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ABSTRACT

The work presented in this dissertation is devoted to study a class of fractional elliptic prob-

lems involving the fractional Laplacian operator (−∆)s for s ∈ (0, 1).We recall the essential

definitions and notions which we will use in the later chapters.Then,we prove the existence

of the unique solution by variational method, and We’ll also prove some regularity estimate

for the fractional laplacian problems .Finly, we using the Mountain Pass Theorem to prove

the existence of solutions for equations driven by a non-local integro-differential operator

with homogeneous Dirichlet boundary conditions.
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NOTATIONS

RN euclidean space of dimension, n ≥ 1.

Rm×N the space of real matrices.

Ω an open bounded set of RN .

∂ Ω topological boundary of Ω.

|Ω| Lebesgue measure of the set Ω.

x = (x1, · · · , xN ) generic point of RN .

dx = dx1dx2 · · ·dxN Lebesgue measure on Ω.

Ω the closure of the set Ω.

* weak convergence.

→ strong convergence.

,→ Compact injection.

V a Banach space.

〈·, ·〉V ′×V the duality bracket between the space V and

its topological dual V ′.

∥.∥V the norm on the Banach space V .

[·] designates the semi-norm.

(·, ·) the inner product on the Hilbert space H .

|.| the norm on the Hilbert space H .

C 0(R) the space of continuous functions.

∂i The i-th partial derivative; ∂i =
∂
∂ xi

.

∂ α The derivative of order α; ∂ α = ∂ |α|

∂ x
α1
1 ···∂ x

αN
N

.

∇u =
�

∂ u
∂ x1

, ∂ u
∂ x2

, · · · , ∂ u
∂ xN

�

gradient of v :Ω−→R.

∆u The Laplacian of u .

div v The divergence of the vector v = (v1, ..., vN ).

div v = ∂ v1
∂ x1
+ ...+ ∂ vN

∂ xN
.
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[s ] denotes the integer part of s.

a.e. almost everywhere.

p ′ The conjugate exponent of p , That is to say

p ′ = p
p−1 .



INTRODUCTION

The topic of differential fractional equations is one of the most important subjects since

the concept of fractional calculus appeared in the correspondence of Leibniz and Lopital

in 1695. this topic has several important applications in the real world. Physics, financial,

mechanics, chemestry and other various phenomena in diverse fields that can be stud-

ied as a fractional equation such as nuclear reactor dynamics, thermoelasticity, mecanical

vebrations, bilogical tissues, fractional entropy, fractional diffusion , phase transitions, ma-

terials science, water waves, conservation laws . For more details on this subject, we refer

to [6] and [1].

Non-local equations have many important applications in different relevant subjects; such

as mathematical nance with the price of assets which can be modelled by Levy processes

with jump, nonlocal minimal surfaces, ultra-relativistic limits of quantum mechanic , non-

local electrostatics, the thin obstacle problem etc. Non-local equations, in particular frac-

tional differential equations can be elliptic, parabolic or hyperbolic. This is a vague clas-

sification since each type of these equations has its specific characterizations. The elliptic

equations are the one that doesn’t depends on time, they are called the time-independent

equations. We gave many general statements, now to fix some ideas, we consider the fol-

lowing elliptic equation called Poisson’s equation,

−∆u = f (1)

where f ∈ L 2(Rn ) is the nonhomogenous term or the source function and u ∈ H 2(Rn ).

Physically, u (x ) can be the density or the concentration of some quantity at a position x .

(−∆) is the dissusion term in an isotropic medium. the last Equation is a second-order

differential equation since the operator that has the highest order is the Laplace’s opera-

tor −∆ = −
∑

j δ
2
j . We consider the similar equation of order 2s that involves the so-called

6



fractional Laplacian (-∆)s with s > 0,

(−∆)s = f (2)

The first concern face to a PDE is to give it a sense in a suitable functional space. That is clas-

sically to check eventual existence and unicity of a solution in that space. So, in that spirit,

does the equation (2) make sense in some spaces? Maybe some kind of Sobolev spaces.

And can even the so-called fractional Laplacian be explicitly defined? By definition,

(−∆)s u (x ) = c (n , s ) lim
ϵ−→0+

∫

Rn\Bϵ (x )

u (x )−u (y )
|x − y |n−2s

d y , x ∈Rn

Those operators naturally incorporate nonlocality,meaning that the value of a solution at

a given point depends on the values across the entire domain, not just in the immediate

neighborhood, such equation arise in various applications including anomalous diffusion,

quantum mechanics, image processing, viscoelasticity,and financial modeling. nonlinear

fractional elliptic problems stand out as a key class of equations that combine the effects

of nonlocality-arising from fractional derivatives with nonlinear behaviors frequently ob-

served in physical, biological, and engineering systems.

These models have been successfully applied to describe anomalous diffusion in heteroge-

neous media, heat conduction in materials with memory or fractal structure, and mechan-

ical systems with long-range interactions. Moreover, they appear in diverse areas such as

fluid dynamics, image processing, viscoelasticity, and financial mathematics, where clas-

sical diffusion operators fail to capture nonlocal dependencies and spatial memory ef-

fects.

Mathematically, these problems often involve the fractional Laplacian operator (−∆)s where

s ∈ (0, 1), which introduces significant analytical challenges due to its inherently nonlocal

nature. The analysis requires the use of fractional Sobolev spaces H s (R N ), which provide

the appropriate functional framework to handle such operators.For more details we study

the probelm










(−∆)s u = f (x , u ) in Ω,

u = 0 in Rn \Ω.
(3)

Here, s ∈ (0, 1) is fixed and (−∆)s is the fractional Laplace operator, which (up to normaliza-
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tion factors) may be defined as

−(−∆)s u (x ) =
1

2

∫

Rn

u (x + y ) +u (x − y )−2u (x )
|y |n+2s

d y , x ∈Rn . (4)

The dissertation comprises three chapters, each of which is succinctly outlined below.

Chapter 1:(Preliminaries) we start by giving some basic notions, that concern the func-

tional framework necessary to obtain the results of the existence of solutions for the con-

sidered problem refers to [5, 9, 12]

Chapter 2: ,will be devoted to the study of fractional elliptic problem of the form







(−∆)s u = f , in Ω

u = 0, in RN \Ω,
(5)

We will discuss the well-posedness prove the the existence of the unique solution by varia-

tional method. We’ll also prove some regularity estimate up to the boundary for the distri-

butional solution of the last equation , see [3],[4],[2]

Chapter 3:We study the existence of solutions for non-local elliptic operators of type











(−∆)s u = f (x , u ) in Ω,

u = 0 in Rn \Ω.

using the Mountain Pass Theorem for them.[8][13],[14],[16].
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R1 Preliminaries

In this chapter, we present some definitions and recall the necessary results for the remain-

der of this work. After reviewing some basic results on function spaces and integration, we

also provide an introduction to critical point theory, see [5],[7],[?].

1.1 Lebesgue spaces L p (Ω)

Let Ω be an open subset of RN .

Definition 1.1 Let p ∈R. Then:

For 1≤ p <+∞, we define:

L p (Ω) =

�

f :Ω→RN measurable
�

�

�

∫

Ω

| f (x )|p d x <+∞
�

.

This is a vector space over RN , equipped with the norm:

∥ f ∥L p (Ω) =

�∫

Ω

| f (x )|p d x

�1/p

.

For p =+∞, we define:

L∞(Ω) =
n

f :Ω→RN measurable
�

�

� ∃c > 0 such that | f (x )| ≤ c a.e. on Ω
o

.

This is a vector space over RN , equipped with the norm:

∥ f ∥L∞(Ω) = inf
n

c > 0
�

�

� | f (x )| ≤ c a.e. on Ω
o

.

For 1≤ p ≤∞, we define:

L p
loc(Ω) =
n

f :Ω→Rmeasurable
�

�

� f ·χK ∈ L p (Ω), ∀K compact⊂Ω
o

,
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Preliminaries

where χK is the indicator function of K .

Notation

For 1≤ p ≤+∞, we denote by p ′ the conjugate exponent of p , i.e.:

1

p
+

1

p ′
= 1.

Theorem 1.1 (Hölder’s Inequality) Let f ∈ L p (Ω) and g ∈ L p ′(Ω) with 1 ≤ p ≤ +∞. Then

f · g ∈ L 1(Ω), and:
∫

Ω

| f (x )g (x )|d x ≤ ∥ f ∥L p (Ω) · ∥g ∥L p ′ (Ω).

Proposition 1.1 If Ω has finite measure and 1≤ p1 ≤ p2 ≤+∞, then:

L p2(Ω) ,→ L p1(Ω).

In particular:

L∞(Ω) ,→ L p (Ω) ,→ L 1(Ω), ∀1≤ p ≤+∞.

Theorem 1.2 (Interpolation Inequality): Let 1 ≤ p ≤ q ≤ +∞. If f ∈ L p (Ω)∩ L q (Ω), then

f ∈ L r (Ω) for all r ∈ [p , q ], and we have:

∥ f ∥L r (Ω) ≤ ∥ f ∥αL p (Ω) · ∥ f ∥1−α
L q (Ω),

where:
1

r
=
α

p
+

1−α
q

, α ∈ [0, 1].

Theorem 1.3 .

L p (Ω) is a Banach space for all 1≤ p ≤+∞.

L p (Ω) is a separable space for all 1≤ p <+∞.

L p (Ω) is a reflexive space for all 1< p <+∞.

L p (Ω) is an uniformly convex space for all 1< p <+∞.
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Sobolev spaces

1.2 Sobolev spaces

1.2.1 Classical Sobolev spaces

Let Ω be an open subset of RN (N > 1), and let m ∈N and p ∈ [1,+∞].

Definition 1.2 We define the classical Sobolev space W m ,p (Ω) by:

W m ,p (Ω) =
�

u ∈ L p (Ω)
�

�D αu ∈ L p (Ω), ∀|α| ≤m
	

where α = (α1, . . . ,αN ) ∈ NN is a multi-index, D α = ∂ |α|

∂ x
α1
1 ···∂ x

αN
N

, and |α| =
∑N

i=1αi . Here D αu

denotes the derivative in the distributional sense, i.e.,

〈D αu ,ϕ〉= (−1)|α|〈u , D αϕ〉, ∀ϕ ∈D(Ω)

W m ,p (Ω) is a vector space over R, equipped with the norm:

For p ∈ [1,+∞):

∥u∥m ,p =

�

∑

|α|≤m

∥D αu∥p
p

�1/p

For p =+∞:

∥u∥m ,∞ =max
|α|≤m

∥D αu∥∞

Theorem 1.4 .

W m ,p (Ω) is a Banach space for all 1≤ p ≤+∞

W m ,p (Ω) is separable for all 1≤ p <+∞

W m ,p (Ω) is reflexive for all 1< p <+∞

W m ,p (Ω) is uniformly convex for all 1< p <+∞

W m ,p (Ω) is a Hilbert space when p = 2
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Preliminaries

1.2.2 Fractional Sobolev SpacesW s ,p (Ω)

Let Ω be an open set in Rn . For any real s > 0 and any p ∈ [1,∞), we define the frac-

tional Sobolev spaces W s ,p (Ω). They are also called Aronszajn, Gagliardo, or Slobodeckij

spaces.

Definition 1.3 Let s ∈ (0, 1). For any p ∈ [1,+∞), we define W s ,p (Ω) as follows:

W s ,p (Ω) :=

�

u ∈ L p (Ω) :
|u (x )−u (y )|
|x − y |

n
p +s

∈ L p (Ω×Ω)
�

, (1.1)

thus, W s ,p (Ω) is an intermediary Banach space between L p (Ω) and W 1,p (Ω), endowed with

the natural norm

∥u∥W s ,p (Ω) :=

�∫

Ω

|u |p d x +

∫

Ω

∫

Ω

|u (x )−u (y )|p

|x − y |n+s p
d x d y

�
1
p

.

Here, the term

[u ]W s ,p (Ω) :=

�∫

Ω

∫

Ω

|u (x )−u (y )|p

|x − y |n+s p
d x d y

�
1
p

is the so-called Gagliardo (semi)norm of u.

It is worth noticing that, as in the classical case with s being an integer, the space W s0,p (Ω)

is continuously embedded in W s ,p (Ω) when s ≤ s0. The same happens also when s0 = 1,

provided ∂ Ω is C 0,1 with bounded boundary.

Remark 1 If s ≥ 1, the definition 1.1 doesn’t hold. Suppose Ω is connected; any measurable

function u :Ω→R such that

∫

Ω

∫

Ω

|u (x )−u (y )|p

|x − y |n+s p
d x d y <+∞

is actually constant . This is strictly related to the fact that

lim
s→1−
(s −1)

1
p

∫

Ω

∫

Ω

|u (x )−u (y )|p

|x − y |n+s p
d x d y =C

∫

Ω

|∇u |p d x

Theorem 1.5 For any s ∈ (0, 1), the space C∞c (R
n ) of smooth functions with compact support

is dense in W s ,p (Rn ). That is, any function in W s ,p (Rn ) can be approximated by a sequence

of smooth functions compactly supported inRn . For more general Ω⊂Rn , one can have this

12



Sobolev spaces

result with the aid of an extension operator that can extend functions fromΩ toRn , provided

Ω is smooth enough .

Let D s ,p (Ω) =C∞c (Ω)
∥·∥W s ,p

,we have

D s ,p (Rn ) =W s ,p (Rn ),

which is not true for a general set Ω⊂Rn .

Special Case (p = 2)

W s ,2(Ω) (also denoted H s (Ω)) is a pre-Hilbert space with inner product:

〈u , v 〉H s =
∑

|α|≤s

∫

Ω

(D αu )(x )(D αv )(x )d x

We have 〈u , u〉H s = ∥u∥2
H s .

1.2.3 Espace H s (Ω)

In this section, we focus on the particular case where p = 2.

Definition 1.4

H s (Ω) =

�

u ∈ L 2(Ω) such that (x , y ) 7→
|u (x )−u (y )|
|x − y |N2 +s

∈ L 2(Ω×Ω)
�

,

equipped with the scalar product:

〈u , v 〉H s (Ω) =

∫

Ω

u (x )v (x )d x +

∫

Ω

∫

Ω

(u (x )−u (y ))(v (x )− v (y ))
|x − y |N+2s

d x d y .

We can also define this space using the Fourier transform as follows:

Definition 1.5 For s ∈ (0, 1), we have:

H s (Ω) =

�

u ∈ L 2(Ω) :

∫

Ω

(1+ |ξ|2s )|Fu (ξ)|2 dξ<+∞
�

,

whereFu (ξ) denotes the Fourier transform of u.

13



Preliminaries

Proposition 1.2 Let s ∈]0, 1[. For any u ∈H s (Ω), then:

[u ]2H s (Ω) =
2

C

∫

Ω

|ξ|2s |Fu (ξ)|2 dξ,

that is to say

[u ]H s (Ω) =C ∥(−∆)
s
2 u∥L 2(Ω),

where C =C (N , s ) is a positive constant.

Definition 1.6 (Fourier Transform) Let φ ∈ S (Rn ). The Fourier transform of φ is defined

by

Fφ(ξ) =
1

(2π)
n
2

∫

Rn

e −iξ·xφ(x )d x , ξ ∈Rn .

Note that one can extendF fromS (Rn ) toS ′(Rn ).

The following definition also holds by a simple scaling argument:

Fφ(ξ) =
∫

Rn

e −2πiξ·xφ(x )d x , ξ ∈Rn .

1.3 Fractional laplacian and main proporties

In this paragraph, we will give some equivalent definitions of the fractional Laplacian in

RN and its main properties.

Definition 1.7 Let u ∈S (RN ). We have thatFu ∈S (RN ), but the functionξ 7→ ∥ξ∥2sFu (ξ) /∈

S (RN )because ∥ξ∥2s creates a singularity atξ= 0. On the other hand, ∥ξ∥2sFu (ξ) ∈ L 1(RN )∩

L 2(RN ), so we can use the inverse Fourier transform. Therefore, we have the following defi-

nition:

For any u ∈S (RN ), we define the operator (−∆)s :S (RN )→ L 2(RN ) by

(−∆)s u (x ) =F −1(∥ξ∥2s (Fu )(ξ))(x ) ∀x ∈RN ,

This operator is called the fractional Laplacian of order s .

14



Fractional laplacian and main proporties

Definition 1.8 For any u ∈S (RN ),

(−∆)s u (x ) :=C (N , s ) lim
ϵ→0+

∫

RN \B (x ,ϵ)

u (x )−u (y )
∥x − y ∥N+2s

d y ∀x ∈RN ,

where

C (N , s ) :=
s 4sπ

N
2 Γ
�

s + N
2

�

Γ (1− s )
.

Remark 2.1

Let us give some light on the normalizing constant C (N , s ) .

(i) C (N , s ) is chosen so that the four definitions (1.7), (1.8), (1.9) and (1.10) are equivalent

and the following two identities:

lim
s→0+
(−∆)s u = u and lim

s→1−
(−∆)s u =−∆u

(ii) Moreover,

C (N , s )∼ s (1− s ) as s → 0+ and s → 1−. (2.4)

For more details on the asymptotic behavior of C (N , s ), We recall that by definition:

P.V.

∫

RN

u (x )−u (y )
|x − y |N+2s

d y := lim
ϵ→0+

∫

RN \B (x ,ϵ)

u (x )−u (y )
|x − y |N+2s

d y .

In other words, P.V. stands for the “Cauchy principal value”. Since then, we can write

(−∆)s u (x ) :=C (N , s )P.V.

∫

RN

u (x )−u (y )
|x − y |N+2s

d y ∀x ∈RN . (1.2)

Theorem 1.6 The following theorem shows that we can do without using the “Cauchy prin-

cipal value” in (1.2) if s ∈ (0, 1
2 ).

Let u ∈S (RN ) and x ∈RN . The integral

∫

RN

u (x )−u (y )
|x − y |N+2s

d y ,

is absolutely convergent if and only if s ∈ (0, 1
2 ).

15



Preliminaries

So we have

(−∆)s u (x ) =C (N , s )

∫

RN

u (x )−u (y )
|x − y |N+2s

d y ,

for s ∈ (0, 1
2 ).

Proof. : We write the integral as follows:

∫

RN

u (x )−u (y )
|x − y |N+2s

d y =

∫

B (x ,ε)

u (x )−u (y )
|x − y |N+2s

d y +

∫

RN \B (x ,ε)

u (x )−u (y )
|x − y |N+2s

d y ,

where B (x ,ε) is a ball of radius ε centered at x . Near y = x , we use a Taylor expansion of

u (y ) around x . Since u is smooth, we have:

u (y ) = u (x ) +∇u (x ) · (y − x ) +O (|y − x |2).

Substituting into the integrand, we obtain:

u (x )−u (y )
|x − y |N+2s

=
−∇u (x ) · (y − x ) +O (|y − x |2)

|x − y |N+2s
.

The dominant term is of order |x − y |−(N+2s−1). For the integral to be absolutely conver-

gent, this singularity must be integrable. In polar coordinates, the integrability condition

is:

∫

B (x ,ε)

1

|x − y |N+2s−1
d y =C

∫ ε

0

r −(N+2s−1) · r N−1 d r =C

∫ ε

0

r −2s d r.

This integral converges if and only if−2s >−1, i.e., s < 1
2 . At infinity, |x − y | ≈ |y | for large y ,

and since u ∈S (RN ), u (y )decays faster than any power of |y |. Thus, the integrand behaves

like |y |−(N+2s ) at infinity. In polar coordinates, the integrability condition is:

∫

RN \B (x ,R )

1

|y |N+2s
d y =C

∫ ∞

R

r −(N+2s ) · r N−1 d r =C

∫ ∞

R

r −1−2s d r.

This integral converges if and only if−1−2s <−1, i.e., s > 0. Combining the two conditions,

we find that the integral is absolutely convergent if and only if s ∈
�

0, 1
2

�

.
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Fractional laplacian and main proporties

Definition 1.9 The third definition is given in the form of a well-defined integral on RN as

follows:

For any u ∈S (RN ), we have

(−∆)s u (x ) :=−
1

2
C (N , s )

∫

RN

u (x + y ) +u (x − y )−2u (x )
|y |N+2s

d y , ∀x ∈RN .

Definition 1.10 Another definition of the fractional Laplacian comes from the theory of semi-

groups in RN × [0,+∞). This definition is classical and it is more useful to study partial

differential equations.

For any u ∈S (RN ), we have

(−∆)s u (x ) =
s

Γ (1− s )

∫ +∞

0

u (x )−w (x , t )
t 1+s

d t , (2.8)

where w (x , t ) is the solution to the following problem:











∂ w
∂ t −∆w = 0 on RN × [0,+∞),

w (x , 0) = u (x ).

Definition of (−∆)s in the space of tempered distributionS ′

Definition 1.11 Let Ω be an open set. Provided u ∈ L 1
s , the distribution (−∆)s u is defined by

〈(−∆)s u ,φ〉=
∫

Rn

u (−∆)sφd x , ∀φ ∈C∞c (Ω).

Saying that (−∆)s u = f inD ′(Ω) is equivalent to the very weak formulation

∫

Rn

u (−∆)sφd x =

∫

Ω

f φd x , ∀φ ∈C∞c (Ω).

Definition 1.12 We define D s ,2(Ω) =C∞c (Ω)
∥·∥H s

, the completion of C∞c (Ω), which is a Hilbert

17
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space with respect to the norm

∥u∥D s ,2(Ω) :=

�∫∫

R2n

(φ(x )−φ(y ))2

|x − y |n+2s
d x d y

�
1
2

.

If u ∈D s ,2(Ω)⊂ L 1
s satisfies

(−∆)s u = f inD ′(Ω),

we have the weak formulation

〈u ,φ〉D s ,2(Ω) =

∫

Ω

f φd x , φ ∈D(Ω),

where

〈u ,φ〉D s ,2(Ω) :=C (n , s )

∫∫

R2n

(u (x )−u (y ))(φ(x )−φ(y ))
|x − y |n+2s

d x d y =

∫

Rn

|ξ|2s ûφ̂dξ.

Relation between the “Classical” Laplacian and the Fractional

Laplacian

The following proposition describes the relation between the “classical” Laplacian and the

fractional Laplacian .

Proposition 1.3 Let u ∈S (RN ). Then

(i) lims→0+(−∆)s u = u,

(ii) lims→1−(−∆)s u =−∆u.

Proof. Let u ∈S (RN ), whereS (RN ) is the Schwartz space of rapidly decreasing functions.

We demonstrate the following limits for the fractional Laplacian (−∆)s u :

(i) lims→0+(−∆)s u = u

The fractional Laplacian (−∆)s u is defined via the Fourier transform:

(−∆)s u =F −1
�

|ξ|2sF (u )(ξ)
�

,

18
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whereF denotes the Fourier transform. As s → 0+, the symbol |ξ|2s converges to 1 for all

ξ ̸= 0. Thus:

lim
s→0+
(−∆)s u =F −1
�

F (u )(ξ)
�

= u .

This shows that (−∆)s u converges to u as s → 0+.

(ii) lims→1−(−∆)s u =−∆u

As s → 1−, the symbol |ξ|2s converges to |ξ|2. Therefore:

lim
s→1−
(−∆)s u =F −1
�

|ξ|2F (u )(ξ)
�

=−∆u ,

since the Fourier transform of the Laplacian ∆u is −|ξ|2F (u )(ξ). This shows that (−∆)s u

converges to −∆u as s → 1−.

Properties of the Fractional Laplacian

Letψ,φ ∈C∞c (R
n ). We have:

1. Translation. If we setφa (x ) =φ(x +a ), a ∈R,

((−∆)sφa )(x ) = ((−∆)sφ)(x +a ), x ∈Rn .

2. Scaling. If we setφλ(x ) =φ(λx ), λ ∈R,

((−∆)sφλ)(x ) =λ2s ((−∆)sφ)(λx ). (1.3)

3. Product.

(−∆)s (φψ)(x ) =φ(x )(−∆)sψ(x )+ψ(x )(−∆)sφ(x )−C (n , s )

∫

Rn

(φ(x )−φ(y ))(ψ(x )−ψ(y ))
|x − y |n+2s

d y .

4. Convolution. If we take ρn a regularization sequence,

ρn ∗ ((−∆)sφ)(x ) = ((−∆)s (ρn ∗φ))(x ), ∀x ∈Rn . (1.4)
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Note that the same holds for the inverse of (−∆)s .

Proof. Letψ,φ ∈C∞c (R
n ).

1. For 1), we set the change of variable z = y +a ,

((−∆)sφa )(x ) =C (n , s )P.V.

∫

Rn

φa (x )−φa (y )
|x − y |n+2s

d y

=C (n , s )P.V.

∫

Rn

φ(x +a )−φ(y +a )
|(x +a )− (y +a )|n+2s

d y

=C (n , s )P.V.

∫

Rn

φ(x +a )−φ(z )
|(x +a )− z |n+2s

d z

= ((−∆)sφ)(x +a ).

2. For 2), withφλ(x ) =φ(λx ), λ ∈R, by a simple change of variable z =λy ,

((−∆)sφλ)(x ) =C (n , s )P.V.

∫

Rn

φλ(x )−φλ(y )
|x − y |n+2s

d y

=C (n , s )P.V.

∫

Rn

φ(λx )−φ(λy )
|x − y |n+2s

d y

=λ−n C (n , s )P.V.

∫

Rn

φ(λx )−φ(z )
|x − z/λ|n+2s

d z

=λ2s C (n , s )P.V.

∫

Rn

φ(λx )−φ(z )
|λx − z |n+2s

d z

=λ2s ((−∆)sφ)(λx ).

3. For 3), with x ∈ Rn , the matter is to do nothing, i.e., to add and remove the same

value,

((−∆)sφψ)(x ) =C (n , s )P.V.

∫

Rn

φ(x )ψ(x )−φ(x )ψ(y ) +φ(x )ψ(y )−φ(y )ψ(y )
|x − y |n+2s

d y

=φ(x )(−∆)sψ(x )+
∫

Rn

φ(x )ψ(x )−φ(x )ψ(x ) +φ(y )ψ(x )−φ(y )ψ(x ) +φ(x )ψ(y )−φ(y )ψ(y )
|x − y |n+2s

d y

=φ(x )(−∆)sψ(x ) +ψ(x )(−∆)sφ(x )−C (n , s )

∫

Rn

(φ(x )−φ(y ))(ψ(x )−ψ(y ))
|x − y |n+2s

d y .
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4. For 4),we have

F (ρn ∗ ((−∆)sφ))(ξ) =cρn (ξ)F ((−∆)sφ)(ξ) =cρn (ξ)(|ξ|2s
Òφ(ξ)) = |ξ|2s
cρn (ξ)Òφ(ξ)

= |ξ|2s
Ùρn ∗φ(ξ) =F ((−∆)s (ρn ∗φ))(ξ).

For the inverse of the fractional Laplacian, the proof is similarly the same.

1.4 Critical Point Theory

1.4.1 Variational Principles

Definition 1.13 (Variational Framework): Let (X ,∥·∥) be a Banach space and J : X → R a

C 1-functional.

(i) A point u ∈ X is a critical point if J ′(u ) = 0

(ii) The value c = J (u ) is a critical value

(iii) The set Kc = {u ∈ X : J (u ) = c , J ′(u ) = 0} is the critical set at level c

Theorem 1.7 First (Variation Principle): For J ∈ C 1(X ,R), if u0 is a local minimizer of J ,

then J ′(u0) = 0.

Proof. For any v ∈ X and t > 0, consider the difference quotient:

J (u0+ t v )− J (u0)
t

≥ 0

Taking t → 0+ gives 〈J ′(u0), v 〉 ≥ 0. Replacing v with −v completes the proof.

1.4.2 Main Critical Point Theorems

Theorem 1.8 (Ekeland’s Variational Principle) Let (X , d ) be a complete metric space and

J : X →R∪{+∞} proper, l.s.c., and bounded below. For any ε> 0 and u ∈ X satisfying:

J (u )< inf
X

J +ε
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there exists vε ∈ X such that:

1. J (vε)≤ J (u )

2. d (u , vε)≤ 1

3. J (w )> J (vε)−εd (vε, w ) ∀w ̸= vε

Definition 1.14 (Palais-Smale Condition) A functional J ∈ C 1(H ,R) satisfies the Palais-

Smale condition (PS) if every sequence {un} ⊂H such that:

1. |J (un )| is bounded

2. J ′(un )→ 0 in H ∗

admits a convergent subsequence.

Theorem 1.9 (Mountain Pass Theorem) Let H be a Banach space and J ∈C 1(H ,R) satisfy

the (PS) condition. Suppose:

1. J (0) = 0

2. ∃α,ρ > 0 such that J (u )≥α for all ∥u∥=ρ

3. ∃v ∈H with ∥v ∥>ρ such that J (v )≤ 0

Then J has a critical value c ≥α characterized by:

c = inf
ρ∈ρ

max
t ∈[0,1]

J (ρ(t ))

where Γ = {ρ ∈C ([0, 1], H ) :ρ(0) = 0, ρ(1) = v }.
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R2 Variational method for fractional
elliptic equation (−∆)s u = f

In this chapter we use the variational method to shall do the weak formulation and prove

existence and uniqueness of weak solution of the problem







(−∆)s u = f , in Ω

u = 0, in RN \Ω,
(2.1)

we show also the regularity estimates for the last problem, While we could use Lax-Milgram

to do the same as we did with the classical Poisson’s equation. First of all, we will define

some basic notions and some notations we’ll use through this chapter. Let Ω ⊆ Rn be a

bounded open set with Lipschitz boundary, s ∈ (0, 1). Consider the bilinear form

〈·, ·〉D s ,2(Ω) : C∞c (Ω)×C∞c (Ω)→R

defined by

〈u , v 〉D s ,2(Ω) =

∫∫

R2n

(u (x )−u (y ))(v (x )− v (y ))
|x − y |n+2s

d x d y ,

which is a scalar product on C∞c (Ω). The Hilbert space D s ,2(Ω) is defined as the completion

of C∞c (Ω)with respect to this scalar product.

Many problems are equivalent to:

Au = 0, (2.2)

where A : X → Y is an operator between two Banach spaces. When the problem is varia-

tional, there exists a differentiable functional

ϕ : X →R such that A =ϕ′, i.e.,

〈Au , v 〉= lim
t→0

ϕ(u + t v )−ϕ(u )
t

. (2.3)

The space Y then corresponds to the dual space X ′ of X , and equation (2.2) is equivalent
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to ϕ′(u ) = 0, i.e.,

〈ϕ′(u ), v 〉= 0 ∀v ∈ X , (2.4)

which implies that every critical point of ϕ is a weak solution of (2.2).

Lemma 2.1 If Ω is a bounded Lipschitz open set, then

D s ,2(Ω) = {u ∈H s (Rn ) such that u = 0 in Rn \Ω} .

Proof. SinceΩ is Lipschitz, C∞c (Ω) is dense in H s
0 (Ω)with respect to the D s ,2(Ω)-norm. Thus,

H s
0 (Ω) ⊆ D s ,2(Ω) Let u ∈ D s ,2(Ω). Since D s ,2(Ω) = C∞c (Ω)

∥·∥s ,2
, there exists a sequence (un ) ⊂

C∞c (Ω) such that un → u a.e. in Rn . For a.e. x ∈ Rn \Ω and ϵ > 0, there exists nϵ > 0 such

that for all n > nϵ,

|u (x )|= |un (x )−u (x )|< ϵ ∀ϵ > 0,

hence u = 0 in Rn \ Ω. As Ω is bounded, u ∈ H s (Rn ). Therefore, u ∈ H s
0 (Ω), implying

D s ,2(Ω)⊆H s
0 (Ω).

For s = 1, D 1,2(Ω) =H 1
0 (Ω). The norm in D s ,2(Ω) is

∥u∥D s ,2(Ω) =

�∫∫

R2n

|u (x )−u (y )|2

|x − y |n+2s
d x d y

�1/2

,

which is equivalent to the H s -norm by the following proposition.

Proposition 2.1 Let s ∈ (0, 1) and Ω ⊂ Rn be a bounded open set. Let u : Ω→ R be a mea-

surable, compactly supported function. Then there exists a constant C = C (n , s ,Ω)> 0 such

that

∥u∥L 2(Ω) ≤C ∥u∥D s ,2(Ω).

Proof. Consider the following estimate:

∫∫

R2n

|u (x )−u (y )|2

|x − y |n+2s
d x d y ≥
∫

Ω

u 2(x )

�

∫

Rn\Ω
|x − y |−n−2s d y

�

d x . (2.5)

Since
∫

Rn\Ω
|x − y |−n−2s d y ≥C (n , s )|Ω|−2s/n , (2.6)
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This follows from the proof in [9, Lemma 6.1]. Let

ρ :=
� |Ω|
ωn

�1/n

,

Notice thatΩand the ball Bρ(x )of radiusρ have the same measure. Thus it follows that

|(CΩ∩Bρ(x ))|= |Bρ(x )| − |Ω∩Bρ(x )|= |Ω| − |Ω∩Bρ(x )|= |Ω∩C Bρ(x )|.

Therefore,

∫

C

d y

|x − y |n+2s
=

∫

(CΩ)∩Bρ (x )

d y

|x − y |n+2s
+

∫

(CΩ∩C Bρ (x ))

d y

|x − y |n+2s

≥
∫

(CΩ)∩Bρ (x ))

d y

ρn+2s
+

∫

(CΩ)∩C Bρ (x ))

d y

|x − y |n+2s

=
|CΩ∩Bρ(x )|
ρn+2s

+

∫

(CΩ)∪C Bρ (x )

d y

|x − y |n+2s

=
|Ω∪C Bρ(x )|
ρn+2s

+

∫

(CΩ)∪C Bρ (x ))

d y

|x − y |n+2s

≥
∫

Ω∪C Bρ (x )

d y

|x − y |n+2s
+

∫

(CΩ)∩C Bρ (x ))

d y

|x − y |n+2s

=

∫

C∩Bρ (x )

d y

|x − y |n+2s
.

Using polar coordinates centered at x , i.e., y = x + r z with r = |x − y |,

∫

CΩ

d y

|x − y |n+2s
= |S1|
∫ ∞

ρ

r −2s−1 d r

= |S2|
ρ−2s

2s

=C (n , s )|Ω|
−2s

n .

Combining (2.5) and (2.6), we obtain:

∥u∥L 2(Ω) ≤C (n , s ,Ω)∥u∥D s ,2(Ω). (2.7)
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2.1 Existence and Uniqueness of a Weak Solution

In this section, we are interested in the existence and the uniqueness of a weak solution of

the above Dirichlet problem, that is the well-posedness of the equation. The problem (2.1)

is weakly formulated as follows:

∫

R2n

(v (x )− v (y ))(u (x )−u (y ))
|x − y |n+2s

d y d x −
∫

Ω

f (x )v (x )d x = 0, v ∈D s ,2(Ω). (2.8)

After we establish the weak formulation of the problem, we want to check if the latter is

well-posed, i.e., there exists an unique solution depending continuously on f .

Proposition 2.2 Consider the following variational problem:

Find u ∈D s ,2(Ω) such that, J (u , u ) = min
v∈D s ,2(Ω)

J (v, v ), (2.9)

where

J (u , v ) = 〈u , v 〉D s ,2(Ω)−
∫

Ω

f v d x .

Then, (2.9) admits an unique solution.

We need to prove some results before the proof of the Proposition.

Lemma 2.2 Let J be such that

J (u , v ) = 〈u , v 〉D s ,2(Ω)−
∫

Ω

f v d x .

Then J is continuous.

Proof. Let J (u , v ) = a (u , v )− l (v )where

a (u , v ) =

∫

R2n

(u (x )−u (y ))(v (x )− v (y ))
|x − y |n+2s

d y d x ,

l (v ) =

∫

Ω

f v d x .

The bilinear form a (u , v ) is continuous on D s ,2(Ω)×D s ,2(Ω) as it defines the inner product
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on this Hilbert space. For the linear form l (v ), we have

|l (v )|=
�

�

�

�

∫

Ω

f v d x

�

�

�

�

≤ ∥ f ∥L 2(Ω)∥v ∥L 2(Ω).

By the continuous embedding of D s ,2(Ω) into L 2(Ω), there exists a constant C > 0 such that

∥v ∥L 2(Ω) ≤C ∥v ∥D s ,2(Ω). Thus,

|l (v )| ≤C ∥ f ∥L 2(Ω)∥v ∥D s ,2(Ω),

implying the continuity of l . Therefore, J (u , v ) is continuous.

Lemma 2.3 Let (un )n≥1 ⊂D s ,2(Ω) be a minimizing sequence, i.e.,

lim
k→+∞

J (uk , uk ) = inf
v∈D s ,2(Ω)

J (v, v ) = I (Ω). (2.10)

Then, (uk )k≥1 is bounded in D s ,2(Ω).

Proof. By the minimizing property (2.10), for all k ≥ 1,

I (Ω)≤ J (uk , uk )< I (Ω) +
1

k
. (2.11)

For any ϕ ∈C∞c (Ω), applying the Cauchy-Schwarz inequality:

I (Ω)≤ J (ϕ,ϕ) = ∥ϕ∥2
D s ,2(Ω)−
∫

Ω

f ϕd x ≤ ∥ϕ∥2
D s ,2(Ω)+ ∥ f ∥L 2(Ω)∥ϕ∥L 2(Ω). (2.12)

For the sequence (uk ), we have:

J (uk , uk ) = ∥uk∥2
D s ,2(Ω)−
∫

Ω

f uk d x . (2.13)

Using Young’s inequality on the integral term:

�

�

�

�

∫

Ω

f uk d x

�

�

�

�

≤
1

2
∥ f ∥2

L 2(Ω)+
1

2
∥uk∥2

L 2(Ω). (2.14)

Substituting (2.15) into (2.13) :

∥uk∥2
D s ,2(Ω) ≤ J (uk , uk ) +

1

2
∥ f ∥2

L 2(Ω)+
1

2
∥uk∥2

L 2(Ω).
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By the continuous embedding D s ,2(Ω) ,→ L 2(Ω), there exists C > 0 such that ∥uk∥L 2(Ω) ≤

C ∥uk∥D s ,2(Ω). Thus,

∥uk∥2
D s ,2(Ω) ≤ J (uk , uk ) +

1

2
∥ f ∥2

L 2(Ω)+
C 2

2
∥uk∥2

D s ,2(Ω).

Rearranging terms (assuming 1− C 2

2 > 0):

∥uk∥2
D s ,2(Ω)

�

1−
C 2

2

�

≤ J (uk , uk ) +
1

2
∥ f ∥2

L 2(Ω).

Since J (uk , uk ) is bounded and I (Ω) is finite, (uk ) is bounded in D s ,2(Ω). Combining in-

equalities (2.10) and (2.12) with Proposition 2.2, we obtain:

∥uk∥2
D s ,2(Ω) < I (Ω) +

1

k
+

1

2

�

∥ f ∥2
L 2(Ω)+ ∥uk∥2

L 2(Ω)

�

.

Using the continuous embedding D s ,2(Ω) ,→ L 2(Ω), there exists a constant C (n , s ,Ω) > 0

such that:

∥uk∥L 2(Ω) ≤C (n , s ,Ω)∥uk∥D s ,2(Ω).

Substituting this into the previous inequality gives:

∥uk∥2
D s ,2(Ω) < I (Ω) +

1

k
+

1

2

�

∥ f ∥2
L 2(Ω)+C (n , s ,Ω)2∥uk∥2

D s ,2(Ω)

�

.

Rearranging terms, we find:

C (n , s ,Ω)∥uk∥2
D s ,2(Ω) < I (Ω) +

1

k
+

1

2
∥ f ∥2

L 2(Ω)→R ∈R as k →+∞,

where R = I (Ω)+ 1
2∥ f ∥2

L 2(Ω) (after adjusting the constant C (n , s ,Ω) if necessary). This estab-

lishes that (uk )k≥1 is bounded in D s ,2(Ω).

Proof of Proposition 2.2 Under the regularity assumptions onΩ, D s ,2(Ω) is compactly em-

bedded in L 2(Ω). Since (uk )k≥1 is bounded in D s ,2(Ω), there exists a subsequence (ukl
)l≥1 of
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(uk )k≥1 such that:

ukl
* u in D s ,2(Ω) (weak convergence)

ukl
→ u in L 2(Ω) (strong convergence)

ukl
→ u a.e Ω

Note that while we have different types of convergence, the uniqueness of limits ensures

they all share the same limit u .

From the minimizing property, we have:

J (ukl
, ukl
) =

∫

R2n

|ukl
(x )−ukl

(y )|2

|x − y |n+2s
d y d x −
∫

Ω

f ukl
d x ≤ I (Ω) +

1

l
, ∀l > 0.

This implies:

∫

R2n

|ukl
(x )−ukl

(y )|2

|x − y |n+2s
d y d x <

∫

Ω

f ukl
d x + I (Ω) +

1

l
, ∀l > 0.

Applying Fatou’s lemma, we obtain:

∫

R2n

lim inf
l→+∞

|ukl
(x )−ukl

(y )|2

|x − y |n+2s
d y d x ≤ lim inf

l→+∞

∫

Ω

f ukl
d x + I (Ω).

Since ukl
* u in L 2(Ω), we have:

lim inf
l→+∞

∫

Ω

f ukl
d x = lim

l→+∞

∫

Ω

f ukl
d x =

∫

Ω

f u d x .

Therefore:
∫

R2n

|u (x )−u (y )|2

|x − y |n+2s
d y d x ≤
∫

Ω

f u d x + I (Ω).

since (uk )≤1 converges weakly to u in L 2(Ω), we have

lim i n fl→+∞

∫

Ω

f ukl
d x = lim

l→+∞

∫

Ω

f ukl
d x =

∫

Ω

f u d x .

This completes the proof, establishing the required convergence properties and the mini-
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mality of u .
∫

R2n

|u (x )−u (y )|2

|x − y |n+2s
d y d x ≤
∫

Ω

f u d x + I (Ω).

Therefore,

J (u , u ) =

∫

R2n

|u (x )−u (y )|2

|x − y |n+2s
d y d x −
∫

Ω

f u d x ≤ I (Ω).

Thus,

J (u , u )≤ I (Ω) =⇒ J (u , u ) = I (Ω).

This establishes that J has a minimizer u ∈D s ,2(Ω).

To prove uniqueness, let u1, u2 ∈D s ,2(Ω) be solutions of (2.1), i.e.,











(−∆)s u1 = f in Ω

u1 = 0 in Rn \Ω
and











(−∆)s u2 = f in Ω

u2 = 0 in Rn \Ω.

Set w = u1−u2. Then we have:











(−∆)s w = 0 in Ω

w = 0 in Rn \Ω.
(2.15)

The weak formulation of (2.15), using w as the test function, gives:

∫

R2n

|w (x )−w (y )|2

|x − y |n+2s
d y d x = 0, w ∈D s ,2(Ω).

Combining this with inequality (2.7), we obtain:

∥w ∥2
L 2(Ω) ≤C (n , s ,Ω)∥w ∥2

D s ,2(Ω) = 0 =⇒ ∥w ∥2
L 2(Ω) = 0.

Hence w = 0 almost everywhere in Ω, which implies u1 = u2 almost everywhere in Ω. This

completes the proof of uniqueness.

Proposition 2.3 Equation (2.10) has an unique solution that depends continuously on the

data f ∈ L 2(Ω).

Proof. By Proposition 2.2, equation (2.1) admits an unique solution.

To prove continuous dependence on the data, let u1, u2 ∈D s ,2(Ω) be solutions correspond-
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ing to data f1, f2 ∈ L 2(Ω) respectively. From the weak formulation:

〈ui , v 〉D s ,2(Ω) =

∫

Ω

fi v d x = ℓi (v ), ∀v ∈D s ,2(Ω), i = 1, 2.

Considering the difference w = u1−u2, we have:

〈w , v 〉D s ,2(Ω) =

∫

Ω

( f1− f2)v d x , ∀v ∈D s ,2(Ω).

Taking v =w and applying the Cauchy-Schwarz inequality:

∥w ∥2
D s ,2(Ω) =

∫

Ω

( f1− f2)w d x ≤ ∥ f1− f2∥L 2(Ω)∥w ∥L 2(Ω).

Using the coercivity inequality (2.7):

∥w ∥L 2(Ω) ≤C (n , s ,Ω)∥w ∥D s ,2(Ω).

Combining these results:

∥w ∥D s ,2(Ω) ≤C (n , s ,Ω)∥ f1− f2∥L 2(Ω).

This inequality establishes the continuous dependence:

∥u1−u2∥D s ,2(Ω) ≤C ∥ f1− f2∥L 2(Ω),

proving the solution map f 7→ u is continuous in the specified spaces. Given by the weak

formulation. Using inequality (2.7), we get

∥u1−u2∥D s ,2(Ω) =
〈u1−u2, u1−u2〉D s ,2(Ω)

∥u1−u2∥D s ,2(Ω)

=
ℓ(u1−u2)

∥u1−u2∥D s ,2(Ω)

≤
∥u1−u2∥L 2(Ω)∥ f1− f2∥L 2(Ω)

∥u1−u2∥D s ,2(Ω)

≤C (n , s ,Ω)
∥u1−u2∥D s ,2(Ω)∥ f1− f2∥L 2(Ω)

∥u1−u2∥D s ,2(Ω)

≤C (n , s ,Ω)∥ f1− f2∥L 2(Ω);
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Variational method for fractional elliptic equation (−∆)s u = f

we are done.

2.2 Regularity

In this section, we study the regularity of the equation (2.1) by using the Riesz potential

and the Green function to estimate the regularity up to the boundary for a distributional

solution of the equation

(−∆)s u = f (2.16)

Before we prove some regularity results, we need to recall the definition of some spaces.

Recall

L 1
s :=

�

u : Rn →R such that

∫

Rn

|u (x )|
1+ |x |n+2s

d x <+∞
�

,

And Ω ⊂ Rn be an open set. We say u : Ω → R is in C 0,α(Ω), i.e., Hölder continuous with

exponent α ∈ (0, 1), if

∥u∥C 0,α(Ω) := sup
x ̸=y

x ,y ∈Ω

|u (x )−u (y )|
|x − y |α

<+∞.

Lemma 2.4 Let f ∈ L∞(B1), and let u ∈ L 1
s ∩ L∞loc(B1) such that (−∆)s u = f in B1. Then for

r ∈ (0, 1) and every α ∈ (0, min(1, 2s )), there exists a constant C (n , s , r,α)> 0 such that

∥u∥C 0,α(Br ) ≤C (n , s , r,α)
�

∥u∥L∞(Br )+ ∥ f ∥L∞(B1)

�

.

Proof. Let η ∈C∞c (R
n ) be a non-negative function satisfying:

η≡ 1 on Br

η≡ 0 on Rn \B1

∥Dη∥L∞ ≤ 1

Consider the Riesz kernel:

I2s (x , y ) =























C (n , s )|x − y |2s−n n > 2s

1
π log 1

|x | n = 2s = 1

−C (1, s )|x − y |2s−n n = 1 < 2s

32



Regularity

where C (n , s ) is a positive normalization constant.

The inverse fractional Laplacian can be expressed as a Riesz potential for n > 2s :

(−∆)−s u (x ) =C (n , s )

∫

Rn

u (y )
|x − y |n−2s

d y = I2s ∗u (x ), (2.17)

where C (n , s ) =π2s+n/2 Γ (s+n/2)
Γ (−s ) .

Define the potential

v (x ) :=

∫

Rn

I2s (x , y )(ζ f )(y )d y , x ∈Rn .

We claim (−∆)s v =η f distributionally. Indeed, recognizing I2s (x , y ) = I 0
2s (x − y ), we calcu-

late:

v (x ) =

∫

Rn

I 0
2s (x − y )(η f )(y )d y

= I 0
2s ∗ (η f )(x )

= (−∆)−s (η f )(x ),

hence by the inverse property, (−∆)s v =η f .

Let a , b > 0,α ∈ (0, 1), and m ∈Rwith m+α> 0. The remaining arguments follow through...

For constants Cm ,α > 0 depending only on m and α:

|a−m − b −m | ≤Cm ,α|a − b |αmax
�

a−(m+α), b −(m+α)
�

(2.18)

|ln b − ln a | ≤
1

α
|a − b |αmax
�

a−α, b −α
�

(2.19)

Proof of (2.18): Let c > 1. Using Hölder’s inequality:

1

m
(1− c −m ) =

∫ c

1

t −m−1d t ≤
�∫ c

1

d t

�α�∫ ∞

1

t
−m−1

1−α d t

�1−α

Evaluating the integrals:

= (c −1)η
�

1−α
m +α

�1−α
≤
�

1

m +α

�1−η
(c −1)α
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Variational method for fractional elliptic equation (−∆)s u = f

Set Cm ,α :=
�

1
m+α

�1−α
. Then:

|1− c −m | ≤Cm ,α|m ||c −1|α

Taking c := b
a (a > 0):

�

�

�

�

a−m − b −m

a−m

�

�

�

�

≤Cm ,α|m |
�

�

�

�

b −a

a

�

�

�

�

α

which simplifies to:

|a−m − b −m | ≤Cm ,α|b −a |αa−m−α ≤Cm ,α|b −a |αmax
�

b −m−α, a−m−α� .

Proof of (2.19): Similarly for c > 1:

ln c =

∫ c

1

t −1d t ≤
�∫ c

1

d t

�η�∫ ∞

1

t
−1

1−ηd t

�1−η

Evaluating:

= (c −1)α
�

1−α
α

�1−α
≤

1

α
(c −1)α

With c = b /a , a > 0, we have:

| ln b − ln a | ≤
1

α
|b −a |αa−α ≤

1

α
|b −a |αmax(b −α, a−α).

Using the triangle inequality:

�

�|x − z | − |y − z |
�

�≤ |x − y |,

and also:

max(|x − z |, |y − z |)≤ |x − z |+ |y − z |.

Therefore, we get:

�

�|x − z |−m − |y − z |−m
�

�≤Cm ,α|x − y |α
�

|x − z |−m−α+ |y − z |−m−α� . (2.20)

And also:
�

�ln |x − z | − ln |y − z |
�

�≤
1

α
|x − y |α
�

|x − z |−α+ |y − z |−α
�

. (2.21)
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If n > 2s , with α ∈ (0, min(1, 2s )) and x , y ∈ Br ,

v (x )− v (y ) =C (n , s )

∫

Rn

�

|x − z |2s−n − |y − z |2s−n
�

(η f )(z )d z .

Using inequality (2.20) with m = n −2s :

|v (x )− v (y )| ≤C (n , s ,α)

∫

Rn

|x − y |α
�

|x − z |2s−n−α+ |y − z |2s−n−α� |(η f )(z )|d z

≤C (n , s ,α)|x − y |α
∫

Rn

2|x − z |2s−n−α|(η f )(z )|d z .

Since |y−z |
|x−z | > 1, using the fact that the support supp(η) ⊆ B1 ⊂ B (x , 2) (the ball of radius 2

centered at x ∈ Br ), we obtain

|v (x )− v (y )|⩽ C (n , s ,α)|x − y |α
∫

Rn |x − y |2s−n−α|(η f )(y )|d y .

⩽C (n , s ,α)|x − y |α
∫

B (x ,2)
|x − y |2s−n−αd y ∥ f ∥L∞(B1).

=C (n , s ,α)|x − y |α
∫

B (0,2)
|y |2s−n−αd y ∥ f ∥L∞(B1).

= 2n C (n , s ,α)|x − y |α
∫

B1
|y |2s−n−αd y ∥ f ∥L∞(B1),

up to relabeling the positive constant C (n ; s ,α) that depends on the dimension n , s and α.

Using polar coordinates y = r x , r > 0, we get that

∫

B1

|y |2s−n−αd y =

∫

S1

∫ 1

0

r n−1r 2s−n−βd r dσ(x ) =
|S1|

2s −α

Then,

|v (x )− v (y )| ≤C (n , s ,α)|x − y |α∥ f ∥L∞(B1).

Consequently,

∥v ∥C 0,α(B1) ≤C (n , s ,α)∥ f ∥L∞(B1) (2.22)

where C (n , s ,α) is a positive constant depending on the dimension, s and α.
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If n = 1= 2s , x , y ∈ Br , the inequality (2.21) lets us write that

|v (x )− v (y )| ≤
1

π

∫

R

�

�log|x | − log|y |
�

� |η f (z )|d z

≤
1

απ
|x − y |α
∫

R

�

|x |−α+ |y |−α
�

|(η f )(z )|d z

≤ 2
1

απ
|x − y |α
∫

R
|x |−α|(η f )(z )|d z ,

since |y ||x | > 1. Then

|v (x )− v (y )| ≤ 2
1

απ
|x − y |α
∫ 2

−2

|x |−αd z∥ f ∥L∞(B1)

=Cα|x − y |α∥ f ∥L∞(B1),

where we obtain

∥v ∥C 0,α(B1) ≤Cα∥ f ∥L 1(B1), (2.23)

with Cα a positive constant depending on α.

If n = 1> 2s , x , y ∈ Br , using again (2.20) with m = 1−2s and α ∈ (0, min(1, 2s )),

|v (x )− v (y )| ≤C1,s C (s ,α)

∫

R
|x − y |α
�

|x − z |2s−1−α+ |y − z |2s−1−α� |(η f )(z )|d z

≤Cs ,α|x − y |α
∫

R
2|x − z |2s−1−α|(η f )(z )|d z

≤Cs ,α|x − y |α
∫

[x−2,x+2]

|x − z |2s−1−αd z∥ f ∥L∞(B1)

= 2Cs ,α|x − y |α
∫ 1

−1

|z |2s−1−αd z∥ f ∥L∞(B1)

=C (s ,α)|x − y |α∥ f ∥L∞(B1).

Consequently,

∥v ∥C 0,α(B1) ≤C (n , s ,α)∥ f ∥L∞(B1) (2.24)

where C (s ,α) is a positive constant depending on s and α.

Therefore, combining (2.22), (2.23) and (2.24), we get for every s ∈ (0, 1)andα ∈ (0, min(1, 2s ))
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the following estimate:

∥v ∥C 0,α(B1) ≤C (n , s ,α)∥ f ∥L∞(B1), (2.25)

up to relabeling the positive constant C (n , s ,α).

Now, let w := u − v . Then w is s -harmonic in B1, i.e., (−∆)s w = 0 in B1. for every r ′ ∈

(0, r ),

|∇w (x )| ≤C (n , r ′, s )
�

∥w ∥L∞(B1)−w (x )
�

, ∀x ∈ Br ′ .

Thus we get that

|∇w (x )| ≤C (n , s , r ′)
�

∥u − v ∥L∞(B1)− (u − v )(x )
�

≤C (n , s , r∞)
�

∥u∥L∞(Br )+ ∥v ∥L∞(Br )+ ∥u∥L∞(Br )+ ∥v ∥L∞(Br )

�

=C (n , s , r ′)
�

∥u∥L∞(Br )+ ∥v ∥L∞(Br )

�

<+∞.

(2.26)

Hence w is Lipschitz in Br and therefore also Hölder continuous in Br . Indeed, for α ∈

(0, min(1, 2s )),

|w (x )−w (y )|
|x − y |α

=
|w (x )−w (y )|
|x − y |

|x − y |1−α ≤ (2r )1−α
|w (x )−w (y )|
|x − y |

<+∞.

Thus from (2.26), we obtain

∥w ∥C 0,α(Br ) ≤C (n , s , r ′)
�

∥u∥L∞(Br )+ ∥v ∥L∞(Br )

�

. (2.27)

Finally, using the inequalities (2.25) and (2.27), we have

∥u∥C 0,α(Br ) = ∥w + v ∥C 0,α(Br )

≤ ∥w ∥C 0,α(Br )+ ∥v ∥C 0,α(Br )

≤C (n , s , r ′)
�

∥u∥L∞(Br )+ ∥v ∥L∞(Br )

�

+C (n , s ,α)∥ f ∥L∞(B1)

≤C (n , s , r ′)
�

∥u∥L∞(Br )+C (n , s ,α)∥ f ∥L∞(B1)

�

≤C (n , s , r,α)
�

∥u∥L∞(Br )+ ∥ f ∥L∞(B1)

�

,

where C (n , s , r,α) is a positive constant depending only on n , s , r , and α.
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The distributional solution u of the equation

(−∆)s u = f ,

is Holder continuous locally, that is the interior regularity. And this result will help to prove

the regularity of the solution up to the boundary.

Boundary Regularity

The Green function provides an explicit representation for solutions of Poisson’s equation

involving the fractional Laplacian. Before proving boundary regularity in Proposition 3.3.3,

we establish key properties of the Green function and utilize them in our proof.

Let Ω ⊂ Rn be a bounded C 1,1 domain. Consider the Green function G for the fractional

Laplacian (−∆)s inΩ. For any function f ∈ L p (Ω) satisfying 2s p > n , we define the solution

operator:

G f (x ) :=

∫

Ω

G (x , y ) f (y )d y ,

where G satisfies the boundary condition G (x , y ) = 0 when x ∈Rn \Ω or y ∈Rn \Ω.

Properties

Let ϕ ∈C 1
c (R

n ), then the following equalities hold:

(G (−∆)sϕ)(x ) =ϕ(x ), ∀x ∈Rn ; (2.28)

(−∆)s (Gϕ)(x ) =ϕ(x ), ∀x ∈Ω. (2.29)

For the Green function G , we have the following estimate:

G (x , y )≤























C |x − y |2s−n min f
�

d s (x )d s (y )
|x−y |2s , 1
�

, n > 2s,

C log
�

1+ d
1
2 (x )d

1
2 (y )

|x−y |

�

, n = 1 = 2s,

C |x − y |2s−1 min
�

(d (x )d (y )
2s−1

2 )
|x−y |2s−1 , d (x )s d (y )s

|x−y |2s

�

, n=1<2s

(2.30)
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where d is the distance function to Rn \Ω, and C is a positive constant depending only on

n , s , and Ω. Thus the following results hold.

Proposition 2.4 Let f ∈ L∞(Ω), then

If n ≥ 2s :

|G f (x )| ≤C d s (x )∥ f ∥L∞(Ω), (2.31)

If n = 1< 2s , we have:

|G f (x )| ≤C d
2s−1

2 (x )∥ f ∥L∞(Ω), (2.32)

where C > 0 depends only on n, s , and Ω. Furthermore, we get that

∥G f ∥C 0,β (Ω) ≤C ∥ f ∥L∞(Ω), (2.33)

for β ∈ (0, s ] if n ≥ 2s and β ∈ (0, 2s−1
2 ] for n = 1< 2s .

Proof. Assume f ≥ 0 without loss of generality (for f ≤ 0, take absolute value). For every

x ∈Ω:

∫

Ω

G (x , y ) f (y )d y =

∫

Ω∩B (x ,d s (x )/2)

G (x , y ) f (y )d y +

∫

Ω∩(B (x ,d i a m (Ω))\B (x ,d s (x )/2))

G (x , y ) f (y )d y .

We prove . For n > 2s , using the first estimate of (2.30) with polar coordinates:

∫

Ω∩B (x ,d s (x )/2)

G (x , y ) f (y )d y ≤C

∫

B (x ,d s (x )/2)

|x − y |2s−n f (y )d y

≤C ∥ f ∥L 1(Ω)

∫

S1

∫ d s (x )/2

0

r 2s−1d r dσ

=
C ∥ f ∥L∞(Ω)

s 22s+1
d 2s (x )

=C (Ω, s )d s (x )∥ f ∥L∞(Ω).

(2.34)
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By the first estimate of (2.26), with the fact that d (y ) ≤ |x − y |+ d (x ) ≤ 3|x − y | since y /∈

B (x , d (x )/2)

∫

B (x ,diam(Ω)\B (x ,d (x )/2)

G (x , y ) f (y )d y ≤
∫

B (x ,diam(Ω))\B (x ,d (x )/2)

|x − y |2s−n min
�

d s (x )d s (y )
|x − y |2s

, 1
�

f (y )d y ,

≤C ∥ f ∥L∞(Ω)

∫

B (x ,diam(Ω))\B (x ,d (x )/2)

|x − y |2s−n d s (x )d s (y )
|x − y |2s

d y ,

≤ 3s C d s (x )∥ f ∥L∞(Ω)

∫

B (x ,diam(Ω))\B (x ,d (x )/2)

|x − y |2s−n |x − y |s

|x − y |2s
d y

≤C d s (x )∥ f ∥L∞(Ω)

∫

B (x ,diam(Ω))\B (x ,d (x )/2)

|x − y |s−n d y

=C d s (x )∥ f ∥L 1(Ω)

∫

S1

∫ diam(Ω)

0

r s−1d r dσ,

=C d s (x )∥ f ∥L∞(Ω)

(2.35)

up to relabeling the positive constant C . Thus, (2.34) and (2.35) give the desired result for

n > 2s .

For n = 1= 2s , note that for any a , b > 0,

∫ b a

0

log
�

1+
b a

t

�

d t = b a log 2+ b a

∫ b a

0

d t

t + b a
= a (2b log 2);

with the second estimate of(2.30), by setting a = d 1/2(x ) and b = 2 diam(Ω) > d (y ) ∀y ∈ Ω,

we have that

∫

B (x ,d (x )/2)

G (x , y ) f (y )d y ≤C

∫

B (x ,d (x )/2)

log

�

1+
d 1/2(x )d 1/2(y )
|x − y |

�

d y ,

≤C ∥ f ∥L∞(Ω)

∫

B (x ,d (x )/2)

log

�

1+
d 1/2(x )diam1/2(Ω)

|x − y |

�

d y

=C ∥ f ∥L∞(Ω)

∫ d 1/2(x )diam(Ω)

0

log

�

1+
d 1/2(x )diam1/2(Ω)

t

�

d t ,

=C d 1/2(x )∥ f ∥L∞(Ω)(2 diam(Ω) log 2)

=C d 1/2(x )∥ f ∥L∞(Ω),

(2.36)

where the positive constant C has changed. Using the fact that d (y ) ≤ |x − y | + d (x ) ≤

3|x − y |, we have that
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∫

B (x ,diam(Ω))\B (x ,d (x )/2)

G (x , y ) f (y )d y ≤C

∫

B (x ,diam(Ω))

log

�

1+
d 1/2(x )d 1/2(y )
|x − y |

�

f (y )d y ;

≤C ∥ f ∥L∞(Ω)

∫

B (x ,diam(Ω))

log

�

1+
31/2d 1/2(x )|x − y |1/2

|x − y |

�

d y

=C ∥ f ∥L∞(Ω)

∫

B (x ,diam(Ω))

log
�

1+31/2d 1/2(x )|x − y |−1/2
�

d y ;

≤C ∥ f ∥L∞(Ω)

∫ diam(Ω)

0

31/2d 1/2(x )r −1/2d y ;

=C d 1/2(x )∥ f ∥L∞(Ω)

(2.37)

up to relabeling the positive constant C . Therefore, by (2.36) and (2.37), we obtain (2.31)

for n ≥ 2s .

Now, we prove (2.32), for n = 1< 2s using the last estimate of (2.30),

∫

Ω

G (x , y ) f (y )d y ≤C

∫

Ω

|x − y |2s−1 (d (x )d (y ))
2s−1

2

|x − y |2s−1
d y ≤C |Ω|(diamΩ)

2s−1
2 ∥ f ∥L∞(Ω).

Finally, let us prove (2.33). For n ≥ 2s , using (2.31), we obtain

|G f (x )| ≤C d s (x )∥ f ∥L∞(Ω) and |G f (y )| ≤C d s (y )∥ f ∥L∞(Ω), ∀x , y ∈Rn .

If we assume that 2|x − y | ≥max(d (x ), d (y )), we have that

|G f (x )−G f (y )| ≤ |G f (x )|+ |G f (y )|

≤C (d s (x ) +d s (y ))∥ f ∥L∞(Ω)

≤ 2s+1C |x − y |s∥ f ∥L∞(Ω)

=C |x − y |s∥ f ∥L∞(Ω), ∀x , y ∈Rn

(2.38)

where the value of the constant C > 0 has been changed a little bit. For n = 1 < 2s , using

(2.32) and the same argument as above (case n ≥ 2s ), we obtain that

|G f (x )−G f (y )| ≤ 2(2s+1)/2C |x − y |
2s−1

2 ∥ f ∥L∞(Ω) =C |x − y |
2s−1

2 ∥ f ∥L∞(Ω), ∀x , y ∈Rn . (2.39)

Now, assume that |x − y | < d (y )
2 and set r := d (y )

2 such that y + r z ∈ Ω, ∀z ∈ B (0, 2). Put
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Variational method for fractional elliptic equation (−∆)s u = f

F (z ) :=G f (y + r z ), z ∈ B (0, 2). Let us consider the case n ≥ 2s , by (2.31)

|F (z )|= |G f (y + r z )| ≤C d s (y + r z )∥ f ∥L∞(Ω) ≤C d s (y )∥ f ∥L∞(Ω) ≤C r s∥ f ∥L∞(Ω). (2.40)

Remark that

(−∆)s F (z ) = r 2s (−∆)s G f (z ) = r 2s f (z ) in B (0, 2),

then by the interior regularity Lemma (2.4) and (2.40), we get

�

�

�

�

�

F
� x−y

r

�

− F (0)
� |x−y |

r

�α

�

�

�

�

�

≤ ∥F ∥C 0,α(B (0,1)), α ∈ (0, 1)

≤C (n , s )
�

∥F ∥L∞(B (0,1))+ r 2s∥ f ∥L∞(Ω)

�

≤C (n , s )
�

C r s∥ f ∥L∞(Ω)+ r 2s∥ f ∥L∞(Ω)

�

=C (n , s ,Ω)r s∥ f ∥L∞(Ω)

where C (n , s ,Ω) is a positive constant depending only on n , s and Ω. Therefore, we can

conclude that

|G f (x )−G f (y )| ≤C (n , s ,Ω)r s−α|x − y |α∥ f ∥L∞(Ω),

for α ∈ (0, s ]. This, together with the estimate in (2.38), we obtain (2.33) for n ≥ 2s . For

n = 1< 2s , the proof is similar to the case n ≥ 2s .

Proposition 2.5 Let Ω ⊂ Rn be a bounded C 1,1 domain. Let f ∈ L∞(Ω) and u solve the

equation










(−∆)s u = f in Ω

u ∈D s ,2(Rn )

Then u (x ) = G f (x ) =
∫

Ω
G (x , y ) f (y )d y . In particular, u ∈ C (Rn ) and there exists C =

C (Ω)> 0 such that

|u (x )| ≤C d s (x )∥ f ∥L∞(Ω).

This shows u is continuous up to the boundary.

Proof. Assume f ≥ 0 (by decomposition f = f +− f −), so u ≥ 0. Define

v (x ) =

∫

Ω

G (x , y ) f (y )d y ,
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Regularity

and consider the subdomains

Ωn =
§

x ∈Ω : d (x )>
1

n

ª

.

Letρn be a symmetric mollifier (Chapter 1, (1.0.3)), and set vn =ρn∗v , fn =ρn∗ f . Then

ρn ∗ v (x ) =

∫

Rn

ρn (x − y )v (y )d y

=

∫

Rn

ρn (x − y )(−∆)−s f (y )d y

=ρn ∗ (−∆)−s f (x ) = (−∆)−s (ρn ∗ f )(x ),

so (−∆)s vn (x ) = fn (x ) for all x ∈Ωn . Moreover, vn ∈C 1
c (R

n ) and vn ≥ 0.

Let un solve










(−∆)s un = fn in Ωn

un ∈D s ,2(Ωn )

we have vn ≥ un in Rn since un = 0 in Rn \Ωn . Taking limits, v ≥ u in Rn because:

ρn ∗ f → f in L 2(Ω)

un → u in D s ,2(Ω) as n→∞

un → 0 in Rn \Ω

Now consider the expanded domains

Ω−n =
§

x ∈Rn : d (x )>−
1

n

ª

and let u−n solve










(−∆)s u−n = f in Ω−n

u−n ∈D s ,2(Ω−n )

For n0 ≥ 1 fixed, the sequence (u−n )n≥n0
is bounded in D s ,2(Ω−n0

) (by the Poincaré inequality).

Then there exists a subsequence of (u−n )n≥n0
(which we still denote by (u−n )n≥n0

) that con-

verges strongly in L 2(Ω−n0
). Since u−n = 0 in Rn \Ω−n , it follows that the limit u− = 0 in Rn \Ω.

Therefore, u− = u ∈D s ,2(Ω).
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Variational method for fractional elliptic equation (−∆)s u = f

Note that u−n is continuous in Ω−n because G f − u−n is s -harmonic in Ω−n (and thus smooth

in Ω−n ). Now observe that for every n ≥ n0, we have:

(−∆)s (u−n − v )≥ 0 in D ′(Ω)

u−n − v is continuous up to the boundary of Ω

u−n − v ≥ 0 in Rn \Ω

Thus, u−n − v ≥ 0 in Rn . Taking the limit as n→∞, we obtain v ≤ u− = u in Rn .

We finally conclude that u = v in Rn .
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E

R3 Existence of solution for non-local
elliptic equation (−∆)s u = f (x , u )

The purpose of this paper is to study the existence of solutions for equations driven by

a non-local integrate-differential operator with homogeneous Dirichlet boundary condi-

tions. we using the Mountain Pass Theorem To make the nonlinear methods work











(−∆)s u = f (x , u ) in Ω,

u = 0 in Rn \Ω.
(3.1)

Theorem 3.1 Let s ∈ (0, 1), n > 2s , and Ω be an open bounded set of Rn with Lipschitz

boundary. Let K : Rn \ {0}→ (0,+∞) be a function satisfying conditions

γK ∈ L 1(Rn ), where γ(x ) =min
�

|x |2, 1
	

;

there exists λ> 0 such that K (x )≥λ|x |−(n+2s ) for any x ∈Rn \ {0};

K (x ) = K (−x ) for any x ∈Rn \ {0}.

Let f be a Carathéodory function verifying

| f (x , t )| ≤ a1+a2|t |q−1 a.e. x ∈Ω, t ∈R;

lim|t |→0
f (x ,t )
|t | = 0 uniformly in x ∈Ω;

there exist µ> 2 and r > 0 such that 0<µF (x , t )≤ t f (x , t ) a.e. x ∈Ω, |t | ≥ r.

Then,the follow problem admits a Mountain Pass type solution u ∈ X0 which is not identi-

cally zero











∫

R2n

�

u (x )−u (y )
��

φ(x )−φ(y )
�

K (x − y )d x d y =
∫

Ω
f (x , u (x ))φ(x )d x ∀φ ∈ X0,

u ∈ X0.

(3.2)

First of all,we prove some preliminary results

Lemma 3.1 Assume f : Ω×R → R is a Carathéodory function , Then, for any ϵ > 0 there
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Existence of solution for non-local elliptic equation (−∆)s u = f (x , u )

exists δ=δ(ϵ) such that a.e. x ∈Ω and for any t ∈R

| f (x , t )| ≤ 2ϵ|t |+qδ(ϵ)|t |q−1 (3.3)

and so, as a consequence,

|F (x , t )| ≤ ϵ|t |2+δ(ϵ)|t |q , (3.4)

where F is defined

F (x , t ) =

∫ t

0

f (x ,τ)dτ (3.5)

Proof. For any ϵ > 0 there exists σ = σ(ϵ) > 0 such that for any t ∈ R with |t | < σ and a.e.

x ∈Ωwe get

| f (x , t )| ≤ 2ϵ|t |. (3.6)

Moreover, there exists δ = δ(σ) > 0 such that a.e. x ∈ Ω and for any t ∈ R with |t | ≥ σ we

have

| f (x , t )| ≤ qδ(σ)|t |q−1. (3.7)

Lemma 3.2 Let f : Ω×R → R be a Carathéodory function and let F be as in (3.2). Then,

there exist two positive measurable functions m =m (x ) and M =M (x ) such that a.e. x ∈Ω

and for any t ∈R

F (x , t )≥m (x )|t |µ−M (x ). (3.8)

then m , M ∈ L∞(Ω).

Proof. Let r > 0 then, a.e. x ∈Ω and for any t ∈Rwith |t | ≥ r > 0

t f (x , t )
F (x , t )

≥µ.

Suppose t > r . Dividing by t and integrating both terms in [r, t ]we obtain

F (x , t )≥
F (x , r )

r µ
t µ.
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With the same arguments it is easy to prove that if t <−r then it holds

F (x , t )≥
F (x ,−r )

r µ
|t |µ,

so that for any t ∈Rwith |t | ≥ r we get

F (x , t )≥m (x )|t |µ, (3.9)

where m (x ) = r −µmin{F (x , r ), F (x ,−r )}.

Since the function t 7→ F (·, t ) is continuous inR, by the Weierstrass Theorem, it is bounded

for any t ∈R such that |t | ≤ r , say

|F (x , t )| ≤fM (x )in {|t | ≤ r },

where fM (x ) =max{|F (x , t )| : |t | ≤ r }. taking M (x ) =fM (x ) +m (x )r µ.

Note that m and M are measurable functions, since x 7→ F (x , ·) is. Moreover, m and M are

positive, being F (x , t )> 0 a.e. x ∈Ω and for any t ∈R such that |t | ≥ r .

Now, suppose that ϵ = 1 we get

m (x ) = r −µmin{F (x , r ), F (x ,−r )} ≤ r −µ
�

|r |2+δ(1)r q
�

∈ L∞(Ω)

and

M (x ) =max{|F (x , t )| : |t | ≤ r } ≤ |r |2+δ(1)r q ∈ L∞(Ω),

so that the assertion follows.

Now, before going on, we need some preliminary results on X and X0. In the sequel we

denote Q =R2n \O , where

O = (CΩ)× (CΩ)⊂R2n , (3.10)

andCΩ=Rn \Ω.

The space X is endowed with the norm defined as

∥g ∥X = ∥g ∥L 2(Ω)+

�

∫

Q

|g (x )− g (y )|2K (x − y )d x d y

�1/2

. (3.11)
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Existence of solution for non-local elliptic equation (−∆)s u = f (x , u )

It is easy to check that ∥ · ∥X is a norm on X . We only show that if ∥g ∥X = 0, then g = 0 a.e.

in Rn . Indeed, by ∥g ∥X = 0 we get ∥g ∥L 2(Ω) = 0, which implies that

g = 0 a.e. in Ω, (3.12)

and
∫

Q

|g (x )− g (y )|2K (x − y )d x d y = 0. (3.13)

we deduce that g (x ) = g (y ) a.e. (x , y ) ∈Q , that is g is constant a.e. in Rn , say g = c ∈R a.e.

in Rn . it easily follows that c = 0, so that g = 0 a.e. in Rn .

In the following we denote by H s (Ω) the usual fractional Sobolev space endowed with the

norm (the so-called Gagliardo norm)

∥g ∥H s (Ω) = ∥g ∥L 2(Ω)+

�∫

Ω×Ω

|g (x )− g (y )|2

|x − y |n+2s
d x d y

�1/2

. (3.14)

Lemma 3.3 Let K :Rn \ {0}→ (0,+∞). Then:

(a) If v ∈ X , then v ∈H s (Ω). Moreover,

∥v ∥H s (Ω) ≤ c (λ)∥v ∥X .

(b) If v ∈ X0, then v ∈H s (Rn ). Moreover,

∥v ∥H s (Ω) ≤ ∥v ∥H s (Rn ) ≤ c (λ)∥v ∥X ,

where c (λ) =max{1,λ−1/2}, and λ is the constant .

Proof. Let us prove part (a). we get

∫∫

Ω×Ω

|v (x )− v (y )|2

|x − y |n+2s
d x d y ≤

1

λ

∫∫

Ω×Ω

|v (x )− v (y )|2K (x − y )d x d y

≤
1

λ

∫∫

Q

|v (x )− v (y )|2K (x − y )d x d y <+∞,

since v ∈ X . The first assertion is proved.
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Let us prove part (b). Note that v ∈ X and v = 0 a.e. inCΩ. As a consequence,

∥v ∥L 2(Rn ) = ∥v ∥L 2(Ω) <+∞,

and

∫∫

R2n

|v (x )− v (y )|2

|x − y |n+2s
d x d y =

∫∫

Q

|v (x )− v (y )|2

|x − y |n+2s
d x d y

≤
1

λ

∫∫

Q

|v (x )− v (y )|2K (x − y )d x d y <+∞.

Hence v ∈H s (Rn ). The estimate on the norm easily follows (we remark that, even if v = 0 on

CΩ, it is not true that ∥v ∥H s (Ω) = ∥v ∥H s (Rn ), since in the latter norm the interaction between

Ω andCΩ gives, in general, a positive contribution).

Lemma 3.4 Let K :Rn \ {0}→ (0,+∞). Then

(a) There exists a positive constant c , depending only on n and s , such that for any v ∈ X0:

∥v ∥2
L 2∗ (Ω) = ∥v ∥

2
L 2∗ (Rn ) ≤ c

∫∫

R2n

|v (x )− v (y )|2

|x − y |n+2s
d x d y .

(b) There exists a constant C > 1, depending only on n, s ,λandΩ, such that for any v ∈ X0:

∫∫

Q

|v (x )− v (y )|2K (x − y )d x d y ≤ ∥v ∥2
X ≤C

∫∫

Q

|v (x )− v (y )|2K (x − y )d x d y ,

that is

∥v ∥X0
=





∫∫

Q

|v (x )− v (y )|2K (x − y )d x d y





1/2

.

Proof. Let v be in X0, we know that v ∈H s (Rn )we get

∥v ∥2
L 2∗ (Rn ) ≤ c

∫∫

R2n

|v (x )− v (y )|2

|x − y |n+2s
d x d y ,

where c is a positive constant depending only on n and s . Since v = 0 a.e. inRn \Ω, we get

49



Existence of solution for non-local elliptic equation (−∆)s u = f (x , u )

assertion (a).

For part (b), we note that

∥v ∥2
X ≥
∫∫

Q

|v (x )− v (y )|2K (x − y )d x d y .

Moreover, using the fact that L 2∗(Ω) ,→ L 2(Ω) continuously (being Ω bounded and 2 < 2∗ =
2n

n−2s ), part (a) we get

∥v ∥2
X =



∥v ∥L 2(Ω)+





∫∫

Q

|v (x )− v (y )|2K (x − y )d x d y





1/2



2

≤ 2∥v ∥2
L 2(Ω)+2

∫∫

Q

|v (x )− v (y )|2K (x − y )d x d y

≤ 2|Ω|(2
∗−2)/2∗∥v ∥2

L 2∗ (Ω)+2

∫∫

Q

|v (x )− v (y )|2K (x − y )d x d y .

Proof of Theorem 3.1(Mountain Pass solutions)

For the proof of Theorem 1, we observe that problem (3.2) has a variational structure; in-

deed, it is the Euler-Lagrange equation of the functional J : X0→Rdefined as follows:

J (u ) =
1

2

∫

Q

|u (x )−u (y )|2K (x − y )d x d y −
∫

Ω

F (x , u (x ))d x .

Note that the functional J is Fréchet differentiable at u ∈ X0 and for anyφ ∈ X0,

〈J ′(u ),φ〉=
∫

Q

(u (x )−u (y ))(φ(x )−φ(y ))K (x − y )d x d y −
∫

Ω

f (x , u (x ))φ(x )d x .

Thus, critical points of J are solutions to problem (3.2). To find these critical points, we use

the Mountain Pass Theorem. We need to verify that J has the required geometric structure

and satisfies the Palais-Smale condition.

We start by proving the geometric structure of J .
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Proposition 3.1 Let f be a Carathéodory function. Then, there exist ρ > 0 and β > 0 such

that for any u ∈ X0 with ∥u∥X0
=ρ, it results that J (u )≥β .

Proof. Let u be a function in X0, we get that for any ϵ > 0

J (u )≥
1

2

∫

Q

|u (x )−u (y )|2K (x − y )d x d y − ϵ
∫

Ω

|u (x )|2 d x −δ(ϵ)
∫

Ω

|u (x )|q d x

≥
1

2

∫

Q

|u (x )−u (y )|2K (x − y )d x d y − ϵ∥u∥2
L 2(Ω)−δ(ϵ)∥u∥

q
L q (Ω)

≥
1

2

∫

Q

|u (x )−u (y )|2K (x − y )d x d y − ϵ|Ω|(2
∗−2)/2∗∥u∥2

L 2∗ (Ω)

− |Ω|(2
∗−q )/2∗δ(ϵ)∥u∥q

L 2∗ (Ω).

Thanks to the fact that L 2∗(Ω) ,→ L 2(Ω) and L 2∗(Ω) ,→ L q (Ω) continuously (being Ω bounded

and max{2, q }= q < 2∗), for any ϵ > 0:

J (u ) =
1

2

∫∫

R2n

|u (x )−u (y )|2K (x − y )d x d y

− ϵc |Ω|(2
∗−2)/2∗
∫∫

R2n

|u (x )−u (y )|2

|x − y |n+2s
d x d y

−δ(ϵ)c q/2|Ω|(2
∗−q )/2∗
�∫∫

R2n

|u (x )−u (y )|2

|x − y |n+2s
d x d y

�q/2

=
�

1

2
− ϵc |Ω|(2

∗−2)/2∗λ
�

∫∫

R2n

|u (x )−u (y )|2K (x − y )d x d y

−δ(ϵ)c q/2|Ω|(2
∗−q )/2∗λ

�∫∫

R2n

|u (x )−u (y )|2K (x − y )d x d y

�q/2

Choosing ϵ > 0 such that 2ϵc |Ω|(2∗−2)/2∗ <λ,

J (u )≥α
∫

Q

|u (x )−u (y )|2K (x − y )d x d y



1−κ

�

∫

Q

|u (x )−u (y )|2K (x − y )d x d y

�(q/2)−1




≥α∥u∥2
X0

�

1−κ∥u∥q−2
X0

�

for suitable positive constants α and κ.

Now, let u ∈ X0 be such that ∥u∥X0
= ρ > 0. Since q > 2 by assumption, we can choose ρ
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Existence of solution for non-local elliptic equation (−∆)s u = f (x , u )

sufficiently small (i.e., ρ such that 1−κρq−2 > 0), so that:

inf
u∈X0
∥u∥X0=ρ

J (u )≥αρ2
�

1−κρq−2
�

=:β > 0.

Proposition 3.2 Let f be a Carathéodory function Then there exists e ∈ X0 such that e ≥ 0

a.e. in Rn , ∥e ∥X0
>ρ, and J (e )<β , where ρ and β are given in Proposition 3.1.

Proof. Fix u ∈ X0 such that ∥u∥X0
= 1 and u ≥ 0 a.e. in Rn . By Lemma 3.4

J (t u ) =
t 2

2

∫∫

Q

|t u (x )− t u (y )|2K (x − y )d x d y −
∫

Ω

F (x , t u (x ))d x ,

we obtain:

J (t u )≤
t 2

2
− t µ
∫

Ω

m (x )|u (x )|µd x +

∫

Ω

M (x )d x .

Since µ > 2, as t → +∞, J (t u )→ −∞. Thus, choosing e = T u with T sufficiently large

completes the proof.

Proposition 3.3 Let f be a Carathéodory function ). Let {u j } be a sequence in X0 such that

{u j } is bounded in X0 . Then there exists u∞ ∈ X0 such that, up to a subsequence,

∥u j −u∞∥X0
→ 0 as j →+∞.

Proof. Since {u j } is bounded in X0 and X0 is a reflexive space , up to a subsequence, still

denoted by {u j }, there exists u∞ ∈ X0 such that

∫

Q

�

u j (x )−u j (y )
��

φ(x )−φ(y )
�

K (x−y )d x d y →
∫

Q

�

u∞(x )−u∞(y )
��

φ(x )−φ(y )
�

K (x−y )d x d y

for anyφ ∈ X0 as j →+∞. Up to a subsequence:

u j → u∞ in L q (Rn ),

u j → u∞ a.e. in Rn ,
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as j →+∞, and there exists ϱ ∈ L q (Rn ) such that

|u j (x )| ≤ϱ(x ) a.e. in Rn for any j ∈N.

The fact that the map t 7→ f (·, t ) is continuous in t ∈ R, and the Dominated Convergence

Theorem, we get

∫

Ω

f (x , u j (x ))u j (x )d x →
∫

Ω

f (x , u∞(x ))u∞(x )d x

and
∫

Ω

f (x , u j (x ))u∞(x )d x →
∫

Ω

f (x , u∞(x ))u∞(x )d x

as j →+∞. We have that

0←〈J ′(u j ), u j 〉=
∫

Q

|u j (x )−u j (y )|2K (x − y )d x d y −
∫

Ω

f (x , u j (x ))u j (x )d x ,

we deduce that

∫

Q

|u j (x )−u j (y )|2K (x − y )d x d y →
∫

Ω

f (x , u∞(x ))u∞(x )d x

as j →+∞. Furthermore,

0←〈J ′(u j ), u∞〉=
∫

Q

(u j (x )−u j (y ))(u∞(x )−u∞(y ))K (x − y )d x d y

−
∫

Ω

f (x , u j (x ))u∞(x )d x

as j →+∞. we obtain

∫

Q

|u∞(x )−u∞(y )|2K (x − y )d x d y =

∫

Ω

f (x , u∞(x ))u∞(x )d x .

Thus,

∫

Q

|u j (x )−u j (y )|2K (x − y )d x d y →
∫

Q

|u∞(x )−u∞(y )|2K (x − y )d x d y ,
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Existence of solution for non-local elliptic equation (−∆)s u = f (x , u )

so that

∥u j∥X0
→∥u∞∥X0

,

as j →∞.

Finally we have that

∥u j −u∞∥2
X0
= ∥u j∥2

X0
+ ∥u∞∥2

X0
−2

∫

Q

(u j (x )−u j (y ))(u∞(x )−u∞(y ))K (x − y )d x d y

→ 2∥u∞∥2
X0
−2

∫

Q

|u∞(x )−u∞(y )|2K (x − y )d x d y

= 0.

An equation driven by the fractional Laplacian

Theorem 3.2 Let s ∈ (0, 1), n > 2s , and Ω be an open bounded set of Rn with Lipschitz

boundary. Consider the equation

∫

R2n

(u (x )−u (y ))(φ(x )−φ(y ))
|x − y |n+2s

d x d y =

∫

Ω

f (x , u (x ))φ(x )d x , (3.15)

for anyφ ∈H s (Rn )withφ = 0 a.e. in Rn \Ω.

If f : Ω×R→ R is a Carathéodory function, then problem (3.15) admits a Mountain Pass

type solution u ∈H s (Rn ), which is not identically zero, and such that u = 0 a.e. in Rn \Ω.

Proof of Theorem 3.2 Theorem 3.2 follows from Theorem 3.1 by choosing

K (x ) = |x |−(n+2s ),

and by recalling that X0 ⊆H s (Rn ).
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CONCLUSION

In this dissertation, we studied a non-local elliptic problem involving the fractional Lapla-

cian and a regular nonlinearity, employing two different variational techniques under dis-

tinct sets of assumptions. In Chapter 2, we used variational methods to investigate the ex-

istence and uniqueness of a weak solution to the corresponding Dirichlet problem, thereby

establishing the well-posedness of the equation. We also derived global regularity esti-

mates for the distributional solution of the equation (−∆)s = f .

In Chapter 3, we applied the Mountain Pass Theorem to establish the existence of solutions

for semilinear equations driven by the fractional Laplacian.
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