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In this work, we will study the phenomenon of flow in porous media, specifically
the problem of dams. After presenting the mathematical model of the problem, we
will, under certain conditions, prove the existence and uniqueness of the solution to
the problem using the Schauder theory. Finally, we will conclude by providing some

properties of the solution and special examples .

Key Words : Porous media, Existence, Uniqueness, Schauder theory .
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Dans ce travail, nous étudierons le phénomene d’écoulement dans les milieux
poreux, en particulier le probleme des barrages. Apres avoir présenté le modele math-
ématique de phénomene, nous prouverons, sous certaines conditions, I'existence et
I'unicité de la solution au probléme en utilisant la théorie de Schauder. Enfin, nous
conclurons en fournissant certaines propriétés de la solution et des exemples partic-

uliers.

Mots clés : Milieu poreux, Existence, Unicité, Théoreme de Schauder .
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The study of flow in porous media is a fascinating area of mathematics that has
significant applications in various fields,

including hydrology, petroleum engineering, and environmental science. This
research focuses on understanding how fluids move through materials with a network
of interconnected pores, such as soil, rock, or biological tissues. The behavior of fluid
flow in these complex structures is governed by a set of partial differential equations,
notably the Darcy’s Law and the Navier- Stokes equations for more detailed models.
Mathematical modeling of porous media flow involves the use of techniques from
calculus, linear algebra, and numerical methods to solve these equations and predict
fluid behavior under different conditions. This knowledge is crucial for designing
efficient extraction processes in oil and gas industries, managing water resources, and
mitigating environmental impacts such as groundwater contamination. Advances in
this field also contribute to innovations in medical diagnostics and treatments, where
understanding fluid flow in biological tissues is essential. The interdisciplinary nature
of this study makes it a dynamic and continually evolving area of research, integrating

insights from mathematics, physics, engineering, and computational science.

%

Our work is mainly based on the article by the esteemed authors J. Carrillo and M.

Chipot in their work - The Dam Problem with Leaky Boundary Conditions [24] -. We
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simplify the mathematical concepts and transitions to make them easily understand-
able for students and those interested in mathematics in general. This work is divided
into four Chapter. In the first Chapter, we present the main theories and spaces that
we will need in our work. Then, in the second Chapter, we present the physical phe-
nomenon with its mathematical model and the appropriate initial conditions to obtain
the weak formulation of our problem. The third Chapter was to proving the existence
of a solution to the weak formulation using Schauder’s theorem, by adding conditions
to the boundary functions. We conclude this section by verifying the uniqueness of
the solution to problem. Finally, in the fourth Chapter, we study some properties that
the solution of the problem satisfies, and we present different examples under special

conditions to conclude our work.
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The aim of this chapter is to recapitulate the fundamental concepts and findings em-
ployed throughout this study.

1.1 Remindersonsome functional spaces and theoremes

1.1.1 Lebesgue Spaces

Definition 1.1
We define the Lebesgue space L?(Q2) by:

1. let 1<p<+o00;weset

LP(Q):{M:Q—>R mesurable, flu(x)l”dx<+oo},
Q

el o) = (J |u(x)|pdx)p )
Q

We shall check later on that || ||, is a norm.

with

2. letp=+o00

L“(Q):{u:Q—>R mesurable, supesslu(x)|<+oo},

xeN
with
Il 24| oo () = sup ess| u(x)|.
xeN
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Proposition 1.1: (Reflexivity. Separability. Dual of L7)

We shall consider separately the following three cases:
1. For1< p < oo. L? is reflexive, separable, and the dual of L? is L.
2. L'(Q)is separable, never reflexive and the dual space of L!(Q) is L*°(Q).

3. L*°(Q)is not sparable, not reflexive and the dual of L*°(92) is Strictly bigger than
LY().

Theorem 1.1. (Holder’s inequality)
Assume that f € L” and g € L9with 1 < p < co. Then fg € L' whe have

J |f(x)g(x)d x| < I f ()l o118 (g
Q

For p = g =2, itis called the Cauchy-Schwarz Inequality:

Jlfglﬁlflzlglz-

1.1.2 Hilbert space

A Hilbert space is a vector space H equipped with a scalar product such that H is
complete for the norm| |.

In all follows, H will always denote a Hilbert space

Exemple 1.1: Basic example
L2(%2) equipped with the scalar product

(u,v)= J u(x)v(x)du.
Q

is a Hilbert space. In particular , L* is a Hilbert space

Definition 1.2: (Carathéodory Function)

A function f : R" x R — R is called a Carathéodory function if it satisfies the
following conditions:

1. Measurability in the First Argument: For every fixed y € R, the function
x — f(x,y)is measurable with respect to x.

2. Continuity in the Second Argument : For almost every fixed x € R”, the function




1.1. Reminders on some functional spaces and theoremes

y — f(x, y)is continuous with respect to y.

1.1.3 Distribution

Distributions make it possible to differentiate functions whose derivatives do not exist
in the classical sense. In particular, any locally integrable function has a distributional
derivative.

Definition 1.3: Lespace 2(02)

Let 2 be an open set in R” and f be a function defined on Q with real values. The
support of a function f(x), denoted supp(f), is the smallest closed set of values
of x € Q outside of which the function f(x) is identically zero. It is therefore the
closure of the set of points x € 2 such that f(x)#0, that is

supp(f):{er such that f(x);éo}.

Definition 1.4

Let Q2 be an open set in R”. All functions defined on 2 that we consider are real-
valued. We denote by D(02) the vector space of infinitely differentiable functions
on Q with compact support in Q.

1.1.4 Sobolev Space

Definition 1.5: H!(2) Space

Let 2 € R be an open set. The Sobolev space H'(1) is the space of functions in
L?(©2) whose partial derivatives are also in L?(0)

HY(Q) = {u e L*(Q) suchthat:Vie{l,...,n}, g;‘ € LZ(Q)} )

In other words, a function u € L?(Q) is in H'(Q) if there exist v,,..., v, € L?(2) such
that :

YveL?9) : fQ ug—fi dx =—f9 viedx, Yoe2(Q),ie{l,2,...,N}.
And according to the theory of distributions, the v; are denoted by g—)’:i.

Definition 1.6: The Space H;(Q)

Let 2 be an open subset of R". The Sobolev space H; () is defined as the closure

of 2(Q) in H(N2). That s,
——H'(Q)

H{(Q)=9(0)

0
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We denote
Hy()={uecH' Q)| u=00n20o0}

That is, the functions in Hj(Q) are the limits in H'(Q2) of sequences of functions
from 2(0).
Definition 1.7

Let X be a Banach space and T : X — X an operator. A fixed point of T is any point
x € X such that T(x) = x.

Theorem 1.2. (of trace) So let there be a bounded open set regularly of class C', or
else Q=RY. We define the trace application .

HYQ)NC([) — L28Q)NC(2Q)
— ro(u) = Uz

This application 7, is extended by continuity to a continuous linear application from
H'(Q) to L*(Q), still denoted by 7,. In particular, there exists a constant C > 0 such
that, for any function u in H'(92), we have

lullr200) < Cllullm@-

1.1.5 Green’s formula

Theorem 1.3. (Green’s formula) If 2 is abounded open set of class C!, and if u and
v are functions in H'(Q2), they satisfy

Jai.?x)v(x)dx:—f u(x)aa:_(x)dx+f u(x)v(x)n;do.
e & 29

1

where n =(n;),<;<, is the unit outward normal to 29, and d o is the surface measure
of the boundary.

Corollary 1.1. LetQbe a bounded open set regularly of class C'. The space H; () co-
incides with the subspace of H!(Q2) consisting of functions that vanish on the boundary
oQ.

1.1.6 Mesurable function

Definition 1.8: Mesurable function

Let (X, A) be a measurable space. We say that f : X — R is measurable if, for every
openset QinR, f~1(Q2) € A.




1.1. Reminders on some functional spaces and theoremes

Theorem 1.4. Dominated Convergence Theorem of Lebesgue
Let (f,,) be a sequence of functions in LP(Q2), where 1 < p < +00. We assume that

fnﬂf on (.

There exists a non-negative function g € L”(Q2) such that for all n, | f,(x)| < g(x)

almost everywhere on Q.
Then f € LP(Q2) and

Il f,— fllLp — 0.

Theorem 1.5. (Density Theorem) B
If the open set 2 is Lipschitz, the space D(2) is dense in H!(2), i.e., for any element u

in H'(Q2), there exists a sequence (u,,) in D(Q2) such that ||u,, — u||;1 ) converges to 0.

Proposition 1.2

The space W,'” is a separable Banach space. Moreover, it is reflexive for 1 < p < 0o.
The space H, is a separable Hilbert space.

1.1.7 Monotone operators

Definition 1.9

Let V be a reflexive Banach space, and A: V — V’ be an operator.
It is said that

1) Ais monotone if and only if

(Au—Av,u—v)>0, VYu,veV

2) Ais strictly monotone if and only if

(Au—Av,u—v)>0, Yu,veV, u#uv.

1.1.8 Technical lemmas

Lemma 1.1. (Young’s inequality) Let p and g be two strictly positive real numbers
such that % + % = 1. For any positive real numbers a and b, we have

1 1
ab < —a?+—b1.




Chapter 1. Preliminary

1.1.9 Convergence in L7(Q2)

Definition 1.10: (Strong convergence)

Let1 < p < oo, f € LP(Q), and (f,),.en be a sequence in LP(Q2). We say that f,
converges strongly to f in L”(Q) if:

Tim |1, — f1l, =0,
and we write f, — f in L”(f).

Definition 1.11: (Weak convergence)

Let1<p<oo, feLl(Q),and (f,),.y be abounded sequence in L?(Q2). We say that
f» converges weakly to f in LP(Q) if:

Vg € L” (@), (g, fu) = (8. f),
and we write f, — f in L”(Q).

1.1.10 Maximum principle

Theorem 1.6.
e Let f be a holomorphic function in a domain U. If | f| has a local maximum at a
point a in U, then f is constantin U.

e Let U be a bounded open setin C and f be a holomorphic function in U and
continuous on U. Then, for every z € U, we have

|f(2)l < sup{|f(w)|: wedU}.

Theorem 1.7. (Poincaré inequality) Let 2 be a bounded open set in R”, and
1 < p < oo. Then there exists a positive constant C,(2) such that for all u in WOI”’ Q),

”u”LP(Q) < Cp(Q)”VUHLn(Q)n-

Theorem 1.8. (Rellich Theorem) IfQ)is a bounded open set of class of regularity C*,
then from any bounded sequence in H'(£2), we can extract a convergent subsequence
in L?(2) (we say that the canonical injection from H'(Q2) into L?(2) is compact).




1.2. Fixed point theorem

1.2 Fixed point theorem

Definition 1.12: (Linear form)
Let H be a Hilbert space and f : H — R. We say that f is a linear form on H if and
only if:

Yu,veH, Ya,feR: flau+pv)=af(u)+pf(v).

Definition 1.13: (Coercive form)

Let H be a Hilbert space and a a bilinear form on H. a is coercive on H if:

there exists a > 0 such that a(u, u)> a||lu|l?, forall u e H.

Definition 1.14: (Bilinear and continuous form)

Leta: H x H — R. We say that a is a bilinear form on H if for every fixed u € H,
the following mappings:

a(u,.):veH —a(u,v)eR,

a(,u):veH —a(v,u)eR,

are linear.
Recall that if a is a continuous bilinear form on H, then there exists a constant
C > 0 such that:

la(u, v)| < Cllullgllvlly  Vu,veH.

1.2.1 Fixed point theorems

In nonlinear analysis, fixed point theorems are used to justify the existence of a
solution through a technique of transitioning from the linear case to the nonlinear case,
building upon well-understood linear cases. There are several fixed point theorems,
and their applications vary depending on the model and assumptions.

Theorem 1.9. (Schauder’s fixed-point theorem) Let E be a normed vector space
and C a closed convex subset of E.

If T is a continuous compact mapping from C to itself, then it has at least one fixed
pointin C .

Definition 1.15: (Darcy’s Law )

To understand the mathematical aspect behind liquid flow in the substance,
Darcy’s law can be described as:
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Darcy’s law describes the relationship among the instantaneous rate of discharge
through porous medium and pressure drop at a distance.

Using the specific sign convention, Darcy’s law is expressed as:

=—KA—.
Q Al
Where:
o Q is the rate of water flow,
o K is the hydraulic conductivity,

o Aisthe column cross-section area, and

o 22 indicates the hydraulic gradient.

1.3 Classification of PDE’s

We focus on second-order equations in two variables, such as the wave equation

*¢p 10°¢p )
5 2 ap = f(x,t), (Hyperbolic)

Laplace or Poisson’s equation

o9 0% N
a2 oy =f(x,y), (Elliptic)
or Fourier’s heat equation
o*¢ 3¢

P —KE = f(x,t). (Parabolic)

What do the names hyperbolic, elliptic and parabolic mean? In high school coordinate
geometry, we learned that a real quadratic curve

ax*+2bxy+cy*+fy+gy+h=0

represents a hyperbola, an ellipse, or a parabola depending on whether the discrim-
inant, ac — b?, is less than zero, greater than zero, or equal to zero, these being the
conditions for the matrix

a b

)

to have signature (+,—), (+,+) or (+,0).
22¢ 2%¢ 2%¢

By analogy, the equation
2b(x, )
R (x y)8x6y+c(x y)ay2

a(x,y)

+ (lower orders) =0,




1.3. Classification of PDE’s

is said to be hyperbolic, elliptic, or parabolic at a point (x, y) if

a(x,y) b(x,y)| _
b(xy) clx )|~ @ Y)

is less than, greater than, or equal to zero, respectively. This classification helps us
understand what sort of initial or boundary data we need to specify the problem.

1.3.1 Some boundary conditions:
There are three broad classes of boundary conditions:

a) Dirichlet boundary conditions: The value of the dependent variable is specified
on the boundary.

b) Neumann boundary conditions: The normal derivative of the dependent vari-
able is specified on the boundary.

c) Cauchy boundary conditions: Both the value and the normal derivative of the
dependent variable are specified on the boundary.

Less commonly met are Robin boundary conditions, where the value of a linear
combination of the dependent variable and the normal derivative of the dependent
variable is specified on the boundary.

Cauchy boundary conditions are analogous to the initial conditions for a second-order
ordinary differential equation. These are given at one end of the interval only. The other
two classes of boundary condition are higherdimensional analogues of the conditions
we impose on an ODE at both ends of the interval.

Each class of PDE’s requires a different class of boundary conditions in order to have a
unique, stable solution.

1) Elliptic equations require either Dirichlet or Neumann boundary conditions
on a closed boundary surrounding the region of interest. Other boundary conditions
are either insufficient to determine a unique solution, overly restrictive, or lead to
instabilities.

2)Hyperbolic equations require Cauchy boundary conditions on a open surface.
Other boundary conditions are either too restrictive for a solution to exist, or insuffi-
cient to determine a unique solution .

3) Parabolic equations require Dirichlet or Neumann boundary conditions on a
open surface. Other boundary conditions are too restrictive.
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1.3.2 Lipschitz function

Definition 1.16: Lipschitz

Let E be an open subset of R”. A function f : E— R" is Lipschitzifforall x, y € E,
there is a K such that

If(x)=FII<Kllx=yll.

The smallest such constant K is called the Lipschitz constant of the function f.

10
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2.1 A unified formulation of the dam problem

2.1.1 Formulation of the problem

2.1.2 Strong Formulation

The boundary of A, denoted by 0 4, is partitioned into four distinct sections: T}
represents an impervious segment, I, denotes a free boundary, I; signifies a region
submerged beneath the fluid, and finally, I, designates a seepage front where fluid
exits Q but exerts negligible pressure modification (see Figure 1)."

I C S, - the impervious part,
I, c Q - the free boundary,
I; C S;- the part covered by fluid,
I, C S, - the part where the fluid flows out of Q
The velocity v of the fluid in A is given, according to Darcy’s law, by

*'f

Figure 2.1

11



Chapter 2. Formulation of the dam problem and Existence of a solution

v=—kV(p+y), 2.1

where p is the pressure and k is the coefficient of permeability of the medium.

We assume the medium is homogeneous, and for simplicity, we consider the fluid
to be water with a specific weight equal to 1. Additionally, we've scaled all relevant
parameters that k = 1.

Then, if the fluid is incompressible we have
v=0 iInA,

or
Ap=0 inA. 2.2)

Next, on T UL, there is no flux of fluid through this part of the boundary. So, if v denotes
the outward unit normal to J A we have

V'V:() on FIUFZ,

or, by (2.1)

0
E}(p+y):0 on [UL. (2.3)

OnT, the fluid is free to exit the porous medium and thus we have
vv> onlj

which reads, again by (2.1)

;—V(p+y)§0 on I,. (2.4)
We denote by ¢ the outside pressure on S, U S;. For instance, if we assume that we are
in the case of Figure 1, and if the atmospheric pressure has been scaled to 0, then ¢ is
given by

0 if (x,y)€$,

S‘7“6’y):{iz,-—y if (x,))€8 i=1,..N,

where h; denotes the level of the reservoir covering S; ;. (we assume that the fluid is
water and the units are chosen in such a way that the hydrostatic pressure at (x, y) of a
reservoir of level £ is given by i — y.) Clearly, ¢ is a Lipschitz continuous function. In
what follows we could consider the case of a general Lipschitz function ¢. However,
we restrict our analysis to ¢ given by the above expression, i.e., to the case where the
external pressure is due to reservoirs hanging around.

Besides (2.3) there is a second condition on I, i.e., the pressure p coincides with
the atmospheric pressure, in such a way that

p=0 on I,. (2.5)

In [13] or [12] we considered the case of the Dirichlet boundary condition, i.e.,
the case where p is prescribed equal to ¢ on S; . Here we would like to prescribe the
flux on this part of the boundary. More precisely we would like to consider the case
where the flux is governed by a function of the jump of pressure across S; . This kind

12



2.1. A unified formulation of the dam problem

of conditions is called a "leaky boundary condition" and we refer the reader to [5] for
physical justifications of such a model.
So, we assume that

0
a—v(p+y)=/3(x,90—p) on S;. (2.6)

Here x denotes a point in R?. We use the same notation for the first entry of such a
point but we do not think that this will create any confusion. On  we can assume, for
instance,

B(x,0)€ L*(S,). 2.7

Where L*(S;) denotes the usual space of functions of square integrable on S; for the
superficial measure o (see, for instance,[14]),

x — PB(x,u) ismeasurable forevery ue€R, (2.8)
and also 3C > 0 such that :
IB(x, u))—PB(x,u)| <Cluy—u,| o—a.e. x€8;, VYu,,u,€R, (2.9)
u— B(x,u) isnondecreasing for o —a.e. x€S;, (2.10)
B(x,u)>0 o—a.e. x€S; Yu=>0. (2.11)

A particular case is when
B(x,u)=p;(u) for xeS,.

It may also be thought to extend our results to the case where f3; is a maximal monotone
graph. For instance if g; is, for every i =1,...,, N, the rnultivalued graph

ﬁi = (O’R))

then the Difichlet conditions of [13] are recovered (see [16] for this theory and
also [17] for results in this direction). However, since our concern is mainly to stress
the differences between this model and the classical one we do not consider such a
generalization here.

So, assuming that everything is smooth the problem is to find a pair (p, A) such that
(2.2)-(2.6) holds. This is what is referred to as the strong formulation.

2.1.3 Weak Formulation

First note that to find the pair (p, A) is equivalent to finding the pair (p, y,), where y,
denotes the characteristic function of the set A. Then, following [11] (see also [1]), for
any smooth function & we have

JVp-V§+§ydx fV(p+y).V§dx
A A

9
J—A(p+y).§dx+J I;J;y.éda(x).
A A

13
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So, if we assume that p is a smooth function satisfying (2.2)-(2.6) we get, by (2.2),

JVp.V§+§ydx=J 3’;—;y.§do(x).

Using (2.3)and(2.6)this implies

pr.V&—i-&ydx:J ﬂ(x,go—p).&d0+f IPYY rao(x)
A A

M av
and if we assum that
E>0on I,. (2.12)
We get by (2.4)

pr.V§+§ydx—f B(x,p—p).Edo <LO0. (2.13)
A S

Now, see (2.5), assume that we extend p by 0 outside of A and that we still denote
this extension by p. Then, clearly, if p is smooth up to I, we deduce from (2.15) that

pr.V§+xA§ydx—f P(x,p—p)l&do <0, YE>0 on S,. (2.14)
Q N

The part I, is an unknown of the problem so we have assumed that £ >0 on S, and
this implies, in particular, £ >0onT,.

So, we are led to look for a pair (p, y) = (P, y 4) satisfying (2.16). Recasting this within
reasonable spaces the problem becomes :

(P)Find(p, y) € H(2)L*>°(Q2) such that:
(i)p=0, 0<y<1ae.in Q,
¥ =1 on [p>0]={(x,y)eQ|p(x,y)>0},
(ii)) p=0 on S,
(ii1) [, Vp-VE+yEydx— [ Blx,p—p)-Edo(x)<0,
(VE€eH!(R), £=0 on S,.
We refer to (P) as the weak formulation of our initial problem. Clearly, if(2.2)-(2.6)
has a solution (p, A) and if p also denotes the extension of p by 0 outside A, then we

have shown above that (p, y,) is a solution to (P) and thus any strong solutions to our
initial problem will be found among those of (P).

We now study the question of the existence of a solution to (P)

2.2 Existence of a solution
We argue as in [11] and we first introduce the following approximated problem
(p.) Find p, € H(2) such that :

p.=0 on S,,

and

14



2.2. Existence of a solution

f Vpg.V€+HE(p€)§ydx—f B(x,¢—p,).Edo =0,
Q
V& e HY(N), 52530 ons,.

Here H, is the approximation of the heaviside graph defined by

H,(p)=0Vinl,

Wher Vv denotes the maximum of two functions and A the minimum, ¢ is positive.
Then we have

Theorem 2.1. Assume that B(x, u) is a function satisfying (2.7) — (2.11).Then, under
the above assumptions, for any € > 0 there exists a unique solution p, to (P,).

Moreover, we have

0<P., a.ein Q. (2.15)
Proof. set

V={veH'(Q)|v=0 on S,}.

For p € V let us consider the map from V into R:
€—>JVP-V§dx—f B(x,7o(p —p))-Edo(x), (2.16)
Q S
Where 7, denotes the usual trace operator (see [14] or [22] ). For simplicity we some-

times drop the notation 7, in the second integral of (2.16).
Since f is Lipschitz continuous and satisfies (2.7), (2.9) we have :

IA

f B(x, 7ol —p))-Edo(x) Clrolg —pllas, +1B(x,0)l55,1E 5 s,
S3

K[,z

where | |, 5, denotes the usual L*-norm on L*(S;) and | |, denotes the H'(2)- norm.
We assum V is equipped with this last norm. We deduce from (2.17) that (2.16) defines
a continuous linear form on V that we denote by A(p). Thus if ( ) denotes the pairing
between V' and V, we have defined an operator A from V into V' through the formula

(Alp).¢ )=J

Q

(2.17)

IA

VP'ngX—J B(x,y(¢—p))-Edo(x). (2.18)
S
We have :
(A(p)—A(p1), p—p/) =f Vip—p)—Vp—p')
Q
= ”p_p/”ip(m

> 0.

15



Chapter 2. Formulation of the dam problem and Existence of a solution

So A is monotone on V. More precisely we have

(Ap)—Alp1,p—p7) Zf IV(p—p/)fdx. (2.19)
Q

And A is coercive on V (see [15] ). Moreover, A restricted to finite-dimensional spaces
is clearly continuous. So, (see [15]), A is a one-to-one operator from V into V’. Now, if
v € L%(), then

g _)_f HE(U)gydx)
Q

defines a continuous linear form on V. Thus, for any v € L?(2), there exists a unique
u, = 7.(v)such that:

u.€V, (Au,)g) =—f H(v)¢,dx, YEeV. (2.20)

Q

So, to prove that there exists a solution to (P,) we now only need to show that the map
7, has a fixed point. For that, if ¢ denotes a Lipschitz continuous extension of ¢ to ©,
we note that u, — p € V, thus from (3.7) we obtain

<A(us)’ u8_90>:_f He(U)(us_SD)ydx;

Q

16



2.2. Existence of a solution

hence, for some constant C independent of ¢,
(A1) = Alp) uc—¢) = —(Alp) u—¢)— | H(v)-(u,—),dx
Q
= —J Vgo-V(ug—np)derf B(x,0)(u,—p)do(x)
Q

S
—f H,(v)-(u, — ), dx
Q

by Youngs inequality we have

< —lVelly - IV(ee = @)l
+HB(x,0)lys, - lue —@lla = 1QU* - lu, — @l
by Poincaré inquality we have
< Vel - IVQee — @)l
+CIB(x, 0)ly,s, - IV ue — @Il — 192 - [V, — 1l
and finally we get
< (IV@ll+1912 + CIB(x, 0l ) IV (1t — )l

(2.21)

by the Cauchy-Schwarz inequality. (| | denote the Euclidean norm in R" or the
Lebesgue measure, | |, is the L>-norm on L?(2) and we used the continuity of the trace
operator, see [14]). Recalling (2.19) we obtain

J V(. — ) <(IVell, +121"*+ CIB(x,0)ls, ), (2.22)
Q
and thus

lttel12 < C, (2.23)

where C is some constant independent of . The existence of a fixed point for ¢

17



Chapter 2. Formulation of the dam problem and Existence of a solution

then follows easily from the Schauder fixed-point theorem. Hence the existence of p,.

To prove uniqueness we argue like in [11] and see also [7] for more general results.
More precisely, set, for 6 >0,

[ (=9 if x=0,
fs(x)—{ 0 it x<o, (2.24)

[5 is a Lipschitz continuous function and if p,, p; are solutions to (7,), then
fspe—p)eV.

Thus it is deduced from (P,) written for p, and p/ that

J V(p.—p))-Vfs(p.—p)dx
Q
Q

+J ﬁ(xr(p—pe)_ﬂ(x’so_p;)ﬁ(pe_pé)da(x)
S

Hence, by the monotonicity of 8,

f V(pe—p))-Vfsp.—p)dx < —f (He(pe)—H.(p) f5(pe— 1), d x.
Q

Q

So, if we set g, = p, — p/,[q. > 6]={x €Q: g, > 6} we easily obtain, using (2.24) and the
Lipschitz continuity of H,,

vaq,|? 1 v
[ morg [ e,
>89 € g1 e

Hence, by the Cauchy-Schwarz inequality,

2
Va.|? Q
f dx:J %dxs%
) (qe>5) 9 €

€
By Poincaré’s inequality we obtain

J

Where C is independent of 6. Letting 6 — 0 we deduce

Vln(l + @)

2

dx<C,

ln(l—i— (qs;5)+)

g. <0 a.e.in Q,

and the uniqueness of p, follows by exchanging the roles of p, and p; .

18



2.2. Existence of a solution

To prouve (2.15) if we set & = (p.) in (p,) we obtain

JIVpgldx—fﬂxso P:) p, do(x)=0,

hence, by (2.11),

f IVp, Pdx <0,
Q
and (2.15) follows. O

Remark 2.1. In fact,we have that if ¢, ¢’ are such that
< on SUS;,
then the corresponding solutions p, and p; are such that

p.<p, a.ein Q.

Indeed f;(p,—p!) € V and the last integral in (2.25) written with ¢ and ¢’ is nonpositive.
In fact, the emstence of a nonnegative solution to (p,) when u — f(x, u) is not assumed
to be nondecreasing can also be proved . Indeed we have

Theorem 2.2. Assume that (x, u) is a Carathéodory function, i.e., measurable in x
for every u and continuous in u for o —a.e, x and such that, for some constant a, b,
we have

|B(x,u)|<alul+b o—a.e. x€S;. YueR (2.26)

Then if a is small enough there exists a solution to (p,) . Moreover,if (2.11) holds,then
we have

p.=0 a.e.in Q.

Proof. For v € L*(S;) there exists a unique u, € V such that

J Vu,-Védx =—J H,(u,)¢,dx +J Blx,p—v)-Edo(x). (2.27)
Q 0 S
By the shauder fixed-point theorem we have u, € V is a unique solution

L2(S3)— L*(Sy)

P—S)=w

19



Chapter 2. Formulation of the dam problem and Existence of a solution

Such that W is a solution of probleme

JVw-Vé’dx:—f Hg()()gydx+f Blx,p—v)-Edo(x).
[9) Q S3

We will demonstrate that S satisfies all the hypotheses of the Schauder fixed-point
theorem

1-S fixes a certain closed ball L?(S;)

We choose & = w

wa-dexz—f Hg()()wydx+f B(x,p—v) wdo(x).
Q Q 83

by Cauchy - Schwarz inequality we have

2 1/2
w1y < —llwlly - 142+ 1BCx, 0 = V)lo - W]l

by Poinca inequality

1/2
11y < Col—1QU2 + alip — vl + b)- [ Wi,

1/2
Wl < Col—1Q17 +alp — vl, + b),

and we have

- w20y < Co(—IQUSZ + alp — v, + b),
Q

1/2
w2y < CHIQE + alp — vl + b).

B(O,R)={weL*Q) : ||wllm<R}.
2-S is continuous, from L? strong to L? strong, that means

lyn—xllz2—0.
So

1SCrn) =Sl e — 0.
we get

fV(wn)-Védx=—J Hg(xn)iydx+f B(x,p—v)-Edo(x).
Q Q S

20




2.2. Existence of a solution

J V(w)-V&dxz—f He()()fydx‘FJ B(x,p—v)-do(x).
Q Q S

f V(wn_w)V§dx:_f Hs(%n_)()gydx-
Q Q

we find £ = w, — w and by Cauchy - Schwarz inequality we have

|wn - w”ip(m :_f [Hs(%n)_Hs(%)](wn - w)dx,
Q

1
EQ' Wy — wllzLZ(Q) < _”Hs(xn)_Hs(Z)HZH Wy — w”z,
by Young’s inequality we have

(=I1H () — He(X)ll) L llwn = wll,)
2 2

2
|wn_ w”Lz(Q) <

)

Ca

lw, —wll; < () = He()ll2)*
2 - 2

| Wy — w”iz(m +

)

Ca

11 GG = HOOlP
Co 2 2

w, — w”iz(g)(

Wy — w”iz(g) < CQ(_HHE(}(n)_Hs(X)”z)

using

And likeH, continuous we have

H,(xn)— H,(%)-

So
Hf(}(n)_)Hs(X) a.e.y XGLZ(Q)

And we have Dominating function
|H, ()l < 1.
By dominated convergence we have

2(Q)
1H, (1) — Ha ()l —= 0.

So




Chapter 2. Formulation of the dam problem and Existence of a solution

3- S(B(0, R)) is relatively compact

Let y, be asequence of B(0, R) by the estimation 2. The sequence w, = T(y,)isbounded
in H'(2), which injects into L?(2) in a way.(Rellich théorem) Consequently, this se-
quence admits a single converging sequence in L((2).

All conditions of the Schauder fixed-point theorem are satisfied alor we have u, is
a sloution of (P).
This is an consequence of the schauder fixed-point theorem(see the proofabove).Set

TS(U) = YO(us)’

where 7, denotes the trace on S;. Clearly, 7, is a continuous map from L?(S;) into itself.
Set

K={vel’S)|lv—yl,<R}.

Then K is a closed convex of L,(S;) .Taking & = u, — ¢ in (2.27) we get

JlV(us—(p)lzdx = — r‘V(,O-V(uf—c,o)dx
Q Ja
[
- He(us)'(ue_(p)yd-x
Ja
+Jr Blx,p—v)-(u,—p)do(x).
S3

(We assume ¢ extended to Q into a Lipschitz function see [19]). Applying the Cauchy-
Schwarz inquality and (2.26) we have

IV(u— @)l < (IVell+1Q2)IV (. — ),

+Halv—plys, + b|S;|"*) u, — Glas,
With obvious notation . Now, clearly, for some constant C we have

|ue _80|2,53 < C”V(ue - 90)”2
(see for instance [22])and we deduce
IV(ue— @l < IVl + Q"2+ b CIS;V* + aClu— gy, (2.28)

and thus
lte—@las, < ClIV(u—@)ll, < ClIVell,+1Y2+ Db C|S,|'2

+aClv—plys,-

If we choose v € K, then u, = 7,(v) € K provided

ClIVell, + 12+ bC|S;|* +aC?R <R,
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2.2. Existence of a solution

i.e.,if aC? <1 provided that

R>(1—aC* - C{lIVol,+IQ/"*+ bC|S;|}. (2.29)

Thus, assuming aC? < 1 and condition (2.29) holds, then 7, becomes an operator
mapping K into K. Furthermore, according to (2.28), u, is uniformly bounded in H(Q2),
and 7, is compact. The existence of a fixed point for 7, is a consequence of the Schauder
fixed-point theorem, demonstrating the existence of p,. To establish p, > 0, we proceed

as in the proof of Theorem (2.1).
L]

Remark 2.2. Theorem (2.2) applies, for instance, when, for some constants «, 7,

1B(x, W) <alul"*+y o—a.s. x€8, YueR (2.30)

Indeed, in this case, it is easy to show that (2.26) holds for a as small as we wish.

We are now able to show

Theorem 2.3. Assume that f is a function satisfying (2.11) and (2.7)-(2.10) or (2.26)
then there exists a solution (p, y) to problem (P).

Proof. Let p, be the solution to (P,) . From (2.23), (2.28) we deduce

|Pel12 < C.

Where C is some constant independent of ¢ . So, using classical compactness argu-
ments (see [14]) we can extract a subesquence of ¢, still denoted by ¢, such that, for
sompeV,

p.—p in H(Q), p.—p in L*Q) and a.e.on Q, (2.31)

ToPe) = 1o(p) in L*(S;). (2.32)

Since {v e V|u(x)>0 a.e.on } is closed and convex it is weakly closed and thus
p is in this set so that

p>0 a.e.on L*S,). (2.33)

Since H,(p,) is uniformly bounded there exists a function y such that
H,(p)— y in L*(). (2.34)
The set

{feL®@0<f<1 aein Q}.
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Chapter 2. Formulation of the dam problem and Existence of a solution

being closed and convex is weakly closed and, by (2.34), we have

0<y<1 ae.in Q. (2.35)

By (2.31) on [p > 0] we have

H,(p.)—1 a.e.

and thus, by the Lebesgue theorem,

H,(p)—1 in L*([p>0]).

Since, by (2.34), we also have

H.(p.)—y in L*(p>0]),

we deduce

x=1 on [p>0], (2.36)

and thus (P)(i),(ii) follows.
Next, for EH'(Q), £ > 0 on S,, we have, for any § > 0,

f&eV.

0

Thus inserting this function in (P,) we obtain

prs-V(fA%)dx +H€(p£)(g%)y dx—L/s(x, " —ps).éi%do(x)z 0.

Thus, we also have

Vp,-VEd +ng( (&2 a —f (x,0—p) (28 )do(x)
J[;’Sps/t?] 8 * Q p( 5)y * ssﬂmp 8 ( 5) 7

Vp, 2
:—f Vel <o
[nrs<s] ©

(If f and g are two functions we denote by [f< g] and [f < g] the sets defined by

(2.37)

[f <gl={(x,y)ef(x,y) < glx,y)}.

and
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2.2. Existence of a solution

[f <gl={(x,y)eQlf(x,y)<g(x,y)}.

We use this notation subsequently without further notice.) Now, using the divergence
theorem, note that

L Hg(pg)(@%)ydx=—L(Hg(pg))y-5A%dx+LﬂHg(pg)-vy@%da(x), 238

where v, denotes the second entry of the outward normal to Q. Note that in this for-
mula as well as in (2.2) we use the fact that

Pe) _ P
ro(£2) =187 )
Letting 6 — 0 in and since

5% —¢& a.e.on p,>0.

We obtain, by the Lebesgue theorem,

P,
li Ll dx =— Ed -y - Ed
b_lmOJQHE(ps)(é 5)y x LHE(ps)y Zdx+ L Hlpe)-vy-Edo(x)

(2.39)
:J He(pe)'gydx-
Q
Next, passing in the limit in we easily get, for any £ € H'(Q2), £>00n S,,
f vpe ' ngx +f He(ps)gydx _J ﬂ(x’ ' _pe) ' gdo'(x) <0. (2.40)
Q Q S

The only difficulty may be to pass to the limit in the last integral of the left-hand side of
(2.2). For that note that

_ Y
L/ﬂx,so p)-(e-5)dotx)

:
[ prp-p (e E)dow- [ plep)-Eodow)

J $;np>0] J s;nip=0]

:
[ prp-p(EB)dow- | puxp)-gdot

J $n[p>0] J s;nip=0]

Since B(x, ¢)> 0. Letting 6 — 0, by the Lebesgue theorem, we deduce
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Chapter 2. Formulation of the dam problem and Existence of a solution

lim — f Blx.o—p.)-(£-5)do(x)= - f B(x, ¢ —pe)-Edoa(x).
S S

6—0

and (2.40) follows.
Then letting ¢ — 0 in (2.40) and using (2.31),(2.32),(2.34) we obtian , forany £
H'(Q),&>00nS,

pr-édfoéydx—f B(x,p—p)-Edo(x)<0,
Q Q 83

and (P)(iii) follows O
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Properties of the solu-
tions

Sommaire

3.0.1 Some Properties of the solutions

In this section we describe some useful properties of any solution (p, y) to (P). Some of
these results are similar to the ones in [13] but proved with new methods.

First we have

Proposition 3.1

Let(p, y) be a pair solution to (P). Then we have in the distributional sense

Ap+y,=0 in Q. (3.1)

Ap=0, x,<0 in Q. (3.2)

Proof. If £ € 9(Q), is a test functin for (P)(iii)and we get since £ vanishes on dQ =T,

JVp-iwiydy:O, Vee (%),
Q

Which is (3.1).
Next, if £ € 2(Q), £ >0, then +£H,(p)¢ is a test function for (P)(iii). (H, is defined by
(2.12).) From (P)(iii) we then deduce

f Vp -V(H(p)E)+ 1 - (He(p)E),dx =0.
Q
Hence, since,on[p=0], H.(p)=0and,on[p>0],y =1,

f H.(p)Vp-VE+(H(p)E),dx =—f H!(p)E-|Vpldx <0.
Q Q
Since H,(p)¢ =0o0n 99, we get, applying the divergence theorem for the second integral

)
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Chapter 3. Properties of the solutions

J H,(p)Vp-VEdx <0, VEea(Q), E>0.
Q

Letting ¢ — 0, by the Lebesgue convergence theorem we obtian

f Vp-VEdx <0, VEe9(Q2), £>0. (3.3)
Q

The first inequality of (3.2) follows ,the second resulte from (3.1). O
As consequence we have

Corollary 3.1. Let(p, y) be a pair solution to (P) then, for any s > 1,
pew(Q).

loc

Proof. This is a consequence of (3.1) since y, € W~"4(Q) for any s and from the usual
regularity theory see,for instance, [6]. O

Remark 3.1. Asaconsequence, our corollary

[p>0]=(x,y)eQlp(x,y)>0.

is open in 2 since p is continuous in 2 (see [8] and [20]). In fact p is continuous at
any point of QUS,.

We also have

Proposition 3.2

Let(p, y) be a solution to (P). Let(x,, y,) € Q. If p(xy, y») > 0 then there exists € > 0 such
that the cylinder

C.=(x,y)eQlx—xy| <&,y <y+e.

lies in the set[p > 0].

Ifp(x,%)=0, then p(x,y)=0, V(x0, Y)EQ Y > Y.

Proof. The proof follows [13] but we reproduce it for the reader’s convenience . If
p(xo, %) > 0, then , since the set [p>0] is open, there exists some ¢ > 0 such that the
square

Q. ={(x,y)eQllx— x| < &,ly —nl<e}.

Is included in [p > 0]. On Q,, by (P)(i) we have y = 1, hence, since by (3.2) y is
nondecreasing in 'y, we have y =1 on C,. By (3.1) we deduce that p is harmonic on C,.
If p should vanish on C, we would then get a contradiction to the maximum principle.
This proves the first part of the proposition. The second part follows directly from the
first. O
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In the case of Dirichlet boundary conditions and in a case like, for instance, in
Figurel the pressure remains positive below S; (see [13]). We would like to show that
this is no longer the case in the present situation.

First let us show

Proposition 3.3

Assume that p =0.Then every solution to (P)is given by

(P,Z)=(h—%1), (3.4)

on every connected component of [p > 0],

(p, x)=(0,0), (3.5)
elsewhere.
Proof. 1f p =0 we have
pr-V§+)(§ydeO VE>0 ons,.
Q
Taking & = +p we deduce
JIVp|2+)(pydx=0. (3.6)
Q

Taking & = k + y for k large enough in such a way that k+ y >0 on S, we get

pr+;(dx£0.
Q

Since y =1 on[p>0]and 0 < y <1 this last inequality implies

J;{py+)(2dxso. 3.7
Q

Adding (3.6) and (3.7) we get

f IVpl*+2yp, + y*dx =0.
Q

Hence
Jpj+(py+)()2dxso. (3.8)
Q

Thus we obtain

Vp=(0,—y) a.e. in Q.

In particular, on any connected component of [p > 0]

Vp = (0) _1),
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Chapter 3. Properties of the solutions

and thus p =(h—y). Outside
(0,00=Vp=(0,—y),

and the proposition follows. O

Remark 3.2. Itis clear that every pair given by (3.4),(3.5) defines a solution to (P) for
p =0. For instance, in the case of Figure 1 the pair

(p,x)= ((k_y)+’)([y<k])»

is a solution to (P) for f =0 provided that K is small enough (see 4.3), Clearly, differ-
ent values of k are suitable here so that (P) does not have a unique solution. We are
encountering "pool" solutions as in the case of the dam problem with the Dirichlet
boundary condition-see [13]. We will see that again in Theorem 3.

We are now able to prove

‘ Proposition 3.4 ‘

The region below S; is not in general saturated, i.e, there is not in generalp >0
below S;.

Proof. Consider p satisfying the assumptions of Theorem 2. Then, forany0<n <1,
there exists a (p,, y,) solution of (P) corresponding to . In particular (P)(iii) reads

prnV§+)(n§ydx—J np(x,p—p,)-Edo(x)<0, (3.9)
9) S3

forany & € H'(Q), £ >0 on S,, Taking & = p, — ¢ in this inequality we deduce very easily
(compare with (2.23) and (2.28)) that

Pyl < C,

where C is independent of ). Hence, up to a subsequence,

p,—P in H'(Q), P,—P L*(Q), P,—P L*S),

p,—P a.e.inQ, ap— x in L3(9),

when 1 — 0. Passing to the limit in (3.9) we obtain

f VpVE+ &, <0, VEeHY(Q), E>0 ons,. (3.10)
Q
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Moreover, see the proof of Theorem (2.3), we have, clearly,

0<p, pev, 0<y<l1, =1 on [p>0],

and thus (p, y) is a solution of (P) for = 0. If, for any n, we had p > 0 below S; we would
have y, =1 below S; and thus at the limit y =1 below S;. This is clearly not the case by
Proposition 3. O]

Thus, roughly speaking, if f is sufficiently small, an unsaturated region could de-
velop. In Section 5, we will provide examples where p = 0 in a vicinity below S; and
elaborate further on this matter.

Given that the properties of (p, y) in the model we are studying are notably distinct
from those under Dirichlet boundary conditions, it is important to verify that problem
(P) constitutes a free boundary problem .

For that we can prove

Theorem 3.1. Let us assume that 3 is chosen as in Theorem (2.3). Moreover, let us
assume that

B(x,u) - u>0, YueRo—a.e. x €S, (3.11)

Let(p, y) be a solution to (P) and let us denote by h, the level of the highest reservoir.
Then we have

(px)=(k—y,1),

on any connected component of [p > 0] that intersects [y > h,]. Moreover, outside these
connected components we have

p<(h—y). (3.12)

Proof. Let(p, y) be a solution of (P).Taking
E=(p—(—y))"
in (P)(iii)we obtain

f VPP — (= y) + 2 (p— (= y) Vi dx

J B(x,o—p)p y))do(x)<0

We integrate only on p > (h; — y)* > ¢, so on this set, by (3.11), we have

Blx,¢—p)<0
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and the above inequality becomes

f Vp-V(p—(—=y)) +x(p—(h—y));dx <0.
Q
Now, on the set p > (h; — y)" we have p > 0 and thus y =1 and we obtain
f Vp-Vip—(h—y)) +(p—(l—y)),dx <0.
Q

Which can be written

J |V(p—(h1—y))+|2dx+J IVpl*+p,dx <0. (3.13)
[y<hl [y>Mh]

Now taking & = (h; — y)* in (P)(iii) we obtain, since this flmetion vanishes on S;,

f py+xdx<0.
(y>h]

Noting that y* < y and y p, = p, a.e. we obtain

f APy, +xtdx <0. (3.14)
[y>h]

Adding (3.13) and (3.14) we get

f IV(p—(hl—y))+|2dx+f pi+(py+ ) dx <0. (3.15)
[y<h]

[y>h]

From which we deduce
Vp=(0,—y) on [y>h]. (3.16)
Thus, on any connected component C of [p > 0] that intersects [y > h;] we have
p=k—y.

Indeed, p = k— y on the part of C intersecting [y > h,;]. By analytic continuation since,
by (3.1), Vp =0in C and thus p is analyticin C, we have p=k—y on C.
Outside of these connected components we have p =0 and thus (3.12) or, by (3.15),

V(p—(h—y)) =0,

when y < h, . Thus, on any connected component of the set [y < h,] we have

(p—(h—y))" =Cst.

However, any such component touches the line y = h; somewhere where the constant
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is 0 since p = 0 (if p was not equal to 0 we would be on a component C of [p > 0]
intersecting [y > h,]). If the constant vanishes, then clearly (3.12) holds.
This completes the proof O

Remark 3.3. Consider, for instance, the situation shown in Figure 2. Then for y > k
we have p = 0. If not, we would have p = h— y for h > k and this would lead to a
contradiction to p =0 on S,. For the same reason we have (p, y)=(0,0) in O (see Figure
2 and (3.16)).

Taking & =+py.(y. is the characteristic function of C)in (P)(iii) we get

f IVpl*+ yp,dx =0.
Taking & =(y — k). we get

J py+xdx<0,
Cc
and procceeding as above we obtain

Vp=(0,—y) in C,

and thus
p=(h—-y)" in C,

forsome h < k. Conversely, any function ((h—y)*, y,<n)) on C extended by (p, ) outside
of C is a solution to (P). Hence, as in the case of Dirichlet boundary conditions, unique-
ness results for this problem will only be up to "pools," i.e., functions ((h — y)*, Aly<n))»
see [13].

We would now like to stress some other differences of this model compared with
the classical one, i.e., the one with Dirichlet boundary conditions. We do that through
some examples.
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Sommaire

4.0.1 Some Particular Examples

The first case we consider is described in Figure 4.1, where we assume that S, =@ and
p is independent of x. Then we would like to show that in this case when

Bp)

Vy

0< <L (4.1)

The only solution to (P) is given by

(p,x)=(0,(ﬂ(¢))x1),
Vy

Where y; denotes the characteristic function of the region below S;, denoted by I in
Figure 3, and v, is the y entry of the unit outward normal to F on S3 (we have denoted by
B(¢)/ v, the function independent of y equal to B(¢)/v, on S;). Thus this is a particular
case where uniqueness holds. However, we see that we cannot, in general, expect y to
be a characteristic function of a set (y is notif S(¢)/v, <1).

Moreover, the porous medium is completely unsaturated. So, the situation is quite
different to the one in the classical dam problem (see [13]).
So, let us prove

Proposition 4.1

Assume that (4.1) holds and that B is nondecreasing with $(0)=0.
Then the problem (P) corresponding to Figure 4.1 has a unique solution given by

(p,x)=(0,(ﬂ (“’))m). 4.2)
Vy

Proof. First let us check that (p, y) given by (4.2) satisfies (P). We only have to check
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(P) (iii).For that note that since (¢)/ v, is a function of x only

J VP-V€+x€ydx—J Blyp—p)-Edo(x)
Q N

_ r(ﬁ(so)

iy) dx—f Blp)-Edo(x).
JI y S

y

-
_ /j((’o)é’ydx—J B(p)-Edo(x).
Jr Yy s,

_ Bp) n,-Edo(x)<0. (4.3)

ons, Vv

Figure 4.1

Forany £ >0 on S,, n, denotes the y entry of the outward unit normal to 671\ S; and
thus n, <0 (see Figure 4.3). I denotes the boundary of 91 . So,(p, y) given by (4.2) is a
solution to (P).Note that from (4.3) we easily deduce that

f}(-iydx—f Blp)edo(x)=0, VEeH(Q), &£=0 on 2InsS,. (4.4
Q S
Let us now denote by (p’, y’) another solution to (P).Thus, we have
J VP’-V§+x’§ydx—f Blo—p')-Edo(x)<0,
Q S

VE€H(Q), £>0o0nsS,. (4.5)
Taking & = p’in (4.5) and £ =—p’ in (4.4) and adding we get

f VPP + ('~ x) pdx —J (Blo—p")=B(p)-p'da(x)<0. (4.6)
Q S

3
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However

))dx
f( ply )vypdcr() 0. 4.7)
S

Moreover, from the fact that § is nondecreasing we have

—f Ble—p")—B(p)-p'do(x) 0. (4.8)
83
Combining(4.6), (4.7), and (4.8)we deduce
f IVp'I’dx <0,
Q
And thus p’ = p =0. However, now (4.5) reads
fZlgydx_f Blp)-Edo(x) <0, VEe H'(Q), £>0 ons,. (4.9)
Q S5
Taking & € (), or using (3.1), we deduce
x,=0 or y'=x'(x)

Then if we denote by T and B respectively the upper and the bottom partof T we
deduce from (4.9), for E € H'(Q), E>00n S,,

f(lf)ydx—f Blp)-Edo(x)=0
Q S

=J )(’-g-vyda(x)—i-f )('-gvyda(x)—J Blp)-Edo(x). (4.10)
T B S3

Taking in (4.10) any ¢ that vanishes on S, we get

J 7' vy, —B(p))-Edo(x)
8

Forsucha¢ . Hence y’'= f(¢)/v, on S; . Then (4.10) becomes

ozf x'-&-v,do(x), VE€H'(Q), &>0ons,.
T\S;

36



Taking £ >00n T, £ =0 on B we deduce

OZf 1 -&-v,do(x),
T\S;

Hence y’ =0on T\ S; and the result follows. (We have assumed vy > 0 on T,) This
completes the proof of the proposition.

]

Remark 4.1. In general, we do not know if uniqueness of a solution to (P) holds
modulo "pools". However, the above example and the one below seem to indicate that
this is the case

Remark 4.2. If we assume that a portion of B is impermeable, then p = 0 ceases to
be a solution. Indeed, if it were the case, we would arrive at (4.9) and consequently
(4.2), as shown in the preceding proof. However, it becomes evident that we would lack
condition (P)(iii). Therefore, in this case, the solution becomes saturated, meaning
that the set [p > 0] has a positive measure.

The same happens when (¢)/v, > 1 on a set of positive measure.

S,

Figure 4.2

Remark 4.3. If p =0 on some "rectangle" D below S; as shown in Figure 4.2, then we
have necessarily

y = on D. (4.11)

In particulartt due to (P)(i),this situation is impossible (see also(2.6))when

By)

14

>1 on JDnNS§,.
y

To prove (4.11) note that if £ is a function vanishing on d D \ S; and if we extend this
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function by 0 outside D we obtain

f X'iy—f Bp)-Eda(x)=0. (4.12)
D $naD

Thus

Xy=0 onD or y=yx(x) on D.

Then (4.12) reads

J (xvy—B(p))-Eda(x)=0.
$n8D

For any & vanishing on S;nJd D and the result follows.

We want to demonstrate that the situation outlined in Remark 8, wher p =0 below
S;, could occur even when the lower section of T' is impermeable (as stated in Remark
7). Essentially, saturation depends heavily on § . In this case, we will also establish that

the solution to problem (P) is unique and is connected through the Baiocchi transform
(see [18]) to he solution of a specific variational inequality.

7 4

/7777

5

/ x

D+h

Figure 4.3

We consider the porous medium depicted in Figure (4.3), where arectangle is described,
with its bottom assumed to be impervious, its top covered with water, and its lateral
sides contact with the atmosphere . We also assume that g is independent of x and
nondecreasing. The level of water is denoted by #, D is the thickness of the porous
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medium, and L is its horizontal size .

Remark thatif p =00on S;, then (¢ —p) = (k) on S;.So,consider K the closed convex
set of H!(Q2) defined by

K= {UEHI(QNVZO, v=0on S,US, vz@-x(L—x) on Sl} (4.13)
and u the solution of the variational inequality
uek JVu-V(v—u)deJ(ﬂ(h)—l)-(v—u)dx, YveKk. (4.14)
Q Q

It is evident that there exists a unique solution to this variational inequality (refer to
[20]). Furthermore, the boundary data of u admits a C*°(f2) extension. By combining
well-established techniques of regularity for variational inequalities (see [16]) and for
elliptic problems in domains with corners (see [21]), we can demonstrate that, for any
p >1and any a €(0, 1), we obtain:

ue W (Q)n CQ). (4.15)

Moreover, we have

Lemma 4.1. Let u be the solution of the variational inequality (4.13), (4.14). Assume
that

4D?

aDzi Iz’ (4.16)

B(h)=p <
Then

2

OSuS#{(g\ %—y) } a.e.in Q. (4.17)

In particular u(x, y) vanishes when y €[(L/2)+//(1— ), D].

Proof. First note that (4.16) is equivalent to

Ll B
E q<D

For K €((L/2)+/p/(1— ), D) consider the function

We have
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and thus z is the solution of the variational inequality

1
zeK’:{veHl(Q)IUZO, v=—~(k—y)20nf}.

=

1— L
ﬂ-KZZE-— x(x—L)=u
2 4

L
2

Since such variational inequality has a solution that varies monotonically with respect
to the data (see [16] and [7]) we have

_1-B

0<u
2

IA

(k—y)? in Q.

and the result follows since the inequality holds for any K €[(L/2)s/B/(1—f),D]. O

Then we can prove

Theorem 4.1. Assume that we are in the case shown in Figure (4.3) and that (4.16)
holds.
Let(p, y) be a solution to (P). If we set

D
u(x,y):J p(x,t)dt, (4.18)
y

then u is the solution of the variational inequality (4.13) (4.14).

Proof. Let us denote provisionally by u’ the integral in (4.18) and by u the solution of
the variational inequality (4.13) (4.14) . First, we cleary have

u' =0 on S,US;. (4.19)
Next taking & = y(x) where y(x) € 2(0, L) in (P)(iii) we deduce

fpxwxdx—f B(h—p(x,D)do(x)=0, (4.20)
o S

Which can also be written as

L D
J {(J p(xtdt) Y, —pB(h— p(x,D))}-t/;dsz, Yy € 9(0, L).
0 0
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Thus in the distributional sense we have

_u/(x’o)xx :ﬂ(h_p(er)) < ﬂ(h) :_u(x’o)xx-

And thus, by maximum principle,

u'(x,0)<u(x,0) on S,.

(Recall that both u’(x,0) and u(x,0) vanish at the endpoints of (0,L)).
If follows from (4.19),(4.22) that

u'<u on 9.

Next, when ¢ is a smooth function vanishing on S,,
y
§=f {(x,t)dt.
0

is a suitable test function for (P)(iii) .So, noting that

p=—u.
We deduce

y D
J —Vu’y -Vf Z(x, t)dt+)(§dx—f ﬁ(h—p(x,D))-J l(x,t)dtdo(x)=0
Q 0 S3 0

This also reads
y
f—Vu'y-Vf {(x,5)dt+(y—p(h—p(x,D))-{dx=0.
Q 0

(d x is the lebesgue measure on R?). Note that

y y
—Vu’y-VJ {(x,t)dtz(—Vu’-VJ {(x,t)dt) +vVu'-Ve.
0 0 ¥y

Then, (4.23) becomes

JVu’-vg+(x—ﬁ(h—p(x,D)))-{dx
Q

y
:f(Vu’-VJ {(x,t)dt) dx
Q 0 y
y
:—f(p-{)ydx+f (u;J {x(x,t)dt) dx.
Q Q 0 y

(4.21)

(4.22)

(4.23)

(4.24)

(4.25)
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y
(u;- f ax(x,r)dr) € L¥(%),
0 y

y
and that u’ = 0 on S; since u’ =0 there.Moreover,f {(x,t)dx =0o0nS,. So by the
0

Note that the function

divergence theorem we deduce

fVu'-VC+(}(—ﬁ(h—P(x,D)))'CdxZJ
Q

S1

Pgda(x)—f Pldo(x). (4.26)
N

For every smooth { vanishing on S, . By an easy density argu=ment, (4.26) holds for
every { € H(Q),{=00nS,.

Let us set
K'={veH'(Q)|v>0,v=u/0ndQ}.

Then, clearly, taking { = v — v’ in (4.26) we deduce

fVu’-V(v—u’)dx:f(ﬂ(h—p(x,D))—)()-(v-u’)dx, YveK'. (4.27)
0 0

Now, we have

[u'>0]=[p>0]. (4.28)

Indeed, if u/(x, ) > 0, then p(x, y)> 0 for some (x, y) € Q such that y > y, and thus, by
Proposition 2, p(x,, y,) > 0. Conversely, if p(x,, 1) > 0, then p(x, y) > 0in a neighborhood
of (x,, ) and, by (4.18), u/(x, 1) > 0. This proves (4.28). Then, from (4.28), we deduce
that y u’ = u’ and thus

yv—u)=yv—u'<v—u

By (4.27) this implies that u’ satisfies

u' eK’, fVu’-V(v—u')def(ﬁ(h—p(x,D))—l)-(v-u’)dx, YveK'. (4.29)
Q Q

Since
(B(h—p(x,D))—1)< B(h)=p, w'<u on 89,

We deduce from the monotonicity of the solution of variational inequalities with re-
spect to the data (see [7]) that

u'<u on ¢
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Then, by Lemma 1, ' =0 on a neighborhood of S; and so does p. From (4.21) we now
have

_u;x = /3 =—Uxx,
Hence u'=u on 002 and K’ = K. Moreover, (4.29) becomes equivalent to (4.13), (4.14)
and u’ = u. The result follows. O
We also have

Lemma 4.2. There exists a smooth function ¢ : (0, L)— R" such that

[u>0]={(x,y)€§2|0<y<<,0(x)}.

Proof. Since u is continuous we know that u is positive in a neighborhood of any point
of S, . Morever, by (4.18) u is decreasing in y so that if u(x,, ;) > 0, then u(x,, y,)> 0 for
any y < ),. Then result then follows by setting

¢(x)=supy|u(x,y)>0.

The smoothness of ¢ follows from the well-Known results on variational in-equalities
(see [9] and [10]).

Then we can show

Corollary 4.1. Assume that we are in the case shown in Figure (4.3) and that (4.16)
holds.Then the solution (p, y) to (P) is unique and is given by

p=—u,. (4.30)
_|B on [u=0].
‘= {1 on [u>0]. (4.31)

Where u is the solution of the variational inequality (4.13), (4.14).

Proof. If (p, y) is a solution to (P) , and we know that such a solution exists, then, by
Theorem (4.1), we have

p=—LUu,.

Next by Lemma 2 and Remark 8 we deduce that (4.31)holds. O
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This work was an important applied study of a complex mathematical problem.
After presenting the method for deriving the mathematical model of the phenomenon,
we proved the existence and uniqueness of the solution under real conditions for dam-
related problems. Additionally, we identified many properties of the solution, which
strengthens the mathematical work in studying physical and biological phenomena

and opens up prospects for finding solutions to problems we face in everyday life.
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