplace equation V20 =0,
which, for an electrically insulated cavity, admits a unique solution of the form VO =0

Upon considering the governing equations in the x and y directions, the resulting system of equations
is as follows:

ou @_

—+ 0 2.7
o (2.7)
% (1 + ,Uﬁapnf V‘ju = —Z—i - pygsiny +o,, (szsinfcosf —uB?sin® f) (2.8)
U, K ~ op 2 ; 2 2
e [1 + ,U_apnf V‘].v = o P,rgCosy +a, (uB sinécosé —vB” cos f) (2.9)
2 2
Ty Ly [CT, 0T (2.10)
or ox oy “\oxt oy

Elimination of the pressure field from the momentum system is achieved through cross-
differentiation, which entails taking the partial derivative of the x-momentum equation with respect to y
and the y-momentum equation with respect to x, followed by the subtraction of the two resulting

expressions. Implementing this cross-differentiation, in conjunction with the Boussinesq approximation

for buoyancy,( p,, = p,.o[1-(5;), , (T —T.)] The final set of equations therefore describes the coupled

magneto-convective transport of momentum and heat in a saturated porous medium, accounting for

inertial porous resistance, magnetic damping, and thermal buoyancy.:

ou ov K 0 (15 d (1= Kp,, or orT .
STt S 1) |- Gpoosr e iy

oy Ox ox
2.11)
o, KB, (
T A a—usin2§+2@é‘in§€05§+@c°szg
#o \oy g o
2 2
or  ,or 9T _ o 6_]2’+6{ 2.12)
or ox oy ox~ 0oy

The effective thermophysical properties of the nanofluid and hybrid nanofluid are given as follows:
Density was evaluated using the model proposed by :(Pak & Cho, 1998)

e For the nanofluid case
pnf :(1_¢)pf+¢pp (2'13)

e For the hybrid nanofluid case

Iohnf = ¢plppl +¢p2pp2 +(1_¢pl _¢p2)pf (214)
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Specific heat capacity was determined using the formulation introduced by (Xuan & Roetzel, 2000)

e For the nanofluid case
(pCp),, =(1-8)(pCp), +4(pCp), (2.15)
e For the hybrid nanofluid case
PPy = b Cn + 8,2P2Cpr + (1=, = 6,2 ) C, (2.16)

The coefficient of thermal expansion may be determined through the following approach.(Khanafer
et al., 2003)

e For the nanofluid case
(p8:),, =(1-8)(pB,), +#(pB), (2.17)
e For the hybrid nanofluid case
OBy =(1= 8 =2 ) P By + 8,008, + 8,200, (2.18)

Viscosity was calculated using (Brinkman, 1952) model

e For the nanofluid case

Hy
U, =—— (2.19)
f (1 _¢)245
e For the hybrid nanofluid case
U
Hing = ! (2.20)

2.5
(1 - ¢p1 - ¢p2 )
Thermal and Electrical conductivity were evaluated respectively using the (Maxwell, 1904) model
e For the nanofluid case

_K (K, +2K,)-2¢(K, ) (2.21)

K, =K, %
"I(K,+2K,)+24(K, -K,)

nf

O-”f :1+ 3(/1/_1)¢

o (x+2)-(x-1)¢

Where f and P stand for the base fluid and the nanoparticle,¢ for the particle volume fraction, and

(2.22)

x=0,l0,

e For the hybrid nanofluid case
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(§ k +k
p1Tpt T p2"p2 +2kf+2(¢p1kp1+¢p2kp2)_2¢h"fkbf

¢hnf
¢ k  + ¢ k ¢ k. + ¢ k + ¢ k (
17 pl p27tp2 ’!kf ( 1 p1 p2 p2) hnf "™ f

kh

nf:

¢hnf

3 (O-hnp —0; ) ¢hnf

(O-hnp + 20_}' ) - (Ghnp - Gf)¢hnf

G,y =0, |1+ (2.24)

o .+ o
Where ¢hnf = ¢p1 +¢p2 and Ghnp = ¢p1 pl 2 p?
¢hnf

The effective thermal conductivity predicted by the Maxwell model (Eq. (2.21)) is strictly valid

for nanofluids containing spherical nanoparticles. Accordingly, this model has been employed in
the present work for estimating the thermal conductivity of the Al>Osz-water nanofluid. However,
due to their cylindrical geometry, single-walled carbon nanotubes (SWCNTSs) do not conform to
the assumptions underlying the Maxwell formulation. Therefore, for the SWCNT—-water
nanofluid, the effective thermal conductivity is calculated using the model proposed by(Xue,
2005) which explicitly accounts for the nanotubes’ spatial configuration and aspect ratio effects.:

1-¢+2¢ Kenr ln(KCNT—'_Kf}

Kor - K, 2K,

-0
~ K, K. +K,
1—¢+2¢ L U] e —
Kf

KCNT - 2Kf

(2.25)

The thermophysical characteristics of the base fluid (water) and the nanoparticles utilized (SWCNT,
AlL20s, and Cu) are provided in Table 2.1.(Alilat, Alliche, Rebhi, & Chamkha, 2020; Ghalambaz et al.,
2019)

Table 2-1:Thermophysical properties of base fluid (water) and nanoparticles used

Physical Properties Water SWCNT Cu ALOs
Cy J- kg™ - K™ 4179 425 385 765
k(W-m'K™) 0.613 6600 401 40
B (K™ 21 x 1075 1.6 X 107° 1.67 x 1075 0.85 x 1075
p (kg'm™) 997.1 2600 8933 3970
a(Qm™1) 0.05 48 x 1077 5.96 x 107 35 x 10°

This study views the nanofluid as non-Newtonian, in which the viscosity is expressed through the

Carreau-Yasuda model(Carreau, 1968; Yasuda, 1979):



CHAPTER II :Physical Modeling And Governing Mathematical Formulation 39

n-1

wy =g, + (g -, )[1 + (E'y-')“} a (2.26)
Where:
e [y : base fluid viscosity (Pa-s)
® U,: Zero-shear viscosity (Pa-s) (viscosity at very low shear rates)
® U, Infinite-shear viscosity (Pa-s) (viscosity at very high shear rates)
e E':Consistency index (s) (characteristic time)
e n:Power-law index(dimensionless) (describes the degree of shear-thinning behavior)
e a: Transition parameter (dimensionless) (controls the transition between Newtonian and
power-law regions)
e y'Effective Shear rate (s~1). given by the following expression:

. ouY (ov ’ ou Ov ! %l
f =H(a) () a2l } =

After replacing equation (2.26) in equation (2.19) for the nanofluid case and in the equation (2.20)

for the hybrid nanofluid. The apparent viscosity of the two cases assumes the following form:

n-1

o+ (=) 1+(E7) |
(1_¢)2,5

For convenience, this research assumes that the cavity is square. (L=H). Furthermore, the equations

= (2.28)

governing the problem are presented in dimensionless form. In this case, the dimensionless formulation

is obtained by considering the following dimensionless parameters:

L T-T. ta P P
y=X oyt oy g T, T K oy Y g 99)

x=2
L L e’ e AT T HLTT oy’ ox

The introduction of Egs. (2.13)—(2.25) of thermophysical properties of nanofluid and hybrid
nanofluid and dimensionless variables (2.29) into Egs. (2.11)—(2.12) results in the governing equations
in their dimensionless form:

e For the nanofluid case :

GxF, (4)

a

00 oy 00 oy 30 0’0 90
e A ) + 2.31
o ovox oxor w(axz oY* @31)

[77,,]. +V,xGxF, (¢)]V2\P +

06 06
SQI = —RT.an. (¢)(8_X cosy—a—Y sznyj Ha® CfSQ2 (2-30)

e For the hybrid nanofluid case :
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N GxF), (¢hn.f‘ )

a

[77;1,1/ +V, xGxF,, (¢hn/ﬂv2\y So =—R;.H,,, (¢m¢')(2§- cosy—g—i Sll’lj/) (2.32)

- Ha® ChrSon
00 oy 80 Oy 00 0’0 90
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o Tarax axar (¢ )(axz oY’ (2.33)

Where 7 is the dimensionless form of the apparent viscosity for the two cases, the conventional and

the hybrid nanofluid, which takes the following form.

n—1

st (=) 1 (ER) |
n(7)= ()" (2.34)

Where s =, / i, is the viscosity ratio, E=E"/ (a sz) is a dimensionless characteristic time, and y

is the dimensionless magnitude of the effective shear rate, which is given as:

or ¥ (v o)
N ~ .
) \/(aanj -{OYZ axzj (2.35)

The parameters Sy,,S,,,G,Ha, R, andVa are defined as follows:

2y 23 2
S = (a\PJ 8‘P+[5‘PJ O*Y 0¥ oY %P

x| ax? '\ or ) ay? T ax oy axoy
0*Y 0*Y o0*¥Y 736
Sor = {aY sin §+28X5Ys1n§cos§+aX COS 5] (2.36)
1 -
_gKLT(pfy), | (2% (2e) *  Ka, 6K
= Vo=ll2 |+ 4| | .G=—L,Ha=B, >
MOy oX oY v,L U,

The dimensionless parameters that depend on the thermophysical properties of nanofluid and hybrid
nanofluid ,which encompass the attributes of the base fluid and nanoparticles, along with the
nanoparticle concentration are as follows:

e For the nanofluid case



CHAPTER II :Physical Modeling And Governing Mathematical Formulation 41

C

"f{”uw() e }

F, (¢)= [1 P+ J

H, (¢)=|1-9p+ ¢ (2.37)
( ﬂ)f
k. pC, ).

kf (1—¢)(,0Cp)f +¢(pcp)p

e For the hybrid nanofluid case

3(y, —1 oc.+¢ .0
Chnf:{l+( (Zl )¢hnf },Where%:%l pl_ 7p27 p2

Z +2)_(7{1 _l)¢hnf) o
Fhrzf (¢hnf) = 1_¢hnf + ¢plpp1;¢p2pp2
S &
H,, (¢hnf) =19, + P (pﬂ)lﬂ;_fpz ('O'B)PZ (2.38)
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S kf (1_¢)('0Cp)f+ pl(pcp)p2+ pz(pcp)p2

When ¢:O_)an(¢):an(¢):Enf(¢):1 and ¢, = 0_)thf(¢hnf):thf(¢hnf):Ehnf(¢/mf):1

represents a clear fluid. R, is the Darcy-Rayleigh number, G represents the parameter for inertial effects

and Ha is the Hartmann number. The governing equations (2.30)-(2.33) are suitable for application to
Newtonian and non-Newtonian nanofluids in Darcian or non-Darcian porous media, with or without the

magnetic field effect.
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2.4. Boundary conditions
2.4.1. Hydrodynamic boundary conditions

The hydrodynamic boundary conditions ensure that no fluid penetrates the solid walls of the cavity.
Therefore, the normal component of the velocity vanishes along all boundaries, implying
impermeability. This condition is expressed as:

X = i% ->Y¥Y=0

(2.39)

Y:J_rl—ﬂl’:O
2

2.4.2. Thermal boundary conditions

The adiabatic walls and different heating are described by these conditions.:

X:—l—>0=0.5
2

X :+%_> 0=-05 (2.40)

y_ L a0

t——>—=0
2 oY

2.5. Quantifying Heat Transfer: Local and Average Nusselt Number Analysis

The investigation aims to determine the heat transfer rate by analyzing the local and average Nusselt

numbers, which are defined as.

2.5.1. Local Nusselt Number

e For nanofluid

k
Nu="n (%] (2.41)
kf oX X=%0.5
e For hybrid nanofluid
k
Nug =2 (%j (2.42)
kf oX X=40.5

2.5.2. Average Nusselt Number

+1/2

Nu, =|  NudY (2.43)
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where N_uR and N_uL denote the average Nusselt numbers evaluated along the right (cold) and the

left (hot) vertical walls, respectively.
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3. CHAPTER III :NUMERICAL METHODOLOGY

This chapter presents the numerical strategy adopted to solve the system of nonlinear governing
equations describing the physical behavior of the nanofluid and hybrid nanofluid under investigation.
The Finite Difference Method (FDM) is employed due to its simplicity, robustness, and suitability for
problems defined over regular geometries. Historically introduced by Euler in the 18th century, this
method remains one of the most widely used numerical techniques for solving partial differential

equations.

Figure 3.1 Mesh size of the study area in (i,j)

In the present study, the computational domain is discretized using a structured uniform mesh in a
Cartesian coordinate system. Each node of the mesh is identified by two indices (i,j), corresponding to
the intersection of grid lines along the x- and y-directions. Neighboring nodes are obtained by
incrementing or decrementing these indices by one integer unit.

The energy equations (2.31) and (2.33) are discretized using a second-order centered scheme for
spatial derivatives. The convective terms are treated in conservative form. To solve the resulting
algebraic system at each time step, the Alternating Direction Implicit (ADI) scheme is employed
(Peaceman & Rachford, 1955)he ADI technique decomposes each time step into two fractional steps:

e _In the first half-step, the equations are treated implicitly along the x-direction and explicitly

along the y-direction.
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¢ In the second half-step, the equations are treated implicitly along the y-direction and explicitly
along the x-direction.

This decomposition yields two tridiagonal matrix systems per time step. The solution progresses by
sweeping the computational domain line-by-line, first along the x-direction and then along the y-
direction.

Subsequently, the stream function field (V) is calculated from the discretized momentum equation
(2.30) (2.32) using a classical centered scheme. The resulting system is solved with the Successive
Overrelaxation (SOR) method, based on the temperature field at time (n+1) At. Proposed by (Frankel,
1950) and (Young, 1950)The SOR method is an iterative technique that explicitly computes the value
of ¥ at the node under consideration for time (n+1) At. The process continues for enough iterations to

ensure convergence to the desired accuracy.

3.1. Thermal boundary conditions discretization

The boundary conditions, Egs. (2.39) and (2.40) , are discretized using a finite difference scheme.
This scheme employs second-order accuracy and is decentered either to the right or to the left, depending

on the specific wall being analyzed:

3.1.1. For the adiabatic and impermeable walls:

:@ a v=-t 3.1)
6, = ot - w2 a Y- % 3.2)
3.1.2. For active walls
o, = 20" H;f r2AX it X = —% (3.3)
6, =Dty = ‘gg"“’f — at X = +% (3.4)

3.2. Energy equation discretization

The energy equation is parabolic in time and elliptic in space; therefore, the Alternating Direction
Implicit (ADI) method is adopted as the numerical solution strategy. Based on Eqgs. (2.31) and (2.33),

the general form of the energy equation is expressed as::
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V 2 2
o0 a(uo) a(ro) :E(¢)£6_€+a_€]
o oX oY oxX~ oY

(3.5)

Considering that in the case of the conventional nanofluid E(¢) = E;,s(¢) and in the case of hybrid
nanofluid E(¢) = Eppns(Pnns)

3.2.1. Implicit Scheme in the x-Direction and Explicit in the y-Direction

In this sub-step, the second-order derivatives in the x-direction are evaluated at time level (n+1/2),

while those in the y-direction are treated explicitly at time level n. Each term in equation (3.5) is

discretized as follows:

1
829| — ezrjrﬁl—,ljz - 29[,_j : + 017:,1//2 829| — 9:/'+1 - 20:/ + eir,ljfl (3 6)
x|, AX ’ or’| AY? ' '
n n+l1/ n n+l1/ n n
6(U9)| _ Ui+1,jHi+1,1j2 _Ui—l,jei—l,ljz 8(V9)| _ _V;,j—lei,j—l (37)
ox | 2AX ’ or | 24y
n+l/2 _ n
ot |, . At

By substituting Egs. (3.6)—(3.8) into Eq. (3.5), the following tridiagonal matrix system is obtained:

1 1 1

Ai0i+l,_5/' +Bi0i,j5 + Cieiflizj' =D, (3.9)
with coefficients:
U E(¢)] E U, E
a=| s E@) g ol 1 EO)| o Ui EG) (3.10)
2AX  AX At AX 2AX  AX
V' E(4)] E v' . E
p=| Lo EO g o L _E@) g Vi (EW) G (3
2AY  AY? |V At AY? || 2AY  AY? |

Applying boundary conditions (3.1)—(3.4) into equation (3.9) yields the discrete implicit form in the

x-direction:

For: i=2

4-jelatte|mee e e <o, foar G12)
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For:i=N

nx—1

4 n+l 1 ,H.l 2
|:§ ANnx—l + BNnx—l :l eNnxz—l,j + |:CNnx1 - g ANnx—l :l gNnxz—Z,j = DNnx—l + E ANnx—lAX (3 * 1 3)

3.2.2. Implicit Scheme in the y-Direction and Explicit in the x-Direction

In the second sub-step, spatial derivatives in the y-direction are treated implicitly at time level (n+1),
while derivatives in the x-direction are handled explicitly at time level (n+1/2). The corresponding
discretizations are:

2 HERDY HCI e 2 g 4 g
ro ML g ANy

L,J

>

oUO) U0y -ULGLT U0 WO VG 55
ox 2AX ov | 2AY '

| | |
i.Jj i.j
00

1

0n+1 _ 0'“’5
il R ] i,j ij

ot

- (3.16)

i,J

By substituting Egs. (3.14)—(3.16) into Eq. (3.5), the following tridiagonal matrix system is obtained:

A0, + B0 +C01, =D, (.17)
with coefficients :
v E E v E
A = Lt (¢2) , B =2 L_l_ (¢2) , C. =— L_I_F(;ﬁz) (318)
! 2AY AY / At AY / 2AY AY
u' . E E u', . FE

D' =| - Loy (¢2) ‘2’:]/»2 ) L_ (¢2) Qinfl/z 4| = (¢2) ar:yz (319)

2AX AX N At AX "/ 2AX AX N

Applying boundary conditions (3.1)—(3.4) into equation (3.17) yields the discrete implicit form in the
y-direction:

For: j=2
st s e o <o (3.20)

For:j =N,

4 ,

! ! n+ ! 1 n+
l:g ANny—l + BNny—l :| 01‘—/\}11)/*—1 + I:CNnyl - E ANny—l :|6i,Ni1y2 = DNny—l (3 '2 1)
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3.3. Momentum equation discretization

The general form of the momentum equation is expressed as::

G F 2 2 2
- (¢)[U28\P+V2—a ¥ o Y }

[77+Va xGxF(¢)]V2\P+ e e Yoy

a

(3.22)

= —RT.H(¢)(% cosy/—g—i sinyj —HazClSQ2

For the nanofluid case 1 = nyf, F(¢) = Fpr(¢), H(Pp) = Hyp(¢p) and C; = Cyr and for the hybrid
nanofluid case 7 = n,¢ , F(¢) = thf(thnf),H(qb) = Hppnr($Pnns) and C; = Cp

Prior to the discretization of equation (3.22), it is assumed that the variables V,, U, and V are already

known. Each term of the equation is discretized using a classical centered scheme.

n+l n+l n+l 2 n+l n+l n+l
ow| WL 2w | W, 2w+

Sl 3.23
ax’|, AX? Lot AX? (3-23)
ox|,  2ax  Cov|,  2AY '
A cross discretization is applied to the term below:
621{’ 1 n+l n+l n+l n+l
[\Px:l,ﬁl - \Pi—+1,j+1 + \Pi—+1,j—1 - \Pi:l,j—l:' (3.25)

oxoY|  ~ 4Axy

By substituting expressions Eqs (3.23)-(3.25) into Eq (3.22), the general expression of the following

function is obtained:

(n+l),k (n+1),(k+1) (n+1),k (n+1),(k+1)
a (¥ +V¥, )ta, (W + Y )

i+l,j i-1,j i,j+1 i,j-1
(n+1),(k+1) _ gy (n+D)ok (n+1),k (n+1),k (n+1),(k+1) (n+1),k
¥ =V rogta, (Vi 5 -+ =Y (3.26)

(n+1) (n+1) (n+1) (n+1)
+a, (T —7}_’},]. )+aTSy(T” -T"

i1, i+l ij+1
Where the parameters ap, ay, a,, dy,, Arsy, and arg, are defined as follows:
2(n+V,-F(9)-G)(AX* +AY* )V, +
(V*AY? +U*AX? ) F(¢)-G+
Ha®.C,Va (sin2 EAx* +cos’ f.Ayz)

“= V,AX?AY? 527
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|(n+7,-G-F(¢)+ Ha C.cos” E)V, + V> G.F (¢) |

a - an (3.28)
+V -G-F(¢)+Ha*.C.sin> &)V, +U>.G.F
o [(n+7,-G-F(9) : £, (4)] (329)
Y V,AY"-a,
_[-UV.G.F(¢)+Ha’ C .sin&Va] (3.30)
o 2,AXAY -a, '
B RTH(¢) cosy B RTH(¢)sin7/
rse = 2AX -a, s = 2AY -a, 31

The parameter w is the over-relaxation factor, used to accelerate convergence. Its optimal value lies

in the interval 1<@,, <2 and, for a rectangular uniformly discretized domain, is estimated by:

o, =%[l—ﬁ } (3.32)

Where:

cos( z }+(Ax§]cos(7z/Ny+l)
Nx+1 Ay (333)
1+(Ax* / Ay?)

¢ =
N, and N, denote the number of grid nodes in the x and y directions, respectively.

3.4. Velocity fields discretization

Using the relations in equation (2.29), the velocity field's components (U,V) are obtained from the

stream function. Employing a first-order centered finite difference scheme to discretize these equations

produces the following results:

gl g
Ut = Lo T i 3.34
b 2AY ( :
gt gt
| ALY A Y 3.35
& 20X (3

3.5. Discretization of velocity boundary conditions

The boundary conditions of the velocity are discretized using a finite difference scheme, decentered

to the right or left, with third-order accuracy:
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18Y,  —9Y¥, . +2V¥, .
U, =0, 7=y
,] | 18% 96$X 2P ’ (3.36)
Nnx-1,j Nnx=2,j + Nnx-=3,j 1
Uiy =0 Vi = Eva atX =2
I18¥Y.. —9¥ ., +2¥.
Vi,l =0, L= =2 = = aty = _l
18% 69A\11f/ 2P ’ (3-37)
. — . =+ .
Vi,Nny = O D UNnx,j == S il LA an = l
6AY 2

3.6. Calculation algorithm

The calculation algorithm is composed of the following primary steps

1.

7.
8.

Mesh Generation: Create the computational grid.

. Initialization and Data Input: Initialize parameters and read the input data.

2
3.
4

Over-Relaxation Factor Calculation: Compute the optimal over-relaxation factor

. Application of Initial Conditions: Apply initial conditions for temperature and the stream

function .

Initial Velocity Field Assessment: Calculate the initial velocity components U; ; and V; ;.
Start of the Time Loop

a. Solve the energy equations (3.9) and (3.17) using the ADI method to compute the

temperature field 6, ;

b. Solve the motion equation (3.26) using the SOR method to calculate the stream function
field
c. Calculate the velocity components U; j, V; ;.
d. Iterate step (a) until the solution reaches either a stable or oscillatory state.
Output Results: Print the computed results.
End of the program

The convergence criterion for solving equation (3.26) is defined as follows:

X 2| - |

<10°°
IONIE S
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4. CHAPTER IV: PRESENTATION AND DISCUSSION Of RESULTS

This chapter presents and discusses the results of natural convection for two non-Newtonian fluids
within an inclined square porous cavity exposed to an external magnetic field. It is divided into two main
sections. The first section presents the SWCNT—water nanofluid findings, while the second section
highlights o (Al,O3—Cu/water) hybrid nanofluid. Each section examines the fluid flow, heat transfer
performance, and the apparent viscosity behavior, which are studied with respect to numerous governing
parameters. These include the four Carreau—Yasuda model parameters—namely the power-law index
(n), the dimensionless time constant (E), the viscosity ratio between infinite and zero shear rates (s), and
the dimensionless Carreau—Yasuda parameter (a)—in addition to the inertial parameter (G) ,the
Hartmann number (Ha), the nanoparticle volume fraction (¢), the Rayleigh number (Rt), and the

inclination angle of the cavity (y).

4.1. First Section: The Non-Newtonian SWCNT—-Water Nanofluid

The objective of this numerical study is to examine the interrelations between the Hartmann number
(Ha), the Carreau—Yasuda rheological parameters, (#,E,a, and s ), and the inertia parameter (G), and
their influences on the free convective heat transfer rate and flow intensity of a SWCNT—water non-
Newtonian nanofluid within a saturated square porous medium. The numerical investigations were

carried out under the conditions of R, =200 and & =0° The following ranges are to be considered:

0<Ha<10; 0.2<n<1; 0SE<100; 0.2<a<1; 0.2<s<1; 0<G<10; 0<¢<0.1; and —90°<y<90°.

Table 4-1 showcases an investigation into grid independence, wherein the grid resolution is altered

from 20x20 to 120x120 while maintaining all the parameters constant, to assess the numerical stability

of the maximum stream function (|‘P|mm ) and average Nusselt number (N_”z ). The findings demonstrates

significant discrepancies at lower grid resolutions. However, the convergence is achieved beyond
100x100. As indicated by marginal relative percentage variances (A) signifying grid autonomy.
Consequently, a grid size of 100x100 was opted for subsequent analyses, striking a balance between

computational efficacy and solution precision.

Table 4-1: the convergence tests conducted for |‘P|max and N_u, at Ha=2, G=0.5, R, =200 and
n=1.
Grid size 20x20 40x40 60x60  80x80 100x100 120x120
|‘P - 228615 2.27678 2.27527 227478 227456 227445

Nu, 22300 22315 22317 22318 22318  2.2318
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‘lPi,j _\Plzomo‘

=——F—x100% 0.5 0.10 0.03 0.01 0.004 -

| 120x120

AlY

max

Nu,. —Nu
ANu, = ’120*‘2°‘x100% 0.08 0.01 0.004 0 0 _

NullZOXIZO‘

The accuracy of the findings was ensured through a comprehensive validation process that involved

comparing the outcomes with the previous studies.

Initially, the validation was conducted against the research of (Khechiba et al., 2017) and (Djamel et
al., 2023), which utilized the Carreau—Y asuda viscosity model. Various values of n were examined, and
the comparison, depicted in Figs 4.1 and 4.2, Tables 4-2 and 4-3, demonstrated the concordance, thus

affirming the precision of the current methodology.

W0 = 14096 Nu = 4.713 Nu,, = 5.1402

Figure 4.1 validation in terms of streamline (in the left), isotherms
(in the middle and the apparent viscosity) to what reported by
(Khechiba et al., 2017)(a) with this present work (b) at Ry = 70, n =
0.6,s=0.01,E=0.6anda = 2.

Table 4-2 comparison between the present results and those of (Khechiba et al., 2017) regarding of
|‘P|max and Nu,, across various n values.

Present results vs .

n Resultsa(l)”f glg}]l(;jhiba el Present work Khechiba et al., 2017
| |max Nu, | |mx Nu, ‘A|‘I’|max‘ |A Nu,, |

1.0 3.715 2.046 3.7234 2.0484 0.22 0.11
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0.8 6.685 3.178 6.68610 3.1752 0.014 0.088
0.6 14.017 5.148 14.096 5.1402 0.56 0.15

Table 4-3 comparison between the present results and those of Djamel et al., 2023 regarding of
across various n values.
Results of Djamel et

Present results vs

n al., 2023. Present work (Djamel et al., 2023)

| |max Nllm |lI’|max Num ‘A|T|max‘ |ANum|
1.0 2.828 2359 2.830 2369 0.07 0.42
0.8 2.983 2.399 2.988 2.409 0.16 0.41
0.6 3.001 2.426 3099 2.432 0.25 0.26

Y 6 _ s

" Nu,, =2.399

Wl = 2988 Nu,, =2.409 Ny = 0.473

Figure 4.2 validation in terms of streamline, isotherms and the apparent viscosity to
what reported by (Djamel et al., 2023) (Top) with this present work (Bottom) at R =
200,n=0.8s5s=0.01,E=06,6=05anda = 2.

Subsequently, further validation was carried out by comparing the results with another work by
(Alilat, Alliche, Rebhi, & Chamkha, 2020), which utilized the Dupuit-Darcy model. The evaluation
encompassed different Hartmann numbers to study the impact of the magnetic field. The coherence

observed in Table 6 provided additional support for the robustness of the model.

Table 4-4an additional comparative analysis with the study conducted by Alilat, Alliche, Rebhi, &
Chamkha, 2020. across various values of Ha.
Results of Alilat et al.

Present results vs Alilat et

Ha (Alilat, Alliche, Rebhi, & Present work al. (Alilat, Alliche, Rebhi,
Chamkha, 2020) & Chamkha, 2020)
| |max Num | |max Num ‘A |\P max |A Num|

0.0 1.052 1.970 1.0552 1.9699 0.30 0.005
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5.0 0.656 1.935 0.6557 1.9344 0.014 0.088
10 0.246 1.91 14.096 5.1402 0.56 0.15

Additionally, a qualitative validation of flow structure was conducted by comparing the streamline
patterns with those reported by(Mahmud & Fraser, 2004) , as illustrated in Fig 4.3. The analysis revealed

a high level of agreement in the flow pattern.

Collectively, these validation steps confirm the accuracy, robustness, and predictive capability of the

numerical method used in this study..

‘w‘;i "
I 05—t
N

()R = 1000,Ha = 5: (b)Ry = 1000,Ha = 10:
y .. =458917 Whar = 1.28429

0.2

(d)Ry = 1000, Ha = 10:
WY =459179 W =1.2836

Figure 4.3 Validation in terms of streamline for different
Ha to with Mahmud & Fraser, 2004.

Figure 4.4 examines how the Hartmann number Ha affects the stream function contours (Fig. 4.4.a),
isotherm lines (Fig. 4.4.b), and apparent viscosity (Fig. 4.4.c) for Ry = 200,G =0.5¢ = 0.05,E =
0.6,n=0.8s = 0.01 and a = 2. Strong internal circulation and a discernible clockwise convective
cell are produced when buoyancy forces propel fluid motion in the square porous cavity in the absence
of a magnetic field (Ha=0).

As the magnetic field is introduced and the Hartmann number increases, the resulting Lorentz force
acts in opposition to the buoyancy-driven motion. This counteracting force diminishes the overall flow
intensity and weakens the shear-thinning effects. Consequently, a substantial portion of the nanofluid

exhibits reduced mobility, becoming nearly stagnant in the central region of the cavity, as depicted in

Fig. 4.4a for Ha = 10.
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The isotherm contours shown in (fig. 4.4 b) reveal that, with increasing Ha, the initially distorted
temperature lines gradually become more parallel, signifying a transition from a convection-dominated
regime to a quasi-conductive one. This stabilization reflects the suppression of convective transport
due to the Lorentz force, which is corroborated by a notable decrease in the average Nusselt number
from Nu; = 2.2557 to Nu;, = 1.9119. The attenuation of convective motion reduces thermal
boundary layer distortion, resulting in a more stratified temperature field. These observations are
consistent with the findings reported by. (Alilat, Alliche, Rebhi, & Chamkha, 2020) .Furthermore,
(Fig. 4.4 c) demonstrates that the apparent viscosity 7, increases progressively with the Hartmann
number Ha, whereas the maximum stream function|W|,,,4, (Fig. 4.4 a) decreases accordingly. This
inverse relationship is characteristic of shear-thinning fluids. As the magnetic field strengthens (higher
Ha), Lorentz forces dampen fluid motion, leading to a reduction in the local shear rate. This decrease
in shear rate causes the non-Newtonian nanofluid to exhibit higher viscosity, approaching Newtonian

behavior. At Ha=10, the apparent viscosity 1, tends toward unity (7,5 =1), indicating that the applied

magnetic field effectively suppresses non-Newtonian characteristics.

nnf

1% nax = 0.2 Nu, = 1.9119

(a) (b) (c)

Figure 4.4 Variation of Hartmann number (Ha) for streamlines (4a),
isotherms (4b) and the apparent viscosity (4c) with the following
parameters Rr = 200,G =05,y = 0, =0.05, E = 0.6,n=0.8
s = 00landa = 2.
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Figure 4.5 illustrates the influence of the power-law index(n) influence the stream function contours
(Fig 4.5.a), isotherms lines(Fig 4.5.b), and apparent viscosity distributions (Fig 4.5.c) for three
representative cases: n =1(Newtonian fluid), n=0.6 and »=0.2 (shear thinning fluid). As the value
of n decreases from n=1to n=0.2, the flow within the cavity becomes significantly more vigorous,
as reflected by the denser and more dynamic streamlines. This intensification of circulation enhances
convective currents and consequently increases the overall heat transfer rate. The observed improvement
in convective motion is primarily attributed to the reduction in effective viscosity under shear-thinning
conditions, which promotes stronger fluid recirculation and the formation of more pronounced vortex
structures within the cavity.

The impact of this rheological behavior on the thermal field is clearly visible in the isotherm
distributions (Fig 4.5.b), Lower values of (n) produce steeper thermal gradients, signifying a more
efficient heat transfer process resulting from diminished effective viscosity. (Fig 4.5.c) further
substantiates this observation, displaying the spatial variation of the apparent viscosity 7,.. As n
decreases, the apparent viscosity markedly drops in regions of high shear, particularly near the central

zone of the cavity where velocity gradients are most intense. This localized viscosity reduction enhances

fluid mobility and reinforces the strength of convective circulation.
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L
Nu, = 2.2914 Nny = 0.0978

(b) ()

Figure 4.5 Variation of the power law index(n) for streamlines (5a),
isotherms (5b) and the apparent viscosity (5¢) with the following
parameters Ry = 200,Ha = 2,G = 0.5,¢ = 0.05,
y = 0°%5E =0.6,s=0.0land a =2

Figure 4.6 depicts the effects of varying single-walled carbon nanotube (SWCNT) concentrations (¢)
on the stream function contours'¥ (Fig.4.6.a), temperature distribution &( Fig.4.6.b) and apparent
viscosity fields 7, (Fig.4.6 .c) considering three nanoparticle volume fractions (¢) = 0, 0.04 and 0.1.
Across all cases, a single clockwise circulating cell is observed within the cavity. The introduction of a
4% SWCNT concentration leads to a noticeable enhancement in flow strength, as indicated by the
increase in the maximum absolute stream function value from|W¥| =231913 to |¥| =24313.
reflecting intensified convective motion. This improvement is primarily attributed to the superior

thermal conductivity of the nanofluid, which strengthens buoyancy-driven circulation within the porous

cavity.

However, when the concentration of SWCNTs is further increased to ¢ =0.10 the flow intensity

diminishes below that observed at 4% as a result of the pronounced rise in effective viscosity. The

apparent viscosity contours in (Fig.4.6 c).clearly demonstrate this effect, where the increased viscous
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resistance limits fluid mobility and weakens the convective velocity field. Despite this reduction in flow
strength, the thermal field shown in (Fig.4.6.b) indicates that the overall heat transfer performance
remains enhanced. The isotherms become more compressed and distorted near the heated and cooled

boundaries, suggesting an improved convective heat transfer rate.

This seemingly paradoxical behavior—where weaker fluid motion coincides with superior heat
transfer—can be explained by the substantial increase in the nanofluid’s thermal conductivity. The
enhanced conductive properties of SWCNTs offset the adverse impact of elevated viscosity, thereby
maintaining efficient heat diffusion within the cavity.

Consequently, while excessive nanoparticle loading may impede flow development due to increased
viscous resistance, the overall thermal performance remains favorable owing to the dominant

contribution of enhanced thermal conductivity.

0.00

b=

k4

0.04

o=

¢ =0.1

|¥ | max = 2.38918 Nu, = 3.1319 Ty = 0.35769

(@) (b) (c)

Figure 4.6 effect of varying the concentration of SWCNTs
nanoparticles on the streamlines (6a), isotherms (6b) and the apparent
viscosity (6¢c) with the following parameters Ry = 200,Ha = 2,G =
05,n=0,y=0%E =0.6,s=001anda =2

Figures (4.7-4.10) investigate the influence of the rheological parameters of the Carreau—Yasuda

model on flow dynamics and heat transfer characteristics for R, =200,G =0.5,=0°and ¢ = 0.05.
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Figure 4.7 specifically illustrates the effect of the power-law index (n) on the fluid dynamics
(Fig.4.7.a), the convection strength (Fig.4.7b), and the apparent viscosity (Fig.4.7.c) at
E=0.6,5=0.01,and a=2. for various Hartmann numbers (Ha) 0, 2, 4, 6, 8 and 10.

It is evident that increasing the power-law index from n = 0.2 (strongly shear-thinning behavior) to n
= 1.0 (Newtonian behavior) results in a noticeable reduction in flow intensity, as reflected by the
decreasing magnitude of the stream function in (Fig. 4.7 a). This reduction can be attributed to the
weakening of shear-thinning effects at higher n values, where the apparent viscosity of the fluid remains
relatively high even under shear .Consequently, the circulation patterns become weaker, and the
buoyancy-driven flow is suppressed. Correspondingly, (Fig.4.7 b) shows a decline in convective strength
with increasing 7 underscoring the strong coupling between the fluid’s rheological behavior and
buoyancy-induced motion.

As n increases, the attenuation of shear-thinning effects produces a thickening response, which

elevates the apparent viscosity 7,.. This behavior is quantitatively confirmed in Fig.4.7.c, where higher
n values correspond to visibly larger viscosity magnitudes. Interestingly, the sensitivity of (77,,) to n

is more pronounced at lower Hartmann numbers (i.e., Ha = 0 or 2), where both flow and thermal
variations are more responsive to rheological changes. In the absence or under weak magnetic fields, the
fluid’s non-Newtonian nature is fully expressed, strongly influencing both flow structure and heat
transfer mechanisms.

At higher Hartmann numbers, however, the influence of the magnetic field becomes dominant. The
Lorentz force increasingly counteracts fluid motion, suppressing the impact of shear-dependent
viscosity. This magnetic damping effect leads to a noticeable flattening of the curves in (Fig.4.7.a) and
(fig.4.7.c), indicating that at strong magnetic field intensities, the role of shear-thinning behavior in

governing the system’s dynamics becomes substantially diminished.
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Figure 4.7 variation of stream function at the center|¥ | max (7a) ,the maximum average
Nusselt number Ny, (7b), apparent viscosity N (7¢c) versus n for various values of Ha,
with Ry = 200,G = 0.5¢ = 0.05,y = 0°E = 0.6,s = 0.0landa = 2

Figure 4.8 illustrates the influence of the time constant parameter (E) on the flow dynamics and heat

transfer characteristics for 7=0.6,5s=0.0landa=2 .Unlike the power-law index which primarily

governs the degree of shear-thinning, the time constant E regulates the fluid’s relaxation behavior under

shear deformation. As depicted in Figure 4.8, increasing £ from 0 to 100 initially leads to a marked

enhancement in both the stream function magnitude |‘P|max and convection heat transfer rate Nu, within

the range 0 < £ <20, This trend indicates a reduction in the fluid’s resistance to deformation, facilitating
stronger convective circulation and thereby improving heat transfer performance.

Beyond this range, however, the rate of improvement diminishes, and the curves corresponding to all
Hartmann numbers (Ha) begin to level off, revealing a saturation effect. The rise in E is also
accompanied by a noticeable reduction in the apparent viscosity (7, ), with this influence being more
significant at lower magnetic field strengths. At higher Hartmann numbers (8 and 10) the curves flatten,

indicating that as Ha increases the dominance of the Lorentz force suppresses the influence of shear-

dependent viscosity.



CHAPTER 1V:4. CHAPTER IV:PRESENTATION AND DISCUSSION Of RESULTS 62

As the magnetic field strength grows, the Lorentz force increasingly counteracts buoyancy-driven
motion, leading to a general decline in both the average Nusselt number and stream function magnitude
for a given E. This confirms that stronger magnetic fields inhibit natural convection by damping fluid

motion and weakening thermal circulation.
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Figure 4.8 relationship between the time constant parameter E and of stream function at
the center|¥ | max (8a) ,the maximum average of Nusselt number Nuy; (8b), and the
apparent viscosity (8c) for various Hartmann numbers (Ha) at Ry = 200,G = 0.5¢ =
0.05,y = 0°n = 0.6,s = 0.0land a = 2.

Figure 4.9 presents the variation of the maximum absolute stream function |‘I’|max , the average Nusselt

number Nu, ,and the apparent viscosity 7, with the dimensionless Carreau—Yasuda model parameter

(a) for different Hartmann numbers, at £=0.6,5s=0.01and n=0.6. It is observed that as the parameter
(@) increases to approximately a = 0.6 , there is a pronounced rise in the effective viscosity, followed
by a gradual stabilization as (a) continues to increase. This behavior adversely affects both the flow
intensity and free convection within the cavity, particularly at lower Hartmann numbers.

From a physical perspective, the Carreau—Yasuda parameter (a) dictates the rate of transition from

the zero-shear (Newtonian) region to the shear-thinning regime. Higher values of (a) correspond to a
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slower transition, maintaining elevated viscosity levels even under significant shear. This increased
viscosity enhances the fluid’s resistance to motion thereby reducing momentum transport and weakening
convective heat transfer.

As the Hartmann number increases, the influence of the parameter (a) on both the flow structure and
heat transfer becomes progressively less significant. The magnetic field, through the Lorentz force,
increasingly dominates the flow dynamics, diminishing the sensitivity of the system to rheological
variations. These results are consistent with the previously discussed trends for the parameters n and
E confirming the interplay between magnetic damping and non-Newtonian rheological effects in

governing convection behavior.
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Figure 4.9 Variation of stream function at the center|¥ | max (09a), the maximum
average Nusselt number Nuy (09b), apparent viscosity My, r(09c) versus the parameter

(a) for various values of Ha at Ry = 200, ¢=0.05, s = 0.01, E = 0.6 and n = 0.6.

This section investigates the influence of the viscosity ratio parameter (s ) on the flow dynamics and
convective heat transfer characteristics. As illustrated in Figure 4.10 a decrease in the viscosity ratio
from s = 1 (Newtonian behavior) to s =0.2 (shear thinning behavior) leads to a notable enhancement

in convective heat transfer across all Hartmann numbers. This improvement is evidenced by the increase
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in the average Nusselt number (N_uL), indicating that lower viscosity ratios facilitate stronger
convective currents and improved thermal performance.

However, for a fixed value of (s) , an increase in magnetic field intensity results in a reduction in both
the average Nusselt number Nu, and the maximum absolute stream function |‘I’|m, This decline

signifies a suppression of fluid motion and convective transport due to the intensification of the Lorentz

force, which acts as a resistive force opposing the buoyancy-driven circulation within the cavity.
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Figure 4.10. variation of stream function at the center|¥ | ey (10a) ,the maximum
average Nusselt number Nu; (10b), apparent viscosity 1, 7(10c) versus the parameter (s)
for various values of Ha at R = 200,G = 0.5¢ = 0.05,y = 0°%E = 0.6,s =
0.0landa = 2.

nda = 2.

These collective results presented in Figures 4.7-4.10 highlight the intricate interplay between the
nanofluid’s rheological parameters and the applied magnetic field. While shear-thinning behavior
generally enhances convective heat transfer by reducing effective viscosity and promoting fluid
mobility, the dominance of the Lorentz force under strong magnetic fields counteracts these beneficial
effects. This combined influence of magnetic damping and non-Newtonian behavior is consistent with

the observations reported by Afsana et al.(Afsana et al., 2021).
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Figure 4.11 illustrates the variation of |‘P|max ,N_u, and 7, with respect to inertial parameter (G) for
different Hartmann numbers ( Ha ) at R, =200,n=0.6,¢=0.05,y =0° E =0.6,s=0.0landa =2 . The

combined influence of G and Ha exhibits a pronounced effect on both the flow dynamics and heat

transfer characteristics. For a fixed Ha, increasing the inertial parameter G leads to a reduction in both
the flow intensity and convective strength, as evidenced by the decrease in |‘P|m and Nu, . This decline

signifies a gradual transition from a convection-dominated regime toward conduction-dominated heat
transfer.

At lower magnetic field intensities (i.e., Ha <2 ), a sharp drop in nanofluid flow intensity is observed

as G increases up to approximately 2.This behavior is primarily attributed to the enhanced inertial
resistance, which impedes fluid motion and weakens buoyancy-induced circulation.

However, as the magnetic field strength increases further, particularly for Ha > 8. the combined
effects of inertia and magnetic damping become dominant. Under these conditions, the nanofluid flow
becomes nearly stagnant, and heat transfer occurs predominantly through conduction rather than
convection. This transition highlights the strong suppressive influence of the Lorentz force and inertial
effects on convective transport. The present findings regarding the combined damping effects of Ha and
G on flow and convection intensity are consistent with those reported by (Rebhi et al., 2021).

Furthermore, (Figure 4.11 c) depicts the intricate interaction between these two parameters on the

apparent viscosity (77, ). As Ha increases from 0 to 6, multiple intersections appear among the viscosity

curves, indicating a complex coupling between magnetic and inertial influences on the non-Newtonian
nanofluid behavior. However, at higher Hartmann numbers (Ha = 8—10), the magnetic field suppresses
the shear-thinning characteristics, rendering the fluid less sensitive to inertial variations and eventually

eliminating these intersections.
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Figure 4.11. . variation of stream function at the center|W|y,qx (I la) ,the maximum
average Nusselt number Nuy (1 1b), apparent viscosity 1, 7(11c) versus the parameter
(G) for various values of Ha at Ry = 200,n = 0.6 ¢ = 0.05,y = 0°,E = 0.6,5s =

0.0landa = 2.

Figure 4.12 illustrates the variations of the maximum stream function |¥|,,,, average Nusselt

number Nu;, and apparent viscosity 77, with respect to the nanoparticle volume fraction ¢ for different

Hartmann numbers Ha under fixed parameters of

R, =200,G=0.5,n=0.6,y=0°E=0.6,s=0.0landa=2. For any given concentration of SWCNTs ¢

, an increase in the Hartmann number leads to a noticeable reduction in both flow intensity and heat
transfer rate. This decline is primarily attributed to the intensification of the Lorentz force, which
impedes the motion of the conducting nanofluid and suppresses the natural convection circulation,
thereby diminishing convective heat transfer efficiency.

However, for a fixed Hartmann number, the addition of SWCNT nanoparticles exhibits varying
influence depending on the magnetic field intensity. At low magnetic field strengths (Ha = 0-2),
increasing the nanoparticle concentration slightly affects the flow strength. In contrast, at higher
Hartmann numbers, the dominant magnetic damping effect overshadows the influence of nanoparticle

addition, resulting in negligible variation in flow circulation. Despite the increase in apparent viscosity
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with higher SWCNT loading ¢ > 5% —which generally reduces the nanofluid velocity and weakens

flow intensity, the substantial enhancement in thermal conductivity due to the superior heat transport

capability of SWCNTSs compensates for this effect. Consequently, the overall convective heat transfer
performance improved, as evidenced by the rise in the average Nusselt number N_uL (from 1.8339 to

3.231 when the nanoparticle volume fraction increases from ¢ =0.0 to ¢=0.1).
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Figure 4.12 variation of stream function at the center|W | a5 (12a) ,the maximum
average Nusselt number Nuy, (12b), apparent viscosity Nnr(12c) versus ¢ for various
values of Ha at Ry = 200,G =0.5n=0.6,y = 0°E = 0.6,s = 0.0landa = 2.

Figure 4.13 depicts the influence of the inclination angle( 7/) varying from y =-90°t0y =90° and

the Hartmann number ( Ha =0—10) on the flow characteristics(fig.4.13.a),convection rate (fig.4.13.b)
and apparent viscosity (fig.4.13.c) for the parameters
R, =200, G=0.5,$=0.05,n=0.6,E£=0.6,s=0.0landa=2.

It is observed that increasing the Hartmann number Ha results in a noticeable reduction in both the

stream function magnitude and convection strength over the entire range of inclination angles. This
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reduction stems from the Lorentz force, which acts as a magnetic damping mechanism that suppresses
fluid motion and weakens convective heat transfer.

The analysis reveals an optimal inclination angle of approximately, y =30°, where both the stream
function and heat transfer attain their maximum values in the absence of magnetic effects (Ha = O) . This
inclination corresponds to the most favorable alignment of buoyancy forces, leading to the formation of
well-developed convective cell and enhanced thermal circulation. As the magnetic field intensity
increases, however, this optimal angle gradually shifts toward smaller values, eventually reaching( y =0°
) when Ha=10 .This behavior indicates that the magnetic field mitigates the influence of inclination by
stabilizing the flow structure and flattening convection patterns.

Moreover, the Nusselt number distribution shows that thermal performance is maximized within the
intermediate range —30°<y <60°, where convective motion remains sufficiently strong despite
moderate magnetic damping .Outside this range, particularly near the extreme inclinations y =+90°,
heat transfer decreases sharply. At these orientations, gravity acts parallel to the heated or cooled vertical
boundaries, thereby minimizing buoyancy-driven motion and resulting in negligible stream function

values( |‘P|max =(0) Consequently, heat transfer in these cases occurs predominantly through conduction

rather than convection.

As shown in (Fig 4.13 c),the apparent viscosity 7, decreases significantly as the Hartmann number

decreases, particularly within the intermediate inclination range (i.e., —30° < ¥ < 60°) where shear rates

are elevated. This reduction in effective viscosity is a direct manifestation of shear-thinning behavior,
which enhances fluid mobility. Conversely, as the magnetic field strength increases, the velocity
gradients are dampened, lowering the local shear rate and thereby increasing the apparent viscosity. This
magnetic-induced viscosity augmentation intensifies flow resistance, further suppressing convective

circulation at high Hartmann numbers
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Figure 4.13 Variation of stream function at the center |W | ,qx (13a), the maximum
average Nusselt number Nuy (13b), apparent viscosity N (13c) versus yfor various

values of Ha at R = 200,6G = 0.5¢ =0.05,n =0.6,E = 0.6,s = 0.0landa =
2.

Figure 4.14 presents a comparative assessment of the thermal and flow behavior of two—( Al.Os—
water) and (SWCNT—water)—as functions of the power-law index n and various Hartmann numbers

Ha, under the fixed conditions R, =200,G =0.5¢ =0.05,y=0°,E=0.6,5=0.0landa=2. For any given

value of n, an increase in Ha from 0 to 10 results in a marked decrease in both the maximum stream

function magnitude [¥ | _ and the average Nusselt number. This trend reflects the damping influence

of the Lorentz force, which progressively suppresses fluid motion and convective heat transfer in both
nanofluids as the magnetic field strength intensifies.

Notably, the SWCNT—water nanofluid consistently exhibits superior thermal and hydrodynamic
performance compared to the Al.Os—water nanofluid across the entire range of Ha and n values. This
enhancement is primarily attributed to its intrinsically lower apparent viscosity and higher thermal
conductivity, which promote more effective convective circulation and heat transport.

Furthermore, as the power-law index (7 ) decreases from n=1 to n=0.2, the apparent viscosity (

1, ) of both nanofluids declines, leading to an enhancement in flow intensity and convective efficiency.
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This observation underscores the advantage of shear-thinning non-Newtonian nanofluids, which exhibit
superior flowability and heat transfer characteristics compared to Newtonian counterparts under
equivalent conditions.

The superior behavior of the SWCNT—water nanofluid is further corroborated by its consistently
lower apparent viscosity relative to the Al.Os—water nanofluid. This reduced viscous resistance
facilitates stronger convective currents and more efficient heat transport, highlighting the potential of
SWCNT-based nanofluids for advanced thermal management applications where both enhanced heat

transfer and optimized fluid dynamics are essential.
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Figure 4.14 comparison between SWCNT and AL>O3z nanoparticles on the maximum

absolute stream function|¥|,qx(14a) the average Nusselt number Nu; (14b) and the

apparent viscosity at R = 200,G = 0.5¢ = 0.05,y = 0°E = 0.6,s
0.01,and a = 2

4.2. Second part: The Non-Newtonian hybrid nanofluid (Cu-Al203- water)

A grid independence test was conducted to guarantee the correctness and numerical stability of the
current simulation. The investigation included altering the grid size from 5 x 5 to 200 x 200, with all

parameters held constant. Figure 4.15 depicts the relationship between the average Nusselt number (
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Nu, ) and the maximum stream function ( [¥ | ) in relation to grid size. Both numbers initially show

significant changes with increasing grid resolution; however, above a grid size of around 100 x 100, the
results become practically constant, suggesting grid convergence. A uniform grid of 100 x 100 was used
for all future calculations, since it offers an adequate balance between computational expense and

solution precision.
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Figure 4.15:Variation of the average Nusselt number and
maximum stream function with grid size for the grid
independence test

To rigorously validate the present methodology and numerical code, a comprehensive two-pronged
approach was adopted. First, the computed average Nusselt number Nu was benchmarked against
established and published data from the peer-reviewed literature (as detailed in Table 4-5). This

comparative analysis serves as a primary validation step to confirm the reliability of the calculations.

Table 4-5: Comparison of Nu with some previous numerical results

Nu
Author R, =100 R, =1000

(Walker & Homsy, 1978) 3.097 12.960
(Gross et al., 1986) 3.141 13.448

(Lauriat & Prasad, 1989) 3.09 13.41
(Manole, 1992) 3.118 13.637
(Baytas, 2000) 3.160 14.060
(Sheremet et al., 2017) 3.104 13.839

Present study 3.1211 13.585
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Second, the resulting streamline trajectories were compared with the work presented by Revnic et al.,
2024.The visual and quantitative congruence observed between the two datasets demonstrates a high
degree of fidelity and robust agreement in the numerical solution, thereby affirming the overall accuracy

and trustworthiness of the numerical model.

R, =Ra*Da =10 R, =Ra*Da=10’ R, =Ra*Da=10’

¥, =0.639 ¥, ¥ =208
¥ =0.639 W] =4.469 ¥ =19.93

Figure 4.16 :Comparison in terms of streamline for different Ry values between the
current results (b) and those of (Revnic et al., 2024) (a) at (¢) ppr=0.04, G=0, Ha=0),

n=1

Figure 4.17 depicts the influence of the power-law index () on flow circulation ¥ (a), temperature
field T (b), and the rheological behavior of the hybrid nanofluid 1, (¢). For the Newtonian case (n=1),
the fluid reaches its maximal apparent viscosity (7pns = 1.107), which remains uniform throughout the
cavity, independent of the local shear rate. Under these conditions, the convective circulation remains
relatively weak |¥|,,4 = 1.09877), and the related isotherms show mild distortion, with limited
convective contribution (Nu;, = 1.2919).

As the power-law index drops (n = 0.6), shear-thinning effects become noticeable. The apparent
viscosity reduces due to decreasing viscous resistance. As a result, buoyancy-driven motion is
reinforced, which leads to a stronger convective cell. This is indicated by the increase in the maximum

stream function value from |¥|,,4. = 1.09877 to 1.12854 and enhanced heat transfer, as confirmed by
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the increased curvature of the isotherms (b); therefore, the average Nusselt number rises to (Nu; =
13032).

A further reduction to n = 0.2 amplifies the shear-thinning effect, maximizing the observed trends.
The hybrid nanofluid attains its lowest apparent viscosity of np,r = 0.312327, resulting in the
generation of the highest circulation (|W|,qr = 1.14611). The isotherms exhibit more extreme
distortion, and the Nusselt number reaches its peak Nu; = 1.3094. Overall, the results indicate that
decreasing the power-law index intensifies shear-thinning behavior, consequently reducing viscosity,

promoting stronger flow circulation, and greatly increasing natural convection performance.
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Figure 4.17 streamlines (a) , isotherms (b), and (c) apparent viscosity
contours at various values of power-law index (n) at
R;=200,G=0.5,Ha=4,a=2,E=0.6 ,s=0.01 and ¢p,s = 0.04

Figure 4.18 depicts the influence of the Hartmann number (Ha) on the streamline W (a), isotherm T
(b), and apparent viscosity npns (). In the absence of a magnetic field (Ha = 0), buoyancy forces
dominate, leading to the formation of a circular convection cell within the cavity characterized by a
maximum circulation strength of |W|,,,x = 2.65836.The thermal distribution displays notably distorted
isotherms, and the average Nusselt number attains Nu; = 1.7783, showing the dominance of convective

heat transfer mechanisms.
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With the application of a magnetic field, the Lorentz force counteracts the buoyancy force, thereby
leading to a gradual suppression of circulation. At Ha=5, the stream function diminishes to |¥|,,q0 =
0.787242. This damping effect leads to a reduction in the average Nusselt number to Nu; = 1.2231,
as convection diminishes and conduction gains prominence.

At Ha=10, the circulation is almost entirely suppressed, resulting in a substantial decrease in the
maximum absolute value of the stream function (|W],,4x), to only 0.214229. This change causes the
isotherms to become practically vertical and exhibit uniform distribution. Concurrently, the Nusselt
number diminishes to Nu; = 1.1338, indicating a complete transition to conduction-dominated heat
transfer.

These hydromagnetic changes directly alter the rheological characteristics of the shear-thinning
hybrid nanofluid(Cu + Al,03) water. At Ha=0, the strong shear rate induces a drop in viscosity to

Nnng = 0.524. With an increase in Hartmann number and the flow diminishes, the apparent viscosity

grows gradually, reaching 0y, = 0.864 at Ha=5 and subsequently increasing to a high of 1,y = 1.031

nhnf

Ny = 0.523748

Nu, = 11338 Ny = 1.03133
a b .

Figure 4.18 streamlines (a) , isotherms (b), and (c) apparent
viscosity contours at various values of Hartmann numbers (Ha)at
R;=200,G=0.5,n=0.4,a=2,E=0.6 ,s=0.01 and ¢ppns = 0.04
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at Ha=10. This almost twofold rise in viscosity reveals a strong relationship between magnetic damping

and shear-thinning rheological characteristics, which hinders convective flow and promotes conduction.

Figure 4.19 depicts the effect of a hybrid nanoparticle (Cu + Al,03)concentration (¢p, s = 0,0.05, and
0.10) on streamlines W (a), isotherms T (b), and apparent viscosity contours 7p,r (¢). A single
circulation cell fills the cavity for all instances, although its intensity diminishes progressively with
increasing ¢p, r. The maximum stream function reduces from [W¥|,q, = 1.27698 for the base fluid to
|W|max = 1.10589 at ¢y, = 0.05, and further to |W],,4, = 0.9552 at ¢pnr = 0.10, reflecting the
damping effect of higher viscous resistance. This behavior is consistent with the apparent viscosity
distribution (Fig. 3c), where 7, increases from 0.401741 for the pure fluid to 0.59136 at ¢p, s =
0.10.

Despite the attenuation of internal circulation and the decreased distortion of isotherms, heat transfer
performance demonstrates a continuous enhancement. The average Nusselt number across the hot wall
increases from Nu; = 1.2518 at Pnns = 0 to 1.4415 at ¢pp,r = 0.10. This seeming contradiction can
be explained by the improved conductivity provided by the nanoparticles, which mitigates the adverse
effects of diminished convective motion, as indicated by the reduced distortion of the isotherms. Thus,

at higher ¢y, values, conduction becomes more pronounced in heat transfer. This trend indicates a

concurrent increase in the effective thermal conductivity Kp, s, with apparent viscosity (nhnf)hn ;s [0)

increasing
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Figure 4.19 :streamlines (a) , isotherms (b), and (c) apparent
viscosity contours at various values of nanoparticles percentage Qpns
at Rr=200,G=0.5,n=0.4,a=2,E=0.6 ,s=0.01 and Ha = 4
Figure 4.20 depicts alterations in the apparent viscosity profiles (7, ) along the mid-horizontal line
(Y=0) for various values of (a) the Hartmann number Ha, (b) the inertial parameter G, and (c) the
nanoparticle volume fraction ¢y, . In (fig 4.20-a), the absence of the magnetic field (Ha = 0) results in
a viscosity distribution that displays two clear minima located near the cavity center and walls,
corresponding to regions of high shear rate. This behavior highlights the shear-thinning behavior. With
an increase in Hartmann number (Ha), the Lorentz force counteracts the buoyancy-driven motion,
suppressing the velocity gradients and a subsequent decrease in shear rate. Moreover, at higher magnetic
intensities (Ha = 8 — 10), the shear thinning effect gradually decreases as the viscosity profile flattens

and approaches its limit (zero shear value)

Additionally, an upward trend in apparent viscosity was also observed alongside a rise in the

inertial effect coefficient G (fig 4.20-b) and nano-concentration ¢y, s (fig 4.20-c). An increase in the

inertial coefficient G leads to a rise in the hydrodynamic resistance, subsequently reducing flow

velocity and shear rate, which results in a higher apparent viscosity 7y, . In addition, the influence of

the nanoparticle volume fraction (¢, s) further enhances the apparent viscosity Np,r . AS Gpny
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increases from 0 to 0.1, the profile shifts upward uniformly due to enhanced internal friction and

inhibits the fluid flow
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Figure 4.20: Profiles of the apparent viscosity versus the X-axis with various value
of: (a) Hartmann number, (b)inertial parameter G and (c) nanoparticle volumetric
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Figure 4.21 displays the influence of the Carreau—Yasuda parameters (n, E, s, and a) on the apparent

viscosity profile 7y, s along the X axis at Y=0. Moreover, in cases of lowered n ,a and s or increased E

, an increased shear-thinning effect is noticed, considerably evident at the cavity's central area and in its

solid boundaries due to the higher shear rate, culminating in a significant decline in fluid viscosity.
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Figure 4.21:Profiles of the apparent viscosity versus the X-axis under the
influence of: (a) the power law index a , (b) time constant parameter E, (c)
viscosity ratio parameter s and (d) dimensionless parameter of the Carreau-
Yasuda model a, at Y=0.

Figure 4.22 investigates the influence of both the hybrid nanofluid volume fraction (¢p,s) and the

power-law index (n) on the natural convection behavior of (A1203+Cu/water) hybrid nanofluid, through

the variations of the maximum stream function (|¥|,,,4), The average Nusselt number ((Nu);), and the

effective viscosity (Mpns) -at Rp=200,G=0.5,Ha=4,a=2,E=0.6 ,and s=0.01 Figure I(c) shows a

substantial decrease in effective viscosity as the power-law index (n) decreases, from 1 (Newtonian

case) to approximately np,r = 0.3 at n=0.2. This rheological behavior implies a shear-thinning

characteristic. The reduction in viscosity leads to lower internal resistance within the fluid which in turn

makes its movement within the cavity easier.

Consequently, this enhanced fluidity is reflected in (fig 4.22-a). Where, for any given value of the

fraction volume, a lower value of () , results in a higher maximum stream function (|¥|,,,4,), indicating

intensified internal circulation. This improvement is further reflected in the overall enhancement of

convective flow, which is expressed by the increasing of the average Nusselt number (Nu); by 1.35%

fromn = 1ton = 0.2 at ¢y, = 0.04 which reaches its peak at lower values of n
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However, while decreasing n enhances the convective motion , increasing the nanoparticle volume
fraction (¢pyr)from 0 to 0.1 leads to a decline in (|¥],4x), regardless of the (n) value. This is
attributed to the increase in fluid inertia and viscosity at higher particle loadings, which restricts the
fluid flow. Nevertheless, the enhancement in thermal conductivity due to higher nanoparticle volume
fraction counteracts this adverse impact in reduced mobility, resulting in improved heat transfer rates.,
as demonstrated by the consistent increase of ((Nu);). The highest enhancement in((Nu),;) observed

for n = 0.2, highlighting the significant role of shear-thinning behavior in augmenting heat transfer.
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Figure 4.22:The dependency of: (a) the maximum absolute stream function, (b) the average

Nusselt number on the left wall; and (c) the apparent viscosity of the hybrid nanofluid on the
function of the concentration percentage (¢) and various power law index values (n)

Figure 4.23 illustrates the influence of the dimensionless time constant E on natural convection of the
(Al,03 — Cu water) hybrid nanofluid. Subfigures (4.23-a), (4.23-b), and (4.23-c) present the maximum
absolute stream function (|¥|mpq ) » the average Nusselt number (ml) and the apparent viscosity
Nhny Tespectively as a function of the nanoparticle volume fraction ¢p, s for various E values. At
R;=200,G=0.5,Ha=4,a=2,n=0.8 ,and s=0.01. The results presented in fig 4.23-c demonstrate that the
increase in the non-dimensional time constant (E) from the Newtonian case E = 0 to E = 100 enhances

the shear-thinning effect, resulting in a significant decline of 72% in the apparent viscosity N, . This
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viscosity reduction diminishes the internal viscous resistance, thereby promoting flow circulation. This
enhanced circulation is evidenced in fig 4.23-a by a 4.66% increase in the maximum stream function
|| max between these two cases (E = 0 and E = 100) at ¢ = 0.04 . This intensified circulation
enhances convective heat transfer, accordingly leading to a 1.40% rise in the average Nusselt number

((Nu);) with increasing E.
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Figure 4.23:The dependency of: (a) the maximum absolute stream function, (b) the average Nusselt
number on the left wall; and (c) the apparent viscosity of the hybrid nanofluid on the function of the
concentration percentage (¢) and various dimensionless time constant values (E)

The findings presented in Figure 4.24 and Figure 4.25, which investigate the effects of the viscosity
ratio parameter (s) and the Carreau—Yasuda dimensionless parameter (a) , are aligned with the trends
previously observed for the power-law index (n) and the time constant (E). It is noted that a decrease in
either (s) or (a) amplifies the shear-thinning behavior of the fluid. This effect is evidenced by a decline
in the apparent viscosity. This effect is illustrated in Figures 3(c) and 4(c), where lower values of (s) or
(a) correspond to significantly reduced viscosity levels. For instance, at ¢ = 0.17,,,¢ decreases from 1.0
(for s = 1) — Newtonian case- to below 0.7 (for s = 0.0).

This viscosity reduction promotes stronger natural convection, as evidenced by the rise in the

maximum absolute stream function (|¥|,,4,) shown in (fig 4.24-a) and (fig 4.25-a). In turn, the
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enhancement in flow circulation consequently improves heat transfer efficiency. This enhancement is

substantiated by the increased values of the Nusselt number ((Nu),;) observed with the decrease in both

(s) and (a) values.
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Figure 4.24:The dependency of: (a) the maximum absolute stream function, (b) the average Nusselt
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Nusselt number on the left wall; and (c) the apparent viscosity of the hybrid nanofluid on the function

of the concentration percentage (¢) and various dimensionless parameter values (a)

The results demonstrate that the effect of Carreau—Yasuda parameters (n, E, s, a) on flow strength

and apparent viscosity is more pronounced than their effect on improving heat transfer. This effect

becomes more evident with increasing nanoparticle concentration. However, even with improved

effective thermal conductivity of the hybrid nanofluid, excessive loading leads to higher effective

viscosity, thereby suppressing circulation intensity and limiting the net thermal gain.

Figure 4.26 illustrates the influence of the inertial coefficient (G) on the flow dynamics and heat

transfer. At R;=200,G=0.5,Ha=4,a=2,n=0.8 ,and s=0.01. It is evident that with a rise in the inertial

coefficient (G),from the Darcy flow (G = 0) to stronger inertial resistance(G = 10), the flow rate

diminishes significantly (fig 4.26-a). This weakening of circulation lowers the shear rate. Given the

shear-thinning behavior of the nanofluid, a lower shear rate prompts an increase in the apparent viscosity

Nhny (fig 4.26-c). Consequently, these changes in rheological properties detrimentally affect convective

heat transfer efficiency, as reflected by the marked reduction in the Nusselt number ((Nw);) values. (fig

4.26-b).
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The influence of (G) is further amplified by nanoparticle loading ¢y, s. Higher concentrations elevate
the apparent viscosity 7p,s, thereby making the medium more sensitive to the inertial effects.
Consequently, the suppression of circulation becomes stronger at larger concentrations. However,
despite this combined inhibitory effect (inertial and viscosity) on fluid mobility, the net impact of a
higher nanoparticle concentration ¢,r on the overall thermal performance of the hybrid nanofluid
remains superior to that of the base fluid. This is attributed to the enhancement in thermal conductivity,
achieved via nanoparticle inclusion, which offsets the negative effects arising from increased viscosity

and reduced flow velocity.
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Figure 4.26: The dependency of: (a) the maximum absolute stream function, (b) the average
Nusselt number on the left wall; and (c) the apparent viscosity of the hybrid nanofluid on the function
of the inertial parameter and various volumetric fraction values (¢)

Figure 4.27 presents the influence of the Hartmann number (Ha) on the flow and heat transfer
characteristics in terms of (fig 4.27-a) the maximum absolute stream function |¥ |4y »(fig 4.27-b) the
average Nusselt number on the left wall (Nu);, and (fig 4.27-c) the apparent viscosity Nhny At
R;=200,G=0.5,Ha=4,a=2,E=0.6 ,and s=0.01. As evident in (fig 4.27-a), flow circulation exhibits a
significant decline with increasing Hartmann number (Ha) values. This attenuation in flow strength is

attributed to the damping effect of the Lorentz force, whereby magnetic forces suppress buoyancy-driven
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motion and inhibit circulation development. This flow suppression led to a reduction in the shear rate.
and given the shear-thinning nature of the nanofluid, this diminished shear rate results in a noticeable
increase in the effective viscosity (fig 4.27-c). As a result, the heat transfer performance deteriorates,
demonstrated by a decrease in the Nusselt number (Nu),; of approximately 40% between Ha = 0 and
Ha = 10 (fig 4.27-b).

The magnitude of the Lorentz force’s damping effect is intensified with increasing nanoparticle
concentration, as the enhanced viscosity amplifies the susceptibility of the flow to magnetic damping.
However, despite this double inhibitory effect on flow dynamics, the increase in nanoparticle
concentration still yields a net positive contribution to heat transfer. This result is explained by the
dominance of the significant enhancement in thermal conductivity — achieved through nanoparticle

inclusion — over the adverse effects of magnetic damping and increased viscosity
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Figure 4.27: The dependency of: (a) the maximum absolute stream function; (b) the average
Nusselt number on the left wall; and (c) the apparent viscosity of the hybrid nanofluid on the function
of Hartmann number(Ha) and various volumetric fraction values (¢)

Figure 4.28 depicts the influence of the Rayleigh-Darcy number (R;) on natural convection
performance. At the zero value of the Rayleigh-Darcy number (R = 0), buoyancy forces vanish.

Consequently, the dominant heat transfer mechanism becomes pure thermal conduction. This is

confirmed by the average Nusselt number (Nu);,which drops to the unity value ((Nu); = 1) at (¢ = 0)
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. The absence of buoyancy results in a complete stagnation of fluid motion, as reflected by a zero-stream
function value (|¥|mnqx = 0).The absence of flow also eliminates the shear rate within the fluid.
causing the shear-thinning hybrid nanofluid to lose its non-Newtonian characteristics and exhibit
Newtonian behavior, displaying its highest apparent viscosity (1, = 1), as depicted in fig 4.28-c.
With increasing Rayleigh number (Rr), buoyancy forces begin to overcome the effects of viscous
and inertial effects. Both the stream function | ¥4, (fig.4.28-a) and Nusselt number (Nu); (fig.4.28-
b) rise steadily with Ry. A distinct transition is noted around R = 100, where the slope of the Nusselt
curve increases sharply, indicating enhanced convection intensity. This acceleration in thermal
performance enhancement is attributed to the shear-thinning nature of the hybrid nanofluid. Higher
buoyancy strengthens circulation, elevating the shear rate. Consciously leads to a sharp decrease in the
apparent viscosity 7p, s (fig.4.28-c). The lowered viscosity facilitates fluid flow, which further enhances
convective heat transfer. Eventually, at Ry = 200, the system achieves its peak performance, with the
Nusselt number reaching its maximum.
Moreover, nanoparticle loading enhances the thermal performance across all Ry values. At higher
concentrations, the improvement in effective thermal conductivity counterbalances the viscosity
drawback, particularly evident at lower Rayleigh numbers. This results in consistently higher Nusselt
numbers compared to the base fluid. Ultimately, at R = 200, the highest level of convective efficiency
is achieved, demonstrating the combined effect of buoyancy and the conductivity augmentation induced

by nanoparticles.
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Figure 4.28:The dependency of: (a) the maximum absolute stream function, (b) the average Nusselt
number on the left wall; and (c) the apparent viscosity of the hybrid nanofluid on the function of
Rayleigh number(Rt) and various volumetric fraction values (¢)

Figure 4.29 presents the impact of the cavity inclination angle (y) on flow intensity and the
convection heat transfer characteristics. At R;=200,G=0.5,Ha=4,a=2,E=0.6 ,n=0.8 and s=0.01 As
depicted in Fig. 4.29-a, the maximum absolute stream function |¥|,,,,) diminishes with increasing
inclination angle until it completely vanishes (||¥|nax= 0) at the extreme angles (y = £90°). At these
angles, the gravitational force nullifies the buoyancy-driven flow, resulting in a complete cessation of
fluid motion.

This stagnation reduces the shear rate to zero. For the case of shear-thinning non-Newtonian
nanofluid, the absence of shear leads it to reach its maximum apparent viscosity (Np,r = 1), as shown
in Fig. 4.29-c. Consequently, heat transfer becomes purely conductive, as evidenced by the average
Nusselt number (fig 4.29-b) on the wall dropping to unity ((Nw); = 1) at (y =£90°) for the pure fluid.

When the cavity is inclined away from these extreme orientations, the thermal convection reemerges.

Leading to an enhancement of both the Nusselt number ((Nu);) and stream function (|¥|,,4x). The
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findings indicate that the optimal thermal performance is achieved at an inclination angle of y = 30°,
where the Nusselt number exhibits an improvement of 20% compared to its value at (y = £90°).
Furthermore, despite the significant flow suppression at (y = £90°), the inclusion of nanoparticles
significantly improves the heat transfer even under a conduction-dominated regime. For instance,
increasing ¢p, s from 0 to 0.1 enhances (Nu); from 1.0 to 1.33. This enhancement is attributed to the
improvement of the effective thermal conductivity due to the presence of nanoparticles, which

compensate for the adverse impact of suppressed convection.
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Figure 4.29:The dependency of: (a) the maximum absolute stream function, (b) the average Nusselt
number on the left wall; and (c) the apparent viscosity of the hybrid nanofluid on the function of the
Inclination angle (y) and various volumetric fraction values (¢)

Figure 4.30 presents a comparative analysis of the three investigated fluids (SWCNT-water,Al,Os-
water and Cu-Al,O3; water). Fig. 4.30-a illustrates distinct flow behaviors in terms of stream function.
While the SWCNT/water nanofluid enhances circulation strength with increasing nanoparticle
concentration. The Al:Os/water shows an almost unchanged trend. In contrast, the hybrid

(Al20s+Cu/water) nanofluid exhibits a progressive decline in |¥|,,,,. These observations indicate that
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the inclusion of SWCNTs promotes buoyancy-driven circulation owing to their minimal viscosity effect,
whereas the hybrid suspension is subject to viscous damping, which suppresses the effects of buoyancy.

Fig. 4.30-b confirms these rheological differences directly impact heat transfer performance. The
SWCNT/water nanofluid provides the highest thermal enhancement, with the Nusselt number nearly
doubling as ¢y, increases from 0 to 0.1, driven by its superior effective thermal conductivity combined
with minimal viscosity growth. By comparison, Al.Os-water presents only a moderate improvement,
attributable to enhanced conduction rather than stronger convective motion. The hybrid nanofluid
registers the weakest performance, as the conductivity gain from copper particles is offset by the notable
rise in effective viscosity, which suppresses buoyancy-driven circulation.

Fig. 4.30-c further validates this observation. The hybrid nanofluid exhibits the steepest increase in
apparent viscosity, Al.Os/water presents moderate growth, while SWCNT/water shows only a slight rise.
This trend underlines the pivotal role of rheology in shear-thinning fluids; increased viscosity directly
hampers convective motion, consequently diminishing the efficiency of thermal transport. Overall,
SWCNT/water is the most effective thermal fluid, achieving a favorable equilibrium between high
thermal conductivity and minimal viscous resistance. Al.Os/water. In contrast, it has shown restricted
gains, chiefly driven by conduction with minor enhancements in convection, while the hybrid
ALOs+Cu/water fails to achieve the expected synergistic benefit due to the high viscosity, which

weakens the conductivity benefit
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5. CHAPTER V: CONCLUSION AND PERSPECTIVES
5.1. Conclusion

The present doctoral thesis aimed to conduct a comprehensive numerical analysis of natural
convection heat transfer generated a gradient of temperature in a porous medium saturated with non-
Newtonian nanofluids. The examined field consisted of an inclined two-dimensional square cavity,
characterized by vertical walls maintained at different constant temperatures (Tn and T.), while the
horizontal walls were thermally insulated.

the Dupuit—Darcy model was employed to model the flow behavior in the porous medium, . The
Boussinesq approximation was applied to consider buoyancy-driven convention. The Carreau—Yasuda
model was used to represent the rheological behavior of the non-Newtonian nature of the studied fluids,
namely: the single-walled carbon nanotube (SWCNT)—water nanofluid, the alumina—water (Al.Os—
water) nanofluid, and the hybrid Al.Os—Cu/water nanofluid.

The study was organized into two primary parts. The initial segment analyzed the characteristics of
the non-Newtonian SWCNT—-water nanofluid and compared it with that of Al.Os—water, while the
second segment focused on the hybrid Al.Os—Cu/water nanofluid, drawing comparisons with the
previous cases(SWCNT-Water and AlO3-Water). Using a numerical algorithm created in FORTRAN,
the governing equations and related boundary conditions were solved using the finite difference method
(FDM) on a uniform grid.

A complete parametric analysis was conducted to explore the effects of the Carreau—Yasuda model
parameters (n, E, a, s), the Hartmann number (Ha), the inertial parameter (G), the Darcy-Rayleigh
number (Ra), and the inclination angles of both the cavity (y) The established numerical code's validity
and correctness were confirmed through comparisons with previously published results, demonstrating
excellent agreement and confirming the resilience of the proposed numerical methodology

The main findings and interpretations of this study are summarized as follows:

e Increasing the Rayleigh number leads to improvements in both flow and heat transfer.

e Increasing the magnetic field intensity leads to a considerable decrease in both fluid
circulation and heat transfer, resulting from the Lorentz force. While magnetic fields can
regulate convection, excessive intensity affects thermal efficiency.

e The improvements in shear-thinning properties (reduced effective viscosity) led to a
significant increase in fluid motion and consequently an improvement in convective heat
transfer. However, these positive rheological benefits gradually diminish with an increase in

either the magnetic field strength (high Ha) or higher nanoparticle volume fractions (¢),
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especially in the Al,O3+Cu hybrid nanofluid case. Moreover, the maximum convective heat
transfer rate was achieved at a power-law index (n) of 0.2, representing an improvement of
4% compared to the Newtonian case (n=1)

The reduction in inertial resistance (i.e., G —0 Darcy flow) significantly enhances convective
flow and heat transfer performance. , This effect results in an increase in the heat transfer rate
reaching up to 85% for( SWCNT-water) case and up to 95 % in the hybrid
nanofluid(A1203+Cu water) case

The combined synergistic effect of intensified Lorentz force (Ha) and elevated inertial
damping (high G), leads to a significant reduction of convective currents. This joint
suppression results in a shift in the heat transfer regime state dominated from a convection
to a thermal conduction

The incorporation of SWCNTs significantly augments the effective thermal conductivity of
the fluid. While increased nanoparticle concentration correlates with elevated viscosity, the
aggregate effect is a substantial improvement in convective heat transfer. A concentration
increase from ¢ = 0.0 to 0.1 leads to a 76% rise in heat transfer performance, demonstrating
the potential of SWCNT-based nano fluid in energy systems

The best cavity inclination angle for obtaining maximum thermal performance is y=30e, since
this angle promotes the maximization of heat flow and the overall heat transfer rate. However,
selecting the maximal angle (y=90¢) renders the convection ineffective since it strongly
suppresses fluid flow. This ultimately causes inefficient heat transfer that is largely controlled
by the thermal conduction mode

The SWCNT water nanofluid shows a marked superiority over the other fluids under
investigation—Al:Os>—Water and (Al.Os + Cu)-Water—owing to its reduced effective
viscosity and enhanced thermal conductivity, which collectively improve natural convective
heat transfer in the medium. In contrast, the hybrid nanofluid (Al.Os + Cu)-water
demonstrates the least efficient performance of the three fluids, principally due to its elevated

viscosity and increased sensitivity to inertial effects within the cavity.

5.2. PERSPECTIVES:

Investigations of further non-Newtonian fluid types are recommended. Therefore, broadening
the study to include different rheological models will reveal how the same governing

equations within the cavity affect their behavior.
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e It is recommended to vary the form of the cavity (e.g., triangular, hexagonal, or circular
cavities) to examine the influence of non-square geometry on the flow and heat transfer

efficiency of non-Newtonian fluids
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